Special Values for the Continuous )
q-Jacobi Polynomials with Application Sheshse
to its Poisson Kernel

Howard S. Cohl and Roberto S. Costas-Santos

Abstract We study special values for the continuous g-Jacobi polynomials and
present applications of these special values, which arise from bilinear generating
functions and in particular, the Poisson kernel for these polynomials.

1 Preliminaries

We adopt the following set notations: Ny :={0}UN={0,1,2,...}, and we
use the set C which represent the complex numbers, C*:= C\ {0}, and
C':=C*\{z € C:|z| =1}). We also adopt the following multiset notation and
conventions. Leta := {a, b, ¢, d}, a, b, ¢, d € C*. Throughout the paper, we assume
that the empty sum vanishes and the empty product is unity.

Definition 1 We adopt the following conventions for succinctly writing elements of
lists. To indicate sequential positive and negative elements, we write

+a:={a, —a}.

We also adopt the analogous notations

e:l:i9 = {eieve—ié‘}7 Z:l: = {Z, Z_l}-
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Within a list of items, we define

a—i—{fl}::{a—l—xl,...,a—{—xn}. @))

Xn

In the same vein, consider the numbers f; € C withs € S C N, with S finite. Then,
the notation { f;} represents the multiset of all complex numbers f; such thats € S.
Furthermore, consider some p € S, then the notation { f;},,, represents the sequence
of all complex numbers f; such thats € S\ {p}. Inaddition, for the empty list,n = 0,
we take

{ar,...,a,} :=0.

Define the set 2, := {g7* : k € Ny}. In this paper we will be using standard nota-
tions for both finite and g-shifted factorials: including multi-g-shifted factorial nota-
tion where a comma delineated list such as (ay, ..., a,; q)i represents the products
(ai; @)k - - - (ar; q@)r (see [1, Appendix I]). We also adopt standard notations for both
terminating and nonterminating basic hypergeometric functions ,¢; [2, (17.4.1)]

ai, ..., a, ad (ar, ..., ar; Q)i () Ibs—r
rqbs( ; ,z> =y L (@) T A @)
bty ! Z;(q,bl,...,bs;q)k K

where by, ...,bs ¢ Q4. Fors + 1 > r, ¢, is an entire function of z, fors +1 =r
then , ¢, is convergent for |z| < 1, and for s + 1 < r the series is divergent unless it
is terminating. We will also refer to very-well-poised basic hypergeometric functions
r+1Wr [1» (2]] 1)]

tqa,a,ay, ..., a4 3)
qa qa_ 4,21,
+Ja, L.

riWelasag, ... ar4159,2) == r+l¢r<
A1

where \/a, %, R % ¢ 2,.For those not familiar with these functions, we urge the
reader to refer to some important standard references on the subject, and in particular
[2, Chap. 17] and links therein and the entire book by Gasper and Rahman [1]. For
particulars relating to orthogonal polynomials we suggest the reader to refer to [3,
Chaps. 1,9 and 14], the monograph [4] and the Memoirs of AMS article by Askey and
Wilson [5]. For a general treatment of special functions, one should refer to [2, 6].

1.1 The Askey—Wilson Polynomials

The Askey—Wilson polynomials can be defined in terms of the terminating balanced
basic hypergeometric series [3, (14.1.1)]
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7}1’ q"*labcd, az:i:

pn(x;alg) == a "(ab, ac, ad; q), 4¢3(q ;q,q> , @

ab, ac, ad

where x = %(z—i—z‘l). In some of the derivations given below, we use the
renormalized version of the Askey—Wilson polynomials given by

wal = (L BT N al)
(X3 = s n (X5 '
1 43 ab,ac,ad 49 (ab, ac, ad; q), P 9
)
The Askey—Wilson polynomials have the following special values [7, (114)]
pn(3a+a")ia.b,c.dlg) =a"(ab,ac,ad; q),, (6)

and similarly for arguments %(b +5b7, %(c +ch, %(d +dh.

1.2 The g-Racah Polynomials

Letm € C,n, N € Ny such thatn € {0, ..., N}. Let us consider the g-Racah poly-
nomials R, (u(m); a, B, Y, 5 |g) which are discrete cases of the Askey—Wilson poly-
nomials (4) (note that we have used the notation {&, f, 7, 8} instead of the standard
{a, B, y, 8} in order to disambiguate between the {¢, 8} parameters which appear in
the study of continuous g-Jacobi polynomials (see Sect. 1.3 below). The g-Racah
polynomials are defined by [3, (14.2.1)]

—n n+l m+l
2o s q", ap.g™" 2
R,(n(m); a, B,y,dlq) == 4¢3< ;q,q>, @)
qa,qﬁ&w

where p(m) == u(m; v, 8|q) == q~" + ¢" '8, and

a=qg V" or B5= or y=q " . ®)

The g-Racah polynomials are orthogonal on the finite g-quadratic set {i(m; 7, §|q)}.
See [3, (14.2.2)] for the orthogonality relation for g-Racah polynomials. Observe that
form € Ny, the g-Racah polynomials satisfy the following duality relation [7, (146)]

Ru(u(m); @, B, 7,8lg) = Ru(n(n); 7,8, a, Blg). ©)
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1.3 The Continuous g-Jacobi polynomials

