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Howard S. Cohl and Roberto S. Costas-Santos 

Abstract We study special values for the continuous .q-Jacobi polynomials and 
present applications of these special values, which arise from bilinear generating 
functions and in particular, the Poisson kernel for these polynomials. 

1 Preliminaries 

We adopt the following set notations: .N0 := {0} ∪ N = {0, 1, 2, ...}, and we 
use the set .C which represent the complex numbers, .C∗ := C \ {0}, and 
.C

† := C
∗ \ {z ∈ C : |z| = 1}. We also adopt the following multiset notation and 

conventions. Let.a := {a, b, c, d},.a, b, c, d ∈ C
∗. Throughout the paper, we assume 

that the empty sum vanishes and the empty product is unity. 

Definition 1 We adopt the following conventions for succinctly writing elements of 
lists. To indicate sequential positive and negative elements, we write 

. ± a := {a,−a}.

We also adopt the analogous notations 

. e±iθ := {eiθ , e−iθ }, z± := {z, z−1}.
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Within a list of items, we define 

.a +
x1
...

xn

:= {a + x1, . . . , a + xn}. (1) 

In the same vein, consider the numbers. fs ∈ C with.s ∈ S ⊂ N, with. S finite. Then, 
the notation .{ fs} represents the multiset of all complex numbers . fs such that .s ∈ S. 
Furthermore, consider some.p ∈ S, then the notation.{ fs}s p represents the sequence 
of all complex numbers. fs such that.s ∈ S\{p}. In addition, for the empty list,.n = 0, 
we take 

. {a1, ..., an} := ∅.

Define the set . q := {q−k : k ∈ N0}. In this paper we will be using standard nota-
tions for both finite and.q-shifted factorials: including multi-.q-shifted factorial nota-
tion where a comma delineated list such as .(a1, . . . , ar ; q)k represents the products 
.(a1; q)k · · · (ar ; q)k (see [ 1, Appendix I]). We also adopt standard notations for both 
terminating and nonterminating basic hypergeometric functions .rφs [ 2, (17.4.1)] 

. rφs
a1, ..., ar

b1, ..., bs
; q, z :=

∞

k=0

(a1, ..., ar ; q)k

(q, b1, ..., bs; q)k
(−1)kq(k

2)
1+s−r

zk, (2) 

where .b1, . . . , bs /∈ q . For  .s + 1 > r , .rφs is an entire function of . z, for  . s + 1 = r
then .rφs is convergent for .|z| < 1, and for .s + 1 < r the series is divergent unless it 
is terminating. We will also refer to very-well-poised basic hypergeometric functions 
.r+1Wr [ 1, (2.1.11)] 

.r+1Wr (a; a4, . . . , ar+1; q, z) := r+1φr
±q

√
a, a, a4, . . . , ar+1

±√
a,

qa
a4

, . . . ,
qa

ar+1

; q, z , (3) 

where.
√

a,
qa
a4

, . . . ,
qa

ar+1
/∈ q . For those not familiar with these functions, we urge the 

reader to refer to some important standard references on the subject, and in particular 
[ 2, Chap. 17] and links therein and the entire book by Gasper and Rahman [ 1]. For 
particulars relating to orthogonal polynomials we suggest the reader to refer to [ 3, 
Chaps. 1, 9 and 14], the monograph [ 4] and the Memoirs of AMS article by Askey and 
Wilson [ 5]. For a general treatment of special functions, one should refer to [ 2, 6]. 

1.1 The Askey–Wilson Polynomials 

The Askey–Wilson polynomials can be defined in terms of the terminating balanced 
basic hypergeometric series [ 3, (14.1.1)]
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.pn(x; a|q) := a−n(ab, ac, ad; q)n 4φ3
q−n, qn−1abcd, az±

ab, ac, ad
; q, q , (4) 

where .x = 1
2 (z + z−1). In some of the derivations given below, we use the 

renormalized version of the Askey–Wilson polynomials given by 

. rn(x; a|q) := 4φ3
q−n, qn−1abcd, az±

ab, ac, ad
; q, q = an

(ab, ac, ad; q)n
pn(x; a|q).

(5) 
The Askey–Wilson polynomials have the following special values [ 7, (114)] 

.pn(
1
2 (a + a−1); a, b, c, d|q) = a−n(ab, ac, ad; q)n, (6) 

and similarly for arguments . 12 (b + b−1), . 12 (c + c−1), . 12 (d + d−1). 

1.2 The .q-Racah Polynomials 

Let .m ∈ C, .n, N ∈ N0 such that .n ∈ {0, . . . , N }. Let us consider the .q-Racah poly-
nomials.Rn(μ(m); ᾱ, β̄, γ̄ , δ̄|q)which are discrete cases of the Askey–Wilson poly-
nomials (4) (note that we have used the notation .{ᾱ, β̄, γ̄ , δ̄} instead of the standard 
.{α, β, γ, δ} in order to disambiguate between the.{α, β} parameters which appear in 
the study of continuous .q-Jacobi polynomials (see Sect. 1.3 below). The .q-Racah 
polynomials are defined by [ 3, (14.2.1)] 

.Rn(μ(m); ᾱ, β̄, γ̄ , δ̄|q) := 4φ3
q−n, qn+1ᾱβ̄, q−m, qm+1γ̄ δ̄

qᾱ, qβ̄δ̄, qγ̄
; q, q , (7) 

where .μ(m) := μ(m; γ̄ , δ̄|q) := q−m + qm+1γ̄ δ̄, and 

.ᾱ = q−N−1 or β̄δ̄ = q−N−1 or γ̄ = q−N−1. (8) 

The.q-Racah polynomials are orthogonal on the finite.q-quadratic set.{μ(m; γ̄ , δ̄|q)}. 
See [ 3, (14.2.2)] for the orthogonality relation for.q-Racah polynomials. Observe that 
for.m ∈ N0, the.q-Racah polynomials satisfy the following duality relation [ 7, (146)] 

.Rn(μ(m); ᾱ, β̄, γ̄ , δ̄|q) = Rm(μ(n); γ̄ , δ̄, ᾱ, β̄|q). (9)