The continuous g-Jacobi polynomials [3, Sect.14.10] are particular cases of the
Askey—Wilson polynomials as follows [3, (14.1.19) and p. 467]

gs+on
Pn(a’ﬁ)(ﬂq) = ﬂ+1{l} pn(x; alg), (10)
(g.—q > Vg
where
loyt]l 1y 11
a:={a,b,cd}:= {q2 +4{3},—q2ﬁ+4{3}}. (1)

For the coefficients {a, b} = {£q*}, ¢ = q°*2, d = —¢P*?, the renormalized
Askey—Wilson polynomials are related to the continuous g-Jacobi polynomials with
base ¢?, namely

e @ =P ),

@B) (1142
(q““,—q"“;q)np’a (xlg®).— {12)

n

ra(x; g2, q°77, —qP*71g) = ¢

In fact, this Askey—Wilson polynomial is related by a quadratic transformation which
follows from a formula due to Singh [5, (4.22)], [1, (IL.21)], [8, (7)]

—2n 2n 2 2 2
q ", q"a", c*, qb
4¢3< 2 ;6]2,6]2>

—a, —qa, q*b?
(=9, — %3 9) g " q"a, £, L
= (be)" ———2""" 44 L Cig.q), (13)
(—a, —qbc; q), —q, — 3. qbc
or equivalently,
q—n7qna2’ CZ’q%bZ
a3 . —gta. gh?e? 4.9
1
1 1 _r n > 2b
(—q2, —£;592) q 7 .q7a, 5.~
= (bo)" Ll T oaes| T g | (14)
(—d,—qsz;qz)n —qZ,—ﬁ,qsz

but was also proved independently by Askey and Wilson in [5, (3.2)], [9, (1.12)]

I (x? +q7, ¢, —gft2 Iq)

_ o+l _ o+l 11 11
= qina( ((]—qﬂ’+lq—q- q; o "n <x; CIO[+H3}, _q5+;{3}|q2> NN
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The parity relation for continuous g-Jacobi polynomials is given by [7, (165)]
PP (—xlg) = —q*" P PP xlg). (16)

The continuous g-Jacobi polynomials are orthogonal over x = 1(e’® +e7%) =
cosf € (—1, 1) which is demonstrated by the orthogonality relation

1
@f) @f) w; o, plg) o
/71 PP (xlqg) P, (x|q) N dx = h,(a, Blq)dm n, (17)

where §,, , is the Kronecker delta symbol and the weight function and the norm for
the continuous g-Jacobi polynomials are given by

(€ @)oo
w(x;a,ﬁlq)z Totl 4io  Llat? 1io T+1 1 TB+2 tio , (18)
(qz 1eTl g2%TieT0 —giPTieTV —gaPTie™ ;q)oo
1 a+p+2 a+p+3 a+p+1
ha(er, Blg) = 2 g g D@ P g7 ),
n £l (q’ qa+1’ qﬂ-f-]’ _qd+;§+l , _qa+§+2; q)oo(q’ qa+ﬁ+1’ qﬂt+g+3; q)n(.19)

Theorem 1 Letq € C',n e No, o, B € C, x = 2(z+z7") € C, z € C*. Then, the
exhaustive list of all the balanced 4¢3 continuous q-Jacobi polynomial representa-
tions is

- +p4n+1  ratl +
(@“*'s ) a".q" ,qietig
Pn(a,ﬂ)(x|‘]) = —n 4P3 M-HH . q,9 20)
(45 Dn g+t —g 3l
-3 (qa+l’ _qL‘;Ha CI)n q_nv qa+ﬂ+n+1 N q%a—‘r%zi
=q ( = 493 " #%{%} 19,9 Q1)
q,—49 2> 54 q ,—q
as\" (qPT15 @) g ", getBntl _gabty ot
= (‘q 2 ) 5 4® =211 1 q.q (22)
(@3 @n g+t —g T
( LM)” (qﬂ-&—l, _qu+§+3;q)n q—n7qa+ﬂ+n+17 —q%’”%zi
= | — ) ) Y |
! G, —q" " ) 493 qﬂ+1’_q%ﬂ+%[%} q.q

PP (xlg)
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wrp 11,
q 2 2[2}’q2a+4zﬂ:;q
n

(q’ qut+/3+1; q)n

-n ,,—a—n _M_n_l{O]
q".q " —q > = UL y
X 4¢3 O 4.4 (24)

=g O

(q, qa+ﬁ+1; q)n

_ o _etp_ 1110
q n7q a n’_q 7 2{1]
X 4¢3

; 25
q7a7ﬁ72n’q7%a+%fnzj: 49 ( )

m+1[1} 14,3

2 212 _,5B+3,E.
a—p-n \ " (q » TR ’q)
= (q 2 )

(q’ qa+/3+1; q)n

g g g
9 9 . , 26
X 4¢3 q_a—ﬂ—Zn’ _q—%ﬂ-&-%—nzi 44 (26)

o ()" (qwsﬂlél’—qéﬁ“zi;q)
:q7 2 (qT)

n
(CL qa+ﬁ+l; q)n

q_” q_ﬁ—n _q7#7n+%{(])]
X 4¢3 qfafﬁfzn,_q*%ﬁJr%*nZ:t 34,9 | (27)

and

1
(‘1‘“‘, gl 61>
a 1
P,fa’ﬁ)(ﬂq) n (5+3)n n

+%[%}QQ)n

ath

(g.—q *
gt g+l

X i q, 28
4¢3 qa+17_q—%ﬂ—n+;{§]z 4.9 (28)
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31
(#9020 50)
_ n (4+bn n
=zq?** a+ﬂ+l{1]
(q’_q : 2 ;Q)n
sl o'l (29)
X 1 g,
493 qﬂ+l’q_%a—n+ﬂ%}z q,49
n (£+bHn (q%+%2*1’ _qg-%?qul; q)n
=2 q e at+p+2
(g.—q = @
q", —q‘%’w—",q%aﬁz, _gihtig
X 4¢3 —q#,q‘%““‘”z, —61_%/3"'%_”2 14,9 (30)

=z7'qg' 27" —
(517 —q +2+ ,q)n
— _atf 1 3
q 11’_q 2 n’q2a+4z _q2ﬂ+4z. 3
X a3\ erpn g—tetiong —q_%ﬁﬁ_"z’q’q (31)
a1 B3
=Z q 24 p
(47—61 2 ,Cl)n
g g el e
X 4¢3 _q%ﬂ” q—%a+%—nz _q—%ﬁ_k%_nZ;Qaq (32)
at+p+3 a1 B 1
(el (—q 2 ’q7+zzfl’_q7+ngl;q>n
n, ($47:)n
=4 Y atptl a+p+2
(q’_q 2 7_q 2 ;q)n
q—n’_q—%—n, q%+%z, —q§+%z
X 4¢3 SRR mStimng _g=S+ion 14,9, (33)
- ’ Z, — Z

and as well as the application of the map 7 — 7" in (28)—(33).

Proof In[10, Theorem 7, (13)—(15)] a description of all balanced 4¢ representations
of the Askey—Wilson polynomials are given with parameters a := {ai, a», as, a4}.
By using (10) which is the description of the continuous g-Jacobi polynomials in
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terms of the Askey—Wilson polynomials, one is able to obtain an exhaustive list of
all balanced 4¢3 representations of the continuous g-Jacobi polynomials. In line with
(10), we choose

a:= {q%‘”%,q%‘”%,—q%ﬂ%,—q%‘”%}. (34)

By evaluating all permutations of (34) in [10, (13), (14), (15)], one may obtain (20)—
(23), (26)—(27), (28)—(33) respectively. Since the continuous g-Jacobi polynomials
are afunction of x = % (z + z7Y), and (20)—(27) are invariant under the interchange of
7 > z~!, one may as well apply this replacement to (28)—(33) to obtain six alternative
representations of the continuous g-Jacobi polynomials. This completes the proof.[]

Remark 1 Note that one may also obtain an exhaustive list of all continuous g-
Jacobi polynomial terminating sW5 representations by applying the above procedure
to [10, (16)—(19)]. However, due to space limitations, we will omit this computa-
tion for the present work. We might also add that by counting the members of the
equivalence classes of terminating 4¢3 representations of the continuous g-Jacobi
polynomials, one may explore the symmetry group of these transformations which
should necessarily be a subgroup of the symmetric group Sg, the symmetry group of
the terminating representations of the Askey—Wilson polynomials, see [10, Sect.4],
and references therein.

2 Special Values for the Continuous g-Jacobi Polynomials

For the following special values for the argument of the continuous g-Jacobi poly-
nomials, we are able to re-express them in terms of Askey—Wilson polynomials with
degree m as opposed to n.

Theorem 2 Let g € C', n,m € N, a, B € C. The following continuous q-Jacobi
polynomial specializations have alternative Askey—Wilson representations given as
follows

( a+l. q) (qg(a+ﬁ+1))m

(@5 Dalqe™!, —q2 @D, g2 @D g,

+/ff+l

a+p+1
2

_ 1 1ig— 1
xpm(3(q ° +”Jrq "), g2 @D g P g2 —1g), (35)

_n 1 a+p43
q 2 (qz(a+ﬂ+l)> (C]a-H, —q +2+ ;q)n

- at+p+l
(qv 2 q)n(qa+l _qz(a+ﬂ+2) _qz(a+ﬂ+3) q)m

D g3 _qlq), (36)

atp+l

X pm (3 (q ERE

7n); qi(aJrﬁJrl)’ qi(a
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1 n m
<_q§(a—ﬂ>) <q$(a+ﬂ+l)) @ )

(@ Qn(ght!, —qr@HPHD | _ga@rpid, gy

a+p+1 atp+1

_ _ 1 1eg_ 1
xpu(i(g = " 4q T ) qr P gameth _ga —1lg), (37)

Ta—gD\" (1L mn 1
(_qz(a 8 1)) <q2(a+ﬂ+1)> (qPH), —qr@tbd), o)

= T T T
(g, —q2 TP @), (P!, —q2@HPTD g2 @t g,

a+ a+p+1

Bl 4y — —n Lia LB—a L
g Ty g @D g Pt _ga —glg). (38)

X pm(3(q

Proof Start by considering the Askey—Wilson polynomial representations of these
continuous g-Jacobi polynomials (10) with these particular arguments. The specific
arguments provided along with the identification that x = %(z + z~') and therefore

1=z € {q%‘”%*m, q%""L%’Lm, _q%ﬂ+%+m’ _q%ﬁ+%+m}, (39)
for (35)—(38) respectively. Providing the particular specializations of the argument
produces the following 4¢3:

ey 1 _e_1_,
PP (3@ g7 )