28 H. S. Cohl and R. S. Costas-Santos

1.3 The Continuous q-Jacobi polynomials 

The continuous .q-Jacobi polynomials [ 3, Sect. 14.10] are particular cases of the 
Askey–Wilson polynomials as follows [ 3, (14.1.19) and p. 467] 

.P (α,β)
n (x |q) := q( α

2 + 1
4 )n

(q,−q
α+β

2 + 1
2

1
2 ; q)n

pn(x; a|q), (10) 

where 

.a := {a, b, c, d} := q
1
2 α+ 1

4
1
3 ,−q

1
2 β+ 1

4
1
3 . (11) 

For the coefficients .{a, b} = {±q
1
2 }, .c = qα+ 1

2 , .d = −qβ+ 1
2 , the renormalized 

Askey–Wilson polynomials are related to the continuous.q-Jacobi polynomials with 
base . q2, namely 

.rn(x;±q
1
2 , qα+ 1

2 ,−qβ+ 1
2 |q) = q−nα (q,−qα+β+1; q)n

(qα+1,−qβ+1; q)n
P (α,β)

n (x |q2). (12) 

In fact, this Askey–Wilson polynomial is related by a quadratic transformation which 
follows from a formula due to Singh [ 5, (4.22)], [ 1, (III.21)], [ 8, (7)]  

. 4φ3
q−2n, q2na2, c2, qb2

−a,−qa, q2b2c2
; q2, q2

= (bc)n (−q,− a
bc ; q)n

(−a,−qbc; q)n
4φ3

q−n, qna, c
b ,

qb
c

−q,− a
bc , qbc

; q, q , (13) 

or equivalently, 

. 4φ3
q−n, qna2, c2, q

1
2 b2

−a,−q
1
2 a, qb2c2

; q, q

= (bc)n (−q
1
2 ,− a

bc ; q
1
2 )n

(−a,−q
1
2 bc; q

1
2 )n

4φ3

⎛
⎝q− n

2 , q
n
2 a, c

b ,
q

1
2 b
c

−q
1
2 ,− a

bc , q
1
2 bc

; q
1
2 , q

1
2

⎞
⎠ , (14) 

but was also proved independently by Askey and Wilson in [ 5, (3.2)], [ 9, (1.12)] 

. rn x;±q
1
2 , qα+ 1

2 ,−qβ+ 1
2 |q

= q−nα (−qα+1,−qα+β+1; q)n

(−qβ+1,−q; q)n
rn x; q

α+ 1
2

1
3 ,−q

β+ 1
2

1
3 |q2 . (15)
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The parity relation for continuous .q-Jacobi polynomials is given by [ 7, (165)] 

.P (α,β)
n (−x |q) = −q

1
2 n(α−β) P (β,α)

n (x |q). (16) 

The continuous .q-Jacobi polynomials are orthogonal over . x = 1
2 (e

iθ + e−iθ ) =
cos θ ∈ (−1, 1) which is demonstrated by the orthogonality relation 

.

1

−1
P (α,β)

m (x |q)P (α,β)
n (x |q)

w(x;α, β|q)√
1 − x2

dx = hn(α, β|q)δm,n, (17) 

where .δm,n is the Kronecker delta symbol and the weight function and the norm for 
the continuous .q-Jacobi polynomials are given by 

.w(x;α, β|q) = (e±2iθ ; q)∞
(q

1
2 α+ 1

4 e±iθ , q
1
2 α+ 3

4 e±iθ ,−q
1
2 β+ 1

4 e±iθ ,−q
1
2 β+ 3

4 e±iθ ; q)∞
, (18) 

. hn(α, β|q) = 2πq(α+ 1
2 )n(q

α+β+2
2 , q

α+β+3
2 ; q)∞(qα+1, qβ+1, q

α+β+1
2 ; q)n

(q, qα+1, qβ+1,−q
α+β+1

2 ,−q
α+β+2

2 ; q)∞(q, qα+β+1, q
α+β+3

2 ; q)n

.

(19) 

Theorem 1 Let .q ∈ C
†, .n ∈ N0, .α, β ∈ C, .x = 1

2 (z + z−1) ∈ C, .z ∈ C
∗. Then, the 

exhaustive list of all the balanced .4φ3 continuous .q-Jacobi polynomial representa-
tions is 

.P (α,β)
n (x |q) = (qα+1; q)n

(q; q)n
4φ3

⎛
⎝q−n, qα+β+n+1, q

1
2 α+ 1

4 z±

qα+1,−q
α+β

2 + 1
2

1
2

; q, q

⎞
⎠ (20) 

. = q− n
2
(qα+1,−q

α+β+3
2 ; q)n

(q,−q
α+β+1

2 ; q)n
4φ3

⎛
⎝q−n, qα+β+n+1, q

1
2 α+ 3

4 z±

qα+1,−q
α+β

2 + 1
2

2
3

; q, q

⎞
⎠ (21) 

. = −q
α−β

2

n (qβ+1; q)n

(q; q)n
4φ3

⎛
⎝q−n, qα+β+n+1,−q

1
2 β+ 1

4 z±

qβ+1,−q
α+β

2 + 1
2

1
2

; q, q

⎞
⎠ (22) 

. = −q
α−β−1

2

n (qβ+1,−q
α+β+3

2 ; q)n

(q,−q
α+β+1

2 ; q)n
4φ3

⎛
⎝q−n, qα+β+n+1,−q

1
2 β+ 3

4 z±

qβ+1,−q
α+β

2 + 1
2

2
3

; q, q

⎞
⎠ ;
(23) 

. P (α,β)
n (x |q)
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= q−(n 
2) −q− 1 

2 

n 
q 

α+β 
2 + 1 

2 
1 
2 , q 

1 
2 α+ 3 

4 z±; q 
n 

q, qα+β+1; q n 

× 4φ3 

⎛ 

⎝q−n, q−α−n, −q
− α+β 

2 −n− 1 
2 

0 
1 

q−α−β−2n, q− 1 
2 α+ 1 

4 −nz± ; q, q 

⎞ 

⎠ (24) 

. = q−(n
2)(−1)n

q
α+β

2 + 1
2

1
2 , q

1
2 α+ 1

4 z±; q
n

q, qα+β+1; q n

× 4φ3

⎛
⎝q−n, q−α−n,−q

− α+β

2 −n+ 1
2

0
1

q−α−β−2n, q− 1
2 α+ 3

4 −nz± ; q, q

⎞
⎠ (25) 