1
(qu—l; q) q—n’ qd+ﬁ+l+n’ q—m’ 6101+§+m
= —n 4¢’§ 5 qv q ) (40)

atptl @
(G5 @n q"“q, —q = , —(q 1042

a+p+3 _ _ 3
(@ =g ) g™, gt g gt
=q * Bl 4¢3 atpr2 a+§+3 iq.q ), (41)

(q’_q 2 ;q)n qu—l’_q 2 ,—q

ot-‘rﬂ-‘rl-‘rn’ q™", qm+5+%
kBt wpr 34,4 ), (42)
2

qﬁ+1’ —q 2 ,—q

’

_ (o=t @ e (a7
_( K ) CHN 4¢3(

3

B3 B
PP (=5 (g2 T 4 g7 g)

o+,

B+3
et (@ =g g q
=\"1 ° atpil 43
(q.—9 * i@n

—n L a+B+14+n —m qﬂ+%+m
, ,

s q q
a+;2%+2 a+g+3 i 4, q) . (43)

g+l —q . —q
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It is then straightforward to convert these particular continuous g-Jacobi polynomi-
als into a form where they can be represented as either Askey—Wilson polynomi-
als in the degree n but also as Askey—Wilson polynomials in degree m. Solving
for the particular values of the constants a in (4) for the degree m case completes the
proof. (]

One, therefore, has the following special values for the continuous g-Jacobi
polynomials which also follow directly from the identity (6).

Corollary 1 Letq € C', n e Ny, , B € C. Then

» Tl gt @“ " @)
PP (L(gieHi 4¢3 1)|q) = N (44)
S a+l _  L@+p+3).
Pﬂ(a,ﬂ)(%(q%a-ki+q—%a—%)|q)=q_% g, ]q2 ] sq)n’ (45)
(@, —q>“ 5 ),
» 1gil o _lg 1 as\" (@P*' q)n
B (=@ g lg) = (=g ) (46)
n (aB+l _, @+p+3).
(@B 1 lﬁJré ,lﬂ,é . (_ “‘*é‘*l) (6] , —(q?2 aq)n
PP (=325 + 472 )lg) = (¢ YT (47)
(Q7 q aCI)n
Proof Taking m = 0 values in Theorem 2 completes the proof. ]

Remark 2 One may inquire regarding the computation of perhaps product formulas
for

1 1 _ly1 L 3 _ 1,3
PP (=3(q2 5 + ¢ D)g), PP (=5(q2 75 4+ g7 D)g),
1 1 _lg 1 1 3 _lg 3
PP (5@ + ¢ D)), PP (g2 + 472 Dy,

using symmetry (16) and the special values for the Askey—Wilson polynomials given
[7, (114)]. However, this is not possible since the interchange of o <> B8 with the
invariance of the argument prevents the 4¢3s from being summable.

One may also express the results of Theorem 2 in terms of g-Racah polynomials (7).

Theorem 3 Let g € C', n,m € Ny, a, B € C. Then the specialization for the con-
tinuous q-Jacobi polynomials there are the following special values given in terms
of g-Racah polynomials as follows

PP (G g7 )

@ q) 1 _ atp apet
= o, R g e g g ) (48)
E) n
@ q) _ atp apot
= ——R,@ Pt g —q 2 . —q = 9% q"lg),  (49)

(q; Pn
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@43 _e_3_
PP (3(q 5t 4 g7 575 )g)

a+p43

@t =g g
_q a+p+1
G.—q9 7 5@n
3 _ atptl a—p
XRy(q“t " + g7 g% q% —q T . —q 7 |q) (50)
a+f43
(@t =TT g)
Zq 2 ( a+p+1 ) E
q4.—q = ;@)
X Ru(qeHHn p g —g T —g" g%, g 51
m(q q " —q =4 7 .9%.9"19), (5D
Byl  _B_1_
PP (—L(g titm 4 gm2mim)|g)
= (—q¥)" @
(G5 @)n
_ B-a—1 atp
X Ru(qP T g™ P g%~ =47 1g) (52)
( «2\" (@5 @)
(g5 @)n
_ atB pa—1
X Ru(@*tP 4+ g —q T —q 2 ,q".q%9), (53)
B 3

By3 _B_3_
PP (—3(g =" g7 )

at+p+3
_( %)" @ —q )
=\—q ai Bl

(q,—q = ;9

34, _ Bractl =

X Rn(flﬂ+2+n+6] m;qﬂvqav_q 2 , —(q 2 |q)
(54

a+p43
e\ (P =g T
Z(_q 2 ) at B+l
G,—q 7 5@
_ a+p+1 B=B

X Ru(@ ™" 4+ g7 —q 7 —q 7 4", q%19).

(55)

Proof Start with Theorem 2 and utilize (40)-(43) with (7) to write these

hypergeometric representations in terms of g-Racah polynomials. This completes
the proof. (]
Corollary 2 Letq e C',nm e No, o, e C.Ifp=—-1 p=L,a=-1 a=

=3 -7
respectively, for the following specialized continuous q-Jacobi polynomials

L
2)

then one has the following duality relations
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1

Ry(@ " g™ g% g7, —q g
1 _ _ 1y
= Ru(qg*" " +q7" 4%, q77, —q>

=

)
“Eig). (56)

(NI

Proof Replacing f = +1, o = :I:% in Theorem 3 completes the proof. ]

Now consider the continuous g-Jacobi polynomials with special argument

xE = i@t pgmith), (57)

H
IR
+
S
—_—
[
f—;
w\m
+
IS
==
2=
R
~—

1
Prfﬂl,ﬂ) (xrflq) = aipil a+pt2 pﬂ(xm; q )
@ —=q = .=q * ;@
(58)

The points xE are points where special values occur for the continuous g-Jacobi
polynomials. Special values for special functions and orthogonal polynomials are
rare, so it is important to recognize these, and then take advantage of them if one can.
This is what we will do in Sect. 3 where we utilize these special values to compute new
identities for basic hypergeometric series. Although we apply these special values
to the Poisson kernel for these polynomials, it is quite possible to apply them to
almost any identity for these polynomials. We consider some of the properties of the
continuous g-Jacobi polynomials with this argument. First, we show some alternative
Askey-Wilson representations of these polynomials with the special argument x:.

Theorem 4 Letq € C', m,n € Ny, «, B € C. Then

PP (x5 1)

)
+. 1 1 E+l ﬁ+l 1
=( 1 1 atp+1 l) pn(xm,q4,—q4,2|:6]2 4’:Fq2 4|q2)7 (59)
q*,—4* —q * ;4q4°?

n a m
(ﬂ:q%") (q +§H) (¢, T4 1 g
atptl B+1
(q2 —q T (=g g T Fq T g,
a+p+142n _ atp4142n a+p+1 —a—p+1 a—p+1 p—a+l

Xpm(3(¢ * +q7 F )ig ¢+ ,—q * ,%q

(60)

Proof Start with the representation of the continuous g-Jacobi polynomials in terms
of the Askey—Wilson polynomials (10) with special argument x= (57), namely (58).
Now consider x = %(z +z71), therefore z = z,, := :I:cﬁ*% in (20) and replacing
g — ¢* one obtains,
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I i (@***%5 g%
PP (E5(q g MIgY) = S
" ? (4% ¢*)n
—2n  2a+2B4+2+2n + a+14+m S+ go—m
q ,q » =4 e )
X 4¢3< g2, —guthtl | _geth2 459 ) : (61)
Applying the quadratic transformation (13) produces
1 1
PP 497 g
_ (g (g™, F4 5 n P q™", gt g gt )
T e g, P ke g g )

which can be viewed as either an Askey—Wilson polynomial with degree n or m.
Obtaining these representations through (4), and then replacing ¢> > ¢, completes
the proof. (]

Remark 3 Note that the above proof could be accomplished directly using (14) in
(20). Furthermore one should observe that of all the 4¢3 representations (20)—(33),
only (20) and (22) allow for the quadratic transformation (13) (or (14)). However, if
one starts with (22) in order to prove Theorem 4, one arrives at an identical result.
The fact that (20) and (22) are the only representations which satisfy the quadratic
transformation (13) (or (14)) can be seen since (24)—(22) do not contain the necessary
q" numerator entry and (21), (23) do not satisfy the conditions given in (14).

Now consider the m = 0, 1 special cases. This leads to the following result.

Corollary 3 Letq € C', n € Ny, a, 8 € C. Then

(@, =g @),

PeP (L g> +47)Ig%) = (¢*)" : (63)
no T T g =g ),
TR (=q“ ™, g @)

PP (_Lgr + g7 |g?) = (—q*)" : (64)

" 2 1 1 i i (q, —q‘“””l; q)n

PRt 4oty = Um0 (65)

noo2 (4, —q; @n

1 1 n ﬂ+17 - ﬂ+1; n
PP (g + g P higd) = (g )y YT D ()
(G, =45 @n

Proof For (63), (64) use the sum [5, (4.23)] due to the quadratic transformation for
Askey—Wilson polynomials (13). O

Corollary 4 Letg € C',n € Ny, a, B € C. Then one also has the following special
value

atl B 1
n (24T Fq 7T g
a1 pil

@2 —q"7 ;1 q2),

3 _3 a
PP (£1(g" +q D)) = (+q°?)
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e g Ha—g")
AFqHU+qT)

(67)

O

Proof The proof follows in exactly the same way as for the argument + % (g i 4 q- i ),
except instead of using the sum [5, (4.23)], directly use the quadratic transforma-
tion for Askey—Wilson polynomials [5, (4.22)]. Then with this transformation, the
resulting terminating 4¢3 has a ¢ ~' as one of the numerator parameters, so the sum
truncates to the first two terms and the above specializations follow. As well, simply
using Theorem 4 with m = 1 in (60) completes the proof. |

Theorem 5 Letq € C',m,n, N € Ny, a, B € C, andin thefollowing special values
for the continuous q-Jacobi polynomials for the positive sign in the argument, choose
o = —N — landleave B unrestricted and for the negative sign in the argument chose
B = —N — 1 and o unrestricted. Furthermore, for (68) let n < N, and for (69) let
m < N. Then