. = q
α−β−n

2

n
q

α+β

2 + 1
2

1
2 ,−q

1
2 β+ 3

4 z±; q
n

q, qα+β+1; q
n

× 4φ3

⎛
⎝q−n, q−β−n,−q

− α+β

2 −n− 1
2

0
1

q−α−β−2n,−q− 1
2 β+ 1

4−nz± ; q, q

⎞
⎠ (26) 

. = q−(n
2) q

α−β

2

n
q

α+β

2 + 1
2

1
2 ,−q

1
2 β+ 1

4 z±; q
n

q, qα+β+1; q
n

× 4φ3

⎛
⎝q−n, q−β−n,−q

− α+β

2 −n+ 1
2

0
1

q−α−β−2n,−q− 1
2 β+ 3

4 −nz± ; q, q

⎞
⎠; (27) 

and 

. P (α,β)
n (x |q) = znq( α

2 + 1
4 )n

qα+1,−q
1
2 β+ 1

4
1
3 z−1; q

n

(q,−q
α+β

2 + 1
2

1
2 ; q)n

× 4φ3

⎛
⎜⎝q−n, q−β−n, q

1
2 α+ 1

4
1
3 z

qα+1,−q
− 1

2 β−n+ 1
4

1
3 z

; q, q

⎞
⎟⎠ (28)
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. = znq( α
2 + 1

4 )n

qβ+1, q
1
2 α+ 1

4
1
3 z−1; q

n

(q,−q
α+β

2 + 1
2

1
2 ; q)n

× 4φ3

⎛
⎜⎝q−n, q−α−n,−q

1
2 β+ 1

4
1
3 z

qβ+1, q
− 1

2 α−n+ 1
4

1
3 z

; q, q

⎞
⎟⎠ (29) 

. = znq( α
2 + 1

4 )n
q

α
2 + 3

4 z−1,−q
β

2 + 3
4 z−1; q

n

(q,−q
α+β+2

2 ; q)n

× 4φ3
q−n,−q− α+β+1

2 −n, q
1
2 α+ 1

4 z,−q
1
2 β+ 1

4 z

−q
α+β+1

2 , q− 1
2 α+ 1

4−nz,−q− 1
2 β+ 1

4 −nz
; q, q (30) 

. = znq( α
2 + 1

4 )n
q

α
2 + 3

4 z−1,−q
β

2 + 1
4 z−1; q

n

(q,−q
α+β+1

2 ; q)n

× 4φ3
q−n,−q− α+β

2 −n, q
1
2 α+ 1

4 z,−q
1
2 β+ 3

4 z

−q
α+β+2

2 , q− 1
2 α+ 1

4 −nz,−q− 1
2 β+ 3

4 −nz
; q, q (31) 

. = znq( α
2 + 1

4 )n
q

α
2 + 1

4 z−1,−q
β

2 + 3
4 z−1; q

n

(q,−q
α+β+1

2 ; q)n

× 4φ3
q−n,−q− α+β

2 −n, q
1
2 α+ 3

4 z,−q
1
2 β+ 1

4 z

−q
α+β+2

2 , q− 1
2 α+ 3

4 −nz,−q− 1
2 β+ 1

4 −nz
; q, q (32) 

. = znq( α
2 + 1

4 )n
−q

α+β+3
2 , q

α
2 + 1

4 z−1,−q
β

2 + 1
4 z−1; q

n

(q,−q
α+β+1

2 ,−q
α+β+2

2 ; q)n

× 4φ3
q−n,−q− α+β−1

2 −n, q
α
2 + 3

4 z,−q
β

2 + 3
4 z

−q
α+β+3

2 , q− α
2 + 3

4 −nz,−q− β

2 + 3
4−nz

; q, q , (33) 

and as well as the application of the map .z z−1 in (28)–(33). 

Proof In [ 10, Theorem 7, (13)–(15)] a description of all balanced.4φ3 representations 
of the Askey–Wilson polynomials are given with parameters .a := {a1, a2, a3, a4}. 
By using (10) which is the description of the continuous .q-Jacobi polynomials in
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terms of the Askey–Wilson polynomials, one is able to obtain an exhaustive list of 
all balanced.4φ3 representations of the continuous.q-Jacobi polynomials. In line with 
(10), we choose 

.a := q
1
2 α+ 1

4 , q
1
2 α+ 3

4 ,−q
1
2 β+ 1

4 ,−q
1
2 β+ 3

4 . (34) 

By evaluating all permutations of (34) in [  10, (13), (14), (15)], one may obtain (20)– 
(23), (26)–(27), (28)–(33) respectively. Since the continuous .q-Jacobi polynomials 
are a function of.x = 1

2 (z + z−1), and (20)–(27) are invariant under the interchange of 
.z z−1, one may as well apply this replacement to (28)–(33) to obtain six alternative 
representations of the continuous.q-Jacobi polynomials. This completes the proof. 

Remark 1 Note that one may also obtain an exhaustive list of all continuous .q-
Jacobi polynomial terminating.8W7 representations by applying the above procedure 
to [ 10, (16)–(19)]. However, due to space limitations, we will omit this computa-
tion for the present work. We might also add that by counting the members of the 
equivalence classes of terminating .4φ3 representations of the continuous .q-Jacobi 
polynomials, one may explore the symmetry group of these transformations which 
should necessarily be a subgroup of the symmetric group. S6, the symmetry group of 
the terminating representations of the Askey–Wilson polynomials, see [ 10, Sect. 4], 
and references therein. 

2 Special Values for the Continuous .q-Jacobi Polynomials 

For the following special values for the argument of the continuous .q-Jacobi poly-
nomials, we are able to re-express them in terms of Askey–Wilson polynomials with 
degree .m as opposed to . n. 

Theorem 2 Let .q ∈ C
†, .n, m ∈ N0, .α, β ∈ C. The following continuous .q-Jacobi 

polynomial specializations have alternative Askey–Wilson representations given as 
follows 

. P (α,β)
n ( 12 (q

1
2 α+ 1

4 +m + q− 1
2 α− 1

4−m)|q)

=
(qα+1; q)n q

1
2 (α+β+1)

m

(q; q)n(qα+1,−q
1
2 (α+β+1),−q

1
2 (α+β+2); q)m

×pm( 12 (q
α+β+1

2 +n + q− α+β+1
2 −n); q

1
2 (α+β+1), q

1
2 (α−β+1),−q

1
2 ,−1|q), (35) 

. P (α,β)
n ( 12 (q

1
2 α+ 3

4 +m + q− 1
2 α− 3

4−m)|q)

=
q− n

2 q
1
2 (α+β+1)

m
(qα+1,−q

α+β+3
2 ; q)n

(q,−q
α+β+1

2 ; q)n(qα+1,−q
1
2 (α+β+2),−q

1
2 (α+β+3); q)m

×pm( 12 (q
α+β+1

2 +n + q− α+β+1
2 −n); q

1
2 (α+β+1), q

1
2 (α−β+1),−q

1
2 ,−q|q), (36)
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. P (α,β)
n (− 1

2 (q
1
2 β+ 1

4+m + q− 1
2 β− 1

4−m)|q)

=
−q

1
2 (α−β)

n
q

1
2 (α+β+1)

m
(qβ+1; q)n

(q; q)n(qβ+1,−q
1
2 (α+β+1),−q

1
2 (α+β+2); q)m

×pm( 12 (q
α+β+1

2 +n + q− α+β+1
2 −n); q

1
2 (α+β+1), q

1
2 (β−α+1),−q

1
2 ,−1|q), (37) 

. P (α,β)
n (− 1

2 (q
1
2 β+ 3

4+m + q− 1
2 β− 3

4−m)|q)

=
−q

1
2 (α−β−1)

n
q

1
2 (α+β+1)

m
(qβ+1,−q

1
2 (α+β+3); q)n

(q,−q
1
2 (α+β+1); q)n(qβ+1,−q

1
2 (α+β+2),−q

1
2 (α+β+3); q)m

×pm( 12 (q
α+β+1

2 +n + q− α+β+1
2 −n); q

1
2 (α+β+1), q

1
2 (β−α+1),−q

1
2 ,−q|q). (38) 

Proof Start by considering the Askey–Wilson polynomial representations of these 
continuous .q-Jacobi polynomials (10) with these particular arguments. The specific 
arguments provided along with the identification that .x = 1

2 (z + z−1) and therefore 

.z = zm ∈ {q 1
2 α+ 1

4 +m, q
1
2 α+ 3

4+m,−q
1
2 β+ 1

4 +m,−q
1
2 β+ 3

4+m}, (39) 

for (35)–(38) respectively. Providing the particular specializations of the argument 
produces the following .4φ3: 

. P (α,β)
n ( 12 (q

α
2 + 1

4 +m + q− α
2 − 1

4−m)|q)

= (qα+1; q)n

(q; q)n
4φ3

q−n, qα+β+1+n, q−m, qα+ 1
2 +m

qα+1,−q
α+β+1

2 ,−q
α+β+2

2
; q, q , (40) 

. P (α,β)
n ( 12 (q

α
2 + 3

4 +m + q− α
2 − 3

4−m)|q)

= q− n
2
(qα+1,−q

α+β+3
2 ; q)n

(q,−q
α+β+1

2 ; q)n
4φ3

q−n, qα+β+1+n, q−m, qα+ 3
2 +m

qα+1,−q
α+β+2

2 ,−q
α+β+3

2
; q, q , (41) 

. P (α,β)
n (− 1

2 (q
β

2 + 1
4 +m + q− β

2 − 1
4 −m)|q)

= −q
α−β

2

n (qβ+1; q)n

(q; q)n
4φ3

q−n, qα+β+1+n, q−m, qm+β+ 1
2

qβ+1,−q
α+β+1

2 ,−q
α+β+2

2
; q, q , (42) 

. P(α,β)
n (− 1

2 (q
β
2 + 3

4 +m + q− β
2 − 3

4 −m)|q)

= −q
α−β−1

2
n (qβ+1,−q

α+β+3
2 ; q)n

(q,−q
α+β+1

2 ; q)n

4φ3

⎛
⎝q−n, qα+β+1+n, q−m , qβ+ 3

2 +m

qβ+1,−q
α+β+2

2 ,−q
α+β+3

2
; q, q

⎞
⎠ . (43)
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It is then straightforward to convert these particular continuous .q-Jacobi polynomi-
als into a form where they can be represented as either Askey–Wilson polynomi-
als in the degree . n but also as Askey–Wilson polynomials in degree . m. Solving 
for the particular values of the constants. a in (4) for  the degree. m case completes the 
proof. 

One, therefore, has the following special values for the continuous .q-Jacobi 
polynomials which also follow directly from the identity (6). 

Corollary 1 Let .q ∈ C
†, .n ∈ N0, .α, β ∈ C. Then 

.P (α,β)
n ( 12 (q

1
2 α+ 1

4 + q− 1
2 α− 1

4 )|q) = (qα+1; q)n

(q; q)n
, (44) 

.P (α,β)
n ( 12 (q

1
2 α+ 3

4 + q− 1
2 α− 3

4 )|q) = q− n
2
(qα+1,−q

1
2 (α+β+3); q)n

(q,−q
1
2 (α+β+1); q)n

, (45) 

.P (α,β)
n (− 1

2 (q
1
2 β+ 1

4 + q− 1
2 β− 1

4 )|q) = −q
α−β

2

n (qβ+1; q)n

(q; q)n
, (46) 

.P (α,β)
n (− 1

2 (q
1
2 β+ 3

4 + q− 1
2 β− 3

4 )|q) = −q
α−β−1

2

n (qβ+1,−q
1
2 (α+β+3); q)n

(q,−q
1
2 (α+β+1); q)n

. (47) 

Proof Taking .m = 0 values in Theorem 2 completes the proof. 

Remark 2 One may inquire regarding the computation of perhaps product formulas 
for 

. P (α,β)
n (− 1

2 (q
1
2 α+ 1

4 + q− 1
2 α− 1

4 )|q), P (α,β)
n (− 1

2 (q
1
2 α+ 3

4 + q− 1
2 α− 3

4 )|q),

P (α,β)
n ( 12 (q

1
2 β+ 1

4 + q− 1
2 β− 1

4 )|q), P (α,β)
n ( 12 (q

1
2 β+ 3

4 + q− 1
2 β− 3

4 )|q),

using symmetry (16) and the special values for the Askey–Wilson polynomials given 
[ 7, (114)]. However, this is not possible since the interchange of .α ↔ β with the 
invariance of the argument prevents the .4φ3s from being summable. 