PP (S (g 47 D)

atl B+l

1o EG 2 FG 7 @ _m mil i 1 1
:(iqz ) ( 1 atptl ) Rn(q ’ +q 2+ ;:l:qz ’:I:qzﬂ’_l’_”qz)
4%, =4 7 ;qn
(68)
a+l B+1
ly n(:l:qT,:FqT;q) o a+pn+l 1y 1
= (2> T Ru@ T +q  ;—1,—1,4q:% +qF|g).
Gz, —q 2 ;@
(69)

Proof Start with expression (61), and the definition of the g-Racah polynomi-
als (7). We choose _{&, B.v,8} = {£q?, :l:qﬂ, —1, —1}, and therefore u(m) =

g"*!' 4+ g™, Since § = ¥ = —1, the third condition in (8) is impossible, so we
must use either one of the first two conditions. The only solution is for the positive
argument to choose @« = —N — 1 and leave B unrestricted and for the negative
argument to chose § = —N — 1 and to leave « unrestricted. Next, consider (69). We

choose {@, B, 7,8} = {—1, —1, £q%, £¢*}, and therefore yu(n) = g**+F+m+1 4 g,

Since @ = E = —1, the first condition in (8) is impossible, so we must use either
one of the second or third conditions. Again, the only solution is for the positive
argument to choose « = —N — 1 and leave § unrestricted and for the negative argu-
ment to chose B = —N — 1 and to leave « unrestricted. Since these results are for
pP (x|g?), mapping ¢*> — g, completes the proof. (I

Setting 8 = —a« in Theorem 5 produces the following result.

Corollary 5 Let g € C', m,n € Ny, a € C. Then one has the following duality
relations for the specialized continuous q-Jacobi polynomials
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P (E3(q T + g7 Dlg), (70)
namely
Ri(g™% +q"% s 4q2%, £q72% —1, —1lg)
= Ru(q™% +q% ;s £q7% £q 72, 1, ~1lg). (71)
Proof Replace o + 8 = 0 in Theorem 5 completes the proof. (]

3 Special Values for the Continuous ¢g-Jacobi Polynomial
Poisson Kernel

In general, one may substitute special values of an orthogonal polynomial into an
identity for these polynomials to obtain new specialized identities. We will now
focus on one such application. We now utilize the special values which we derived in
Sect. 2 within the context of the Poisson kernel for continuous g-Jacobi polynomials.
This utilization of special values for basic hypergeometric orthogonal polynomials is
both an application to the theory of basic hypergeometric orthogonal polynomials and
nonterminating basic hypergeometric functions. The Poisson kernel for an orthogo-
nal polynomial sequence is a bilinear generating function and is a function of the two
variables, x = %(z +z Yandy = %(w + w™") (as well as a power series parameter
|t| < 1 and other parameters involved). Inserting special values z, w (which corre-
spond to x, y) in a Poisson kernel results in the conversion of the bilinear generating
function. As we will see below, replacing either z or w in the Poisson kernel converts
it to a generating function. Furthermore, replacing both z and w in the Poisson kernel
converts it to a transformation formula for an arbitrary argument (perhaps subject to
certain constraints) nonterminating basic hypergeometric function.

The most general Poisson kernel for Askey—Wilson polynomials K, (x,y) :=
K;(x, y; alg), which is given by

>, (L, +/qabed; @) pa(x; alg) pa (s alg) 1"

Kie,y) =)

T (q.x,/" 1, ab.ac,ad. be, bd. cd: g),
00 (“};—‘d’ ;I:\/W,ab,ac,ad; q)n[n

-y

im0 (g, %,/ be, bd, cd; q),a?

(72)

ra(x; alg)ra(y; alg), (73)

where we (and as well Gasper and Rahman [11]) have also used the normalized
version of the Askey—Wilson polynomials (5). For the special case of the Askey—

Wilson polynomials where ad = bc, then the Poisson kernel takes a more simplified
form, K, (x, y) := K, (x, y; {a, b, ¢, %}|q) namely

a
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°© (ﬁ iq%bc ab,ac; q),t"

Ki(x,y) =
t Z;(q :I:q_fbc b%¢  bc? Cl)naz"

1a’a’

ra(x; alg)r,(y; alg).  (74)

Gasper and Rahman [11, (6.13)] proved a very useful form of this Poisson kernel
for Askey—Wilson polynomials with parameters (a, b, c, d) with the extra constraint
ad = bc. This Poisson kernel is given in three terms, each term given as an infinite
sum over a very-well-poised and balanced ;gWy. One can see that for the continuous g-
Jacobi polynomials (10) with the particular choice of {a, b, ¢, d} in (11), the condition
ad = bc is satisfied. Then the Poisson kernel for continuous g-Jacobi polynomials
is given by [11, (2.10)]

K (x,y) = K" (x, ylg)

o0 a+p+3

(q.q°P T g T @ut"

= — POP (x|g) PO (ylg).  (75)
a+p+1 (O(-’ri)n

n=0 (¢**1, qPt. a2 1 q)uq

Replacing {a, b, c, d} as in (11) produces the following form for the Poisson kernel
for continuous g-Jacobi polynomials.