One may also express the results of Theorem 2 in terms of.q-Racah polynomials (7). 

Theorem 3 Let .q ∈ C
†, .n, m ∈ N0, .α, β ∈ C. Then the specialization for the con-

tinuous .q-Jacobi polynomials there are the following special values given in terms 
of .q-Racah polynomials as follows 

. P (α,β)
n ( 12 (q

α
2 + 1

4 +m + q− α
2 − 1

4 m)|q)

= (qα+1; q)n

(q; q)n
Rn(q

α+ 1
2 +m + q−m; qα, qβ,−q

α+β

2 ,−q
α−β−1

2 |q) (48) 

. = (qα+1; q)n

(q; q)n
Rm(qα+β+1+n + q−n;−q

α+β

2 ,−q
α−β−1

2 , qα, qβ |q), (49)
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. P (α,β)
n ( 12 (q

α
2 + 3

4+m + q− α
2 − 3

4 −m)|q)

= q− n
2
(qα+1,−q

α+β+3
2 ; q)n

(q,−q
α+β+1

2 ; q)n

×Rn(q
α+ 3

2 +m + q−m; qα, qβ,−q
α+β+1

2 ,−q
α−β

2 |q) (50) 

. = q− n
2
(qα+1,−q

α+β+3
2 ; q)n

(q,−q
α+β+1

2 ; q)n

× Rm(qα+β+1+n + q−n;−q
α+β+1

2 ,−q
α−β

2 , qα, qβ |q), (51) 

. P (α,β)
n (− 1

2 (q
β

2 + 1
4 +m + q− β

2 − 1
4 −m)|q)

= −q
α−β

2

n (qβ+1; q)n

(q; q)n

× Rn(q
β+ 1

2 +m + q−m; qβ, qα,−q
β−α−1

2 ,−q
α+β

2 |q) (52) 

. = −q
α−β

2

n (qβ+1; q)n

(q; q)n

× Rm(qα+β+1+n + q−n;−q
α+β

2 ,−q
β−α−1

2 , qβ, qα|q), (53) 

. P (α,β)
n (− 1

2 (q
β

2 + 3
4 +m + q− β

2 − 3
4 −m)|q)

= −q
α−β−1

2

n (qβ+1,−q
α+β+3

2 ; q)n

(q,−q
α+β+1

2 ; q)n

× Rn(q
β+ 3

2 +m + q−m; qβ, qα,−q
β+α+1

2 ,−q
β−α

2 |q)

(54) 

. = −q
α−β−1

2

n (qβ+1,−q
α+β+3

2 ; q)n

(q,−q
α+β+1

2 ; q)n

× Rm(qα+β+1+n + q−n;−q
α+β+1

2 ,−q
β−β

2 , qβ, qα|q).

(55) 

Proof Start with Theorem 2 and utilize (40)–(43) with (7) to write these 
hypergeometric representations in terms of .q-Racah polynomials. This completes 
the proof. 

Corollary 2 Let .q ∈ C
†, .n,m ∈ N0, .α, β ∈ C. If .β = − 1

2 , .β = 1
2 , .α = − 1

2 , .α = 1
2 , 

respectively, for the following specialized continuous .q-Jacobi polynomials 

. P (α,β)
n ( 12 (q

1
2 α+ 1

4 +m + q− 1
2 α− 1

4 −m)|q), P (α,β)
n ( 12 (q

1
2 α+ 3

4+m + q− 1
2 α− 3

4 −m)|q),

P (α,β)
n (− 1

2 (q
1
2 β+ 1

4 +m + q− 1
2 β− 1

4 −m)|q), P (α,β)
n (− 1

2 (q
1
2 β+ 3

4 +m + q− 1
2 β− 3

4 −m)|q),

then one has the following duality relations
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. Rn(q
α+ 1

2 +m + q−m; qα, q− 1
2 ,−q

1
2 α± 1

4 |q)

= Rm(qα+ 1
2 +n + q−n; qα, q− 1

2 ,−q
1
2 α± 1

4 |q). (56) 

Proof Replacing .β = ± 1
2 , .α = ± 1

2 in Theorem 3 completes the proof. 

Now consider the continuous .q-Jacobi polynomials with special argument 

.x±
m := ± 1

2 (q
1
4 + m

2 +q− 1
4 − m

2 ), (57) 

which are given in terms the Askey–Wilson polynomials through (10) as  

. P (α,β)
n (x±

m |q) =
q

1
2 α+ 1

4

n

(q,−q
α+β+1

2 ,−q
α+β+2

2 ; q)n

pn(x±
m ; q

α
2 + 1

4
1
3 ,−q

β

2 + 1
4

1
3 |q).

(58) 

The points .x±
m are points where special values occur for the continuous .q-Jacobi 

polynomials. Special values for special functions and orthogonal polynomials are 
rare, so it is important to recognize these, and then take advantage of them if one can. 
This is what we will do in Sect. 3 where we utilize these special values to compute new 
identities for basic hypergeometric series. Although we apply these special values 
to the Poisson kernel for these polynomials, it is quite possible to apply them to 
almost any identity for these polynomials. We consider some of the properties of the 
continuous.q-Jacobi polynomials with this argument. First, we show some alternative 
Askey–Wilson representations of these polynomials with the special argument .x±

m . 

Theorem 4 Let .q ∈ C
†, .m, n ∈ N0, .α, β ∈ C. Then 

. P (α,β)
n (x±

m |q)

=
±q

1
2 α+ 1

4

n

(q
1
2 ,−q

1
2 ,−q

α+β+1
2 ; q

1
2 )n

pn(x±
m ; q

1
4 ,−q

1
4 ,±q

α
2 + 1

4 ,∓q
β

2 + 1
4 |q 1

2 ), (59) 

. =
±q

1
2 α

n
q

α+β+1
4

m
(±q

α+1
2 ,∓q

β+1
2 ; q

1
2 )n

(q
1
2 ,−q

α+β+1
2 ; q

1
2 )n(−q

1
2 ,±q

α+1
2 ,∓q

β+1
2 ; q

1
2 )m

×pm( 12 (q
α+β+1+2n

4 +q− α+β+1+2n
4 ); q

α+β+1
4 ,−q

−α−β+1
4 ,±q

α−β+1
4 ,∓q

β−α+1
4 |q 1

2 ).

(60) 

Proof Start with the representation of the continuous.q-Jacobi polynomials in terms 
of the Askey–Wilson polynomials (10) with special argument.x±

m (57), namely (58). 
Now consider .x = 1

2 (z + z−1), therefore .z = zm := ±q
1
4 + m

2 in (20) and replacing 
.q q2 one obtains,
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. P (α,β)
n (± 1

2 (q
1
2 +m +q− 1

2 −m)|q2) = (q2α+2; q2)n

(q2; q2)n

× 4φ3
q−2n, q2α+2β+2+2n,±qα+1+m,±qα−m

q2α+2,−qα+β+1,−qα+β+2
; q2, q2 . (61) 

Applying the quadratic transformation (13) produces 

. P (α,β)
n (± 1

2 (q
1
2 +m + q− 1

2 −m)|q2)

= (±qα)n (±qα+1,∓qβ+1; q)n

(q,−qα+β+1; q)n
4φ3

q−n, qα+β+1+n, q−m, qm+1

±qα+1,∓qβ+1,−q
; q, q , (62) 

which can be viewed as either an Askey–Wilson polynomial with degree . n or . m. 
Obtaining these representations through (4), and then replacing .q2 → q, completes 
the proof. 

Remark 3 Note that the above proof could be accomplished directly using (14) in  
(20). Furthermore one should observe that of all the .4φ3 representations (20)–(33), 
only (20) and (22) allow for the quadratic transformation (13) (or  (14)). However, if 
one starts with (22) in order to prove Theorem 4, one arrives at an identical result. 
The fact that (20) and (22) are the only representations which satisfy the quadratic 
transformation (13) (or  (14)) can be seen since (24)–(22) do not contain the necessary 
.qn numerator entry and (21), (23) do not satisfy the conditions given in (14). 

Now consider the .m = 0, 1 special cases. This leads to the following result. 

Corollary 3 Let .q ∈ C
†, .n ∈ N0, .α, β ∈ C. Then 

.P (α,β)
n ( 12 (q

1
2 + q− 1

2 )|q2) = (qα)
n (qα+1,−qβ+1; q)n

(q,−qα+β+1; q)n
, (63) 

.P (α,β)
n (− 1

2 (q
1
2 + q− 1

2 )|q2) = (−qα)
n (−qα+1, qβ+1; q)n

(q,−qα+β+1; q)n
, (64) 

.P (α,β)
n ( 12 (q

α+ 1
2 + q−α− 1

2 |q2) = (qα+1,−qα+1; q)n

(q,−q; q)n
, (65) 

.P (α,β)
n (− 1

2 (q
β+ 1

2 + q−β− 1
2 )|q2) = −qα−β n (qβ+1,−qβ+1; q)n

(q,−q; q)n
. (66) 

Proof For (63), (64) use  the sum  [  5, (4.23)] due to the quadratic transformation for 
Askey–Wilson polynomials (13). 

Corollary 4 Let .q ∈ C
†, .n ∈ N0, .α, β ∈ C. Then one also has the following special 

value 

.P (α,β)
n (± 1

2 (q
3
4 + q− 3

4 )|q) = ±q
α
2

n (±q
α+1
2 ,∓q

β+1
2 ; q

1
2 )n

(q
1
2 ,−q

α+β+1
2 ; q

1
2 )n
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× 1 − 
(1 − q 

1 
2 )(1 − q− n 

2 )(1 − q 
α+β+n+1 

2 ) 

(1 ∓ q 
α+1 
2 )(1 ± q 

β+1 
2 ) 

. (67) 

Proof The proof follows in exactly the same way as for the argument.± 1
2 (q

1
4 + q− 1

4 ), 
except instead of using the sum [ 5, (4.23)], directly use the quadratic transforma-
tion for Askey–Wilson polynomials [ 5, (4.22)]. Then with this transformation, the 
resulting terminating .4φ3 has a .q−1 as one of the numerator parameters, so the sum 
truncates to the first two terms and the above specializations follow. As well, simply 
using Theorem 4 with .m = 1 in (60) completes the proof. 

Theorem 5 Let.q ∈ C
†,.m, n, N ∈ N0,.α, β ∈ C, and in the following special values 

for the continuous.q-Jacobi polynomials for the positive sign in the argument, choose 
.α = −N − 1 and leave. β unrestricted and for the negative sign in the argument chose 
.β = −N − 1 and . α unrestricted. Furthermore, for (68) let .n ≤ N, and for (69) let 
.m ≤ N. Then 

. P (α,β)
n (± 1

2 (q
1
4 + m

2 +q− 1
4 − m

2 )|q)

= (±q
1
2 α)n (±q

α+1
2 ,∓q

β+1
2 ; q)n

(q
1
2 ,−q

α+β+1
2 ; q)n

Rn(q
− m

2 + q
m+1
2 ;±q

1
2 α,±q

1
2 β,−1,−1|q 1

2 )

(68) 

. = (±q
1
2 α)n (±q

α+1
2 ,∓q

β+1
2 ; q)n

(q
1
2 ,−q

α+β+1
2 ; q)n

Rm(q− n
2 + q

α+β+n+1
2 ;−1,−1,±q

1
2 α,±q

1
2 β |q).

(69) 

Proof Start with expression (61), and the definition of the .q-Racah polynomi-
als (7). We choose .{ᾱ, β̄, γ̄ , δ̄} = {±qα,±qβ,−1,−1}, and therefore . μ(m) =
qm+1 + q−m . Since .δ̄ = γ̄ = −1, the third condition in (8) is impossible, so we 
must use either one of the first two conditions. The only solution is for the positive 
argument to choose .α = −N − 1 and leave .β unrestricted and for the negative 
argument to chose.β = −N − 1 and to leave. α unrestricted. Next, consider (69). We 
choose.{ᾱ, β̄, γ̄ , δ̄} = {−1,−1,±qα,±qβ}, and therefore.μ(n) = qα+β+n+1 + q−n . 