Theorem 6 Let ¢ € C', t,a,8€C, |t| <1, x= %(Z—i-z’l) eC, y= %(w +
w™") € C, z, w € C*. Then the symmetric Poisson kernel for continuous q-Jacobi
polynomials is given by

atp+4

2t
Kf<x,y>=<1—r2>%—%
(=477 1P
atpt2 a+p+3 15,3 15,3
% (g 7 .+q 2 ,—q2Pz* —q2Puw*; g),q"
2 —a o
i (g, =gt BD gt gy,

a—p—2n—1 —a—f—-2n—1

x 10 Wo (_q : g, —q 2 ’qiﬂin’ q%a+%zi7 q%aJr%wi;q’q)

a—p 1 3 1 1 1 1 1 3
(qoTPH2 1, —q 2 1, g2t izt gt iwdE, —ga et —q Pt @)

1/2
2 a—p f42
(g, —q 3/2 ,—q e L qPtt, —q kel =1, tzFw; @)oo

5 Z (=1, £/qt, "'t 125 w*; 9)ngq"
Q. —q T it —q T 1~ i —q Pt ),

a+p+2n p—a+2n

xloWg(q“"t;q"t,—q Tt —q 2 t,—q%“%zi,—q%ﬂ*%wi;q,q)

B—a 1 3 1 1 1 1 1 3
(@1, —q 71, =g P, =P raw®, e, g2 TRt @)

+ 172
i) 1
(q/3+17 —q 3/2 ,—q 7, qa+1l, _qg(a+l3+2)t—17 tz:i:wzl:; q)oo
8 Z (—t +./qt, q“t't, tzrwt; ) ug"

B—a 1 1 1 3
n=0 (q7_q 7 t —-q R 6][2, qia+KtZiv q7a+”wi§€ﬂn
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xloWg(q““'t;q”t,—q > ,—q * t,q?

a+B+2n a—p+2n Lyt 3

izt g tiwE q,q>. (76)

Proof This is obtained by making the replacement
{a,b,c,d} — {qéaﬂ{%}, —q;ﬁﬂ{%}} i

namely (11), into Gasper and Rahman [11, (6.13)]. U

Note that there is an evident symmetry under the replacement z — z~' and w
w~! in (76). Therefore there are 8 possibilities for substitutions, namely z, w €
{a, b, c, d}. One simple application of the special values given in Corollary 1, is that
if you apply these substitutions to one of the continuous g-Jacobi polynomials in the
bilinear generating function given by its Poisson kernel, it is converted to a generating
function. Another easy application of these special values is that if you apply them
to both of the continuous g-Jacobi polynomials, then the Poisson kernel is converted
to a transformation formula for an arbitrary argument basic hypergeometric series.
These kind of transformations are fairly rare in the literature of basic hypergeometric
functions. The appearance of the arbitrary argument in the transformation formula
comes from the power series parameter ¢, which appears in the bilinear generating
function.

3.1 Generating Functions that Condense from K;(x, y)

There is no evident symmetry in (76) with respect to a, b, ¢, d, so there are many
choices of replacing with z or w using the special values a, b, ¢, d given in Corollary
1. Upon experimentation, we found that for two particular choices one obtains some
interesting generating functions for continuous g-Jacobi polynomials, which also
have interesting ¢ — 1~ limits.

3.1.1 The Generating Function When w = a

Given y = %(w + w™1), for the choice w = a we obtain the following interesting
generating function for continuous g-Jacobi polynomials.

Theorem 7 Letq € C',x = 3(z+2z7") € C.z € C* o, B,1 € C*suchthat 1] < 1
and |q**2t| < 1. Then

1
x (qu-/fH—l’ qz(“+ﬁ+3); q)n

tnP(a”H) X
(@bt gaetbth gy, " (xlq)

(_q%(3a+ﬁ+5)t’ q2a+1t2’ _q%(a+ﬁ+2)t’ qa+%5+§tzi; @)oo

5 1 1
(2212, —q* P2, —qotlt, g2 itz g) o
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i (_qa+ﬂ+%l; —qo’+%l, q%(ﬂ—a), q§(a+ﬁ+3)’ _q%ﬂ-k—%zi; 7, —q‘”%t) .

7

Proof Start with (76) and replacing w = a in Corollary 1 and the result follows. [J

This generating function has a ¢ — 1~ limit given as follows.

Corollary 6 Let x,a,8€C, |t| <1, t £x+V/x2 =1, 2t(x + 1| < |1 +1> —
2tx|, x = —1, B # —1. Then one has the following generating functions for Jacobi
polynomials, namely

Z @+ B+ DG+ B+3))

" PP (x)
— (B4 DG+ B+ D), !
B 1—1¢2 F 1B—a), ta+B+3) —2tx+1)
T (412 — 2y berpey B+1 "1412—2tx

Bl
2:8(1 = O (B + 1) P¢< 141 )’ o8

T (40P 42 — 2yt TN YT 2 — 20
where P}/ is the associated Legendre function of the first kind [2, (14.3.6)].

Proof This generating function is obtained by setting w = a = q%‘”% in (77) and
then simplifying the resulting expression. (]

As a special case, this generating function leads to the following generating function
for continuous g-ultraspherical/Rogers polynomials.

Corollary 7 Letq € C', x = 1(z+z7") € C, z, B,t € C* such that |t| < 1. Then

o]

(CL NG
C(x; = (1-p¥)— 1= 79
; B (s Play = (=) (125 @)oo 7

Proof Starting with (77) with o = § causes the g5 to become unity. Then using [3,
p. 473]
q@“* @)

a4 by, a+1
wmﬁ%ﬁﬁvqmqﬂm, (80)

P (x|q) =

completes the proof. O

Remark 4 The g — 1~ Gegenbauer polynomial limit of the generating function
given by Corollary 7 is

o0

A+Bn g BN, g 1 -
; (Bn IC"(X)‘,; B tc”(x)_(1+t2—2tx)ﬁ+" D)
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3.1.2 The Generating Function When z = d

Given x = %(z +z71), for the choice z = d we obtain the following interesting
generating function for continuous g-Jacobi polynomials.

Theorem 8 Let g € Cf, x = %(z +zHeC o B,teC zeC* such that
|q°‘+%t| < 1. Then

[e¢]

2

= (qa-H’ iq%(a-kﬁ-kl); @n

B (@31, P22, @) o (q;<a+ﬁ+2), iq%(a+ﬁ+3)’q%a+§zi' -
- +B+342- 3%4 1 _gzlatptD) garpdp 4 0T
(t, q* P12 ¢)oo gt —q2 L gt P,

1 1 1 1
(qa+ﬁ+2, —qi(a+ﬂ+])t, _qi(a+ﬂ+2)t7 qa+]t, q§a+zzi; Q)oo

1
(qot-‘rﬁ-‘rl , :l:q §(a+ﬁ+3); q)n
PP )

1 1 1 1
(q*+!, —q2@TBHD | —gzletbaD) L gretizE: ¢) o

La+p+2) Ya+p+3), ,latl =+

q2 t,£q2 g2z
x 5¢4( _gr @B gy gatly gerpe3g 49, q) ‘ (82)
Proof This generating function is obtained by setting z =d = —q%‘”% in (77),
replacing y = %(w +w™") with x and then simplifying the resulting expression
completes the proof. (I

This generating function for continuous g-Jacobi polynomials has a ¢ — 17 limit
given as follows.

Corollary 8 Let x,a, B € C, |t| <1, 2|t(x — 1)| < |1 —t|%. Then, one has the
following generating function for Jacobi polynomials, namely

i @+B+D.G+B +3
— (a+ DG+ B+ 1),

1 _¢2 Ioa+p+2),3@+p+3) 2t(x—1)
3201 a+1 T (1-1)?

P(Ot,ﬂ)(x)
T (1= pethr
2391 4+ )T 1 1—1¢
_ 2 (] +)M(a+1) : P,;fl <—> , (83)
(t(x — 1)2%(1 + 12 — 2tx) 2P ! V1412 —2tx

where P} is the associated Legendre function of the first kind [2, (14.3.6)]. O

Starting from (82), using the symmetric limitow = $, we can produce anew generating
function for continuous g-ultraspherical polynomials.

Corollary 9 Let g € CT, x = $(z+2z7") €C, z, B, 1t € C* such that |t| < 1 and
lgB| < 1. Then
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[e¢]

(£9B: Dn
L ee
2 Gapigy, P

— (QIB’ _QIB[Zi9 IBIZ; CI)oo
(=B, 12, —qB1%; oo

W5 (—ﬁtz; —611, +q/Bt, 125 q, qﬁ) . (84)

O

Proof Starting with (82) with « = § causes the sum of two 5¢4(g, g)s to become
a sum of two 4¢3(q, g)s which then naturally transforms to an gW; using Bailey’s
transformation [2, (17.9.16)]. Then using (80) completes the proof. O

3.2 An Arbitrary Argument Transformation that Condenses
Sfrom K;(x, y)

As mentioned just below (76), if one makes the double replacement of z and w
in the Poisson kernel, one obtains an arbitrary argument transformation formula.
Because of limitations on space in the current manuscript, we will only treat a single
example. Note however, that if one considers the Poisson kernel for continuous
g-Jacobi polynomials, and then one takes the special values (44)—(47) for z and w
simultaneously, then there are 4 x 4 = 16 combinations. For each case, the Poisson
kernel reduces to a single nonterminating basic hypergeometric series with an arbi-
trary argument. The cases z = w correspond to 4 unique transformations, and the 12
oft-diagonal combinations combine into pairs, with 6 paired transformations for a
single nonterminating basic hypergeometric series. Below, we present the results for
the computation of these transformations. For the z = w = a case, then the Poisson
kernel produces a well-poised 3¢, with arbitrary argument z. This is a well-poised
nonterminating 3¢, with arbitrary argument z expressed as a sum of two 4¢3s with
argument ¢ or a nonterminating gW-.

Theorem 9 Letq € C%, z,b € C, a € C* such that |a|, |z| < 1. Then the following
well-poised 3¢, is given by

5 ab, \/qa, g~/ ab (a®7%, gv/abz, —/qabz, gN'a3bz, —/q3a3bz; q) oo
362 iq,z) =
Jqb, Vab (qa*z2,z,az, —/qaz, —/q3abz; )0

b b
x gWq (—ﬁabz; q«/ﬁ, —/qab, \/;, —/ %, —qaz; q, —az) . (85)

Proof Start with the Poisson kernel for continuous g-Jacobi polynomials and sub-
stitute z = w = a. This converts the infinite series into a single nonterminating 3¢;.
If one takes q"‘*% = a, q5+% > b, then one arrives at a nonterminating transfor-
mation which is a sum of two 4¢3s with argument g. Using Bailey’s transformation
[2, (17.9.16)] we convert it to a nonterminating gW5. This completes the proof. [
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