Since .ᾱ = β̄ = −1, the first condition in (8) is impossible, so we must use either 
one of the second or third conditions. Again, the only solution is for the positive 
argument to choose.α = −N − 1 and leave. β unrestricted and for the negative argu-
ment to chose .β = −N − 1 and to leave . α unrestricted. Since these results are for 
.P (α,β)

n (x |q2), mapping .q2 q, completes the proof. 

Setting .β = −α in Theorem 5 produces the following result. 

Corollary 5 Let .q ∈ C
†, .m, n ∈ N0, .α ∈ C. Then one has the following duality 

relations for the specialized continuous .q-Jacobi polynomials
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.P (α,−α)
n (± 1

2 (q
1
4 + m

2 + q− 1
4 − m

2 )|q), (70) 

namely 

. Rn(q
− m

2 + q
m+1
2 ;±q

1
2 α,±q− 1

2 α,−1,−1|q)

= Rm(q− n
2 + q

n+1
2 ;±q

1
2 α,±q− 1

2 α,−1,−1|q). (71) 

Proof Replace .α + β = 0 in Theorem 5 completes the proof. 

3 Special Values for the Continuous .q-Jacobi Polynomial 
Poisson Kernel 

In general, one may substitute special values of an orthogonal polynomial into an 
identity for these polynomials to obtain new specialized identities. We will now 
focus on one such application. We now utilize the special values which we derived in 
Sect. 2 within the context of the Poisson kernel for continuous.q-Jacobi polynomials. 
This utilization of special values for basic hypergeometric orthogonal polynomials is 
both an application to the theory of basic hypergeometric orthogonal polynomials and 
nonterminating basic hypergeometric functions. The Poisson kernel for an orthogo-
nal polynomial sequence is a bilinear generating function and is a function of the two 
variables,.x = 1

2 (z + z−1) and.y = 1
2 (w + w−1) (as well as a power series parameter 

.|t | < 1 and other parameters involved). Inserting special values . z, .w (which corre-
spond to.x, y) in a Poisson kernel results in the conversion of the bilinear generating 
function. As we will see below, replacing either. z or. w in the Poisson kernel converts 
it to a generating function. Furthermore, replacing both. z and. w in the Poisson kernel 
converts it to a transformation formula for an arbitrary argument (perhaps subject to 
certain constraints) nonterminating basic hypergeometric function. 

The most general Poisson kernel for Askey–Wilson polynomials . K t (x, y) :=
K t (x, y; a|q), which is given by 

.K t (x, y) =
∞

n=0

( abcd
q ,±√

qabcd; q)n pn(x; a|q)pn(y; a|q) tn

(q,± abcd
q , ab, ac, ad, bc, bd, cd; q)n

(72) 

. =
∞

n=0

( abcd
q ,±√

qabcd, ab, ac, ad; q)ntn

(q,± abcd
q , bc, bd, cd; q)na2n

rn(x; a|q)rn(y; a|q), (73) 

where we (and as well Gasper and Rahman [ 11]) have also used the normalized 
version of the Askey–Wilson polynomials (5). For the special case of the Askey– 
Wilson polynomials where.ad = bc, then the Poisson kernel takes a more simplified 
form, .Kt (x, y) := K t (x, y; {a, b, c, bc

a }|q) namely
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. Kt (x, y) :=
∞

n=0

( b2c2

q ,±q
1
2 bc, ab, ac; q)ntn

(q,±q− 1
2 bc, b2c

a , bc2
a ; q)na2n

rn(x; a|q)rn(y; a|q). (74) 

Gasper and Rahman [ 11, (6.13)] proved a very useful form of this Poisson kernel 
for Askey–Wilson polynomials with parameters.(a, b, c, d) with the extra constraint 
.ad = bc. This Poisson kernel is given in three terms, each term given as an infinite 
sum over a very-well-poised and balanced.10W9. One can see that for the continuous.q-
Jacobi polynomials (10) with the particular choice of.{a, b, c, d} in (11), the condition 
.ad = bc is satisfied. Then the Poisson kernel for continuous .q-Jacobi polynomials 
is given by [ 11, (2.10)] 

. Kt (x, y) := K (α,β)
t (x, y|q)

=
∞

n=0

(q, qα+β+1, q
α+β+3

2 ; q)ntn

(qα+1, qβ+1, q
α+β+1

2 ; q)nq(α+ 1
2 )n

P (α,β)
n (x |q)P (α,β)

n (y|q). (75) 

Replacing .{a, b, c, d} as in (11) produces the following form for the Poisson kernel 
for continuous .q-Jacobi polynomials. 

Theorem 6 Let .q ∈ C
†, .t, α, β ∈ C, .|t | < 1, .x = 1

2 (z + z−1) ∈ C, . y = 1
2 (w +

w−1) ∈ C, .z, w ∈ C
∗. Then the symmetric Poisson kernel for continuous .q-Jacobi 

polynomials is given by 

. Kt (x, y)=(1−t2)
(−q

α+β+4
2 t; q)∞

(−q
−α−β−2

2 t; q)∞

×
∞

n=0

(q
α+β+2

2 ,±q
α+β+3

2 ,−q
1
2 β+3

4 z±,−q
1
2 β+3

4 w±; q)nqn

(q, qβ+1,−q
1
2 (α+β+ 2

3 )
,−q

β−α+1
2 ,−q

α+β

2 +2t±; q)n

×10W9 −q
α−β−2n−1

2 ; q−n,−q
−α−β−2n−1

2 , q−β−n, q
1
2 α+ 1

4 z±, q
1
2 α+ 1

4 w±; q, q

+ (qα+β+2, t,−q
α−β

2 t, q
1
2 α+ 3

4 z±, q
1
2 α+ 1

4 w±,−q
1
2 β+ 1

4 t z±,−q
1
2 β+ 3

4 tw±; q)∞

(qα+1,−q
α+β

2 + 1/2
1
3/2 ,−q

α−β

2 , qβ+1t,−q
α+β+2

2 t−1, t z±w±; q)∞

×
∞

n=0

(−t,±√
qt, qβ+1t, t z±w±; q)nqn

(q,−q
−α−β

2 t, qt2,−q
α−β

2 t,−q
1
2 β+ 1

4 t z±,−q
1
2 β+ 3

4 tw±; q)n

×10W9 qβ+nt; qnt,−q
α+β+2n

2 t,−q
β−α+2n

2 t,−q
1
2 β+ 3

4 z±,−q
1
2 β+ 1

4 w±; q, q

+ (qα+β+2, t,−q
β−α

2 t,−q
1
2 β+ 3

4 z±,−q
1
2 β+ 1

4 w±, q
1
2 α+ 1

4 t z±, q
1
2 α+ 3

4 tw±; q)∞

(qβ+1,−q
α+β

2 + 1/2
1
3/2 ,−q

β−α

2 , qα+1t,−q
1
2 (α+β+2)t−1, t z±w±; q)∞

×
∞

n=0

(−t,±√
qt, qα+1t, t z±w±; q)nqn

(q,−q
−α−β

2 t,−q
β−α

2 t, qt2, q
1
2 α+ 1

4 t z±, q
1
2 α+ 3

4 tw±; q)n
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×10W9 qα+n t; qn t, −q 
α+β+2n 

2 , −q 
α−β+2n 

2 t, q 
1 
2 α+ 3 

4 z±, q 
1 
2 α+ 1 

4 w±; q, q . (76) 

Proof This is obtained by making the replacement 

. {a, b, c, d q
1
2 α+ 1

4
1
3 ,−q

1
2 β+ 1

4
1
3 ,

namely (11), into Gasper and Rahman [ 11, (6.13)]. 

Note that there is an evident symmetry under the replacement.z z−1 and. w

w−1 in (76). Therefore there are 8 possibilities for substitutions, namely . z, w ∈
{a, b, c, d}. One simple application of the special values given in Corollary 1, is that 
if you apply these substitutions to one of the continuous.q-Jacobi polynomials in the 
bilinear generating function given by its Poisson kernel, it is converted to a generating 
function. Another easy application of these special values is that if you apply them 
to both of the continuous.q-Jacobi polynomials, then the Poisson kernel is converted 
to a transformation formula for an arbitrary argument basic hypergeometric series. 
These kind of transformations are fairly rare in the literature of basic hypergeometric 
functions. The appearance of the arbitrary argument in the transformation formula 
comes from the power series parameter . t , which appears in the bilinear generating 
function. 

3.1 Generating Functions that Condense from . Kt(x, y)

There is no evident symmetry in (76) with respect to .a, b, c, d, so there are many 
choices of replacing with. z or. w using the special values.a, b, c, d given in Corollary 
1. Upon experimentation, we found that for two particular choices one obtains some 
interesting generating functions for continuous .q-Jacobi polynomials, which also 
have interesting .q → 1− limits. 

3.1.1 The Generating Function When . w = a

Given .y = 1
2 (w + w−1), for the choice .w = a we obtain the following interesting 

generating function for continuous .q-Jacobi polynomials. 

Theorem 7 Let.q ∈ C
†,.x = 1

2 (z + z−1) ∈ C,.z ∈ C
∗,.α, β, t ∈ C

∗ such that. |t | < 1

and .|qα+ 1
2 t | < 1. Then 

.

∞

n=0

(qα+β+1, q
1
2 (α+β+3); q)n

(qβ+1, q
1
2 (α+β+1); q)n

tn P (α,β)
n (x |q)

= (−q
1
2 (3α+β+5)t, q2α+1t2,−q

1
2 (α+β+2)t, qα+ 1

2 β+ 7
4 t z±; q)∞

(q2α+2t2,−qα+β+ 5
2 t,−qα+1t, q

1
2 α+ 1

4 t z±; q)∞
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×8W7 −qα+β+ 3 
2 t;−qα+ 3 

2 t, q 
1 
2 (β−α) , q 

1 
2 (α+β+3) , −q 

1 
2 β+ 3 

4 z±; q, −qα+ 1 
2 t . 

(77) 

Proof Start with (76) and replacing .w = a in Corollary 1 and the result follows. 

This generating function has a .q → 1− limit given as follows. 

Corollary 6 Let .x, α, β ∈ C, .|t | < 1, .t x ± √
x2 − 1, . 2|t (x + 1)| < |1 + t2 −

2t x |, .x = −1, .β = −1. Then one has the following generating functions for Jacobi 
polynomials, namely 

. 

∞

n=0

(α + β + 1)n(
1
2 (α + β + 3))n

(β + 1)n(
1
2 (α + β + 1))n

tn P (α,β)
n (x)

= 1 − t2

(1 + t2 − 2t x)
1
2 (α+β+3) 2F1

1
2 (β − α), 1

2 (α + β + 3)

β + 1
; −2t (x + 1)

1 + t2 − 2t x

= 2
1
2 β(1 − t + 1)

(t (1 + x))
1
2 β(1 + t2 − 2t x)

1
2 α+1

P−β

α+1

1 + t√
1 + t2 − 2t x

, (78) 

where .Pμ
ν is the associated Legendre function of the first kind [ 2, (14.3.6)]. 

Proof This generating function is obtained by setting .w = a = q
1
2 α+ 1

4 in (77) and 
then simplifying the resulting expression. 

As a special case, this generating function leads to the following generating function 
for continuous .q-ultraspherical/Rogers polynomials. 

Corollary 7 Let .q ∈ C
†, .x = 1

2 (z + z−1) ∈ C, .z, β, t ∈ C
∗ such that .|t | < 1. Then 

.

∞

n=0

(qβ; q)n

(β; q)n
tnCn(x;β|q) = (1−βt2)

(qβt z±; q)∞
(t z±; q)∞

. (79) 

Proof Starting with (77) with.α = β causes the.8W7 to become unity. Then using [ 3, 
p. 473] 

.P (α,α)
n (x |q) = (qα+1; q)n

(q2α+1; q)n
q( α

2 + 1
4 )nCn(x; qα+ 1

2 |q), (80) 

completes the proof. 

Remark 4 The .q → 1− Gegenbauer polynomial limit of the generating function 
given by Corollary 7 is 

.

∞

n=0

(1 + β)n

(β)n
tnCβ

n (x) =
∞

n=0

β + n

β
tnCβ

n (x) = 1 − t2

(1 + t2 − 2t x)β+1
. (81)
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3.1.2 The Generating Function When . z = d

Given .x = 1
2 (z + z−1), for the choice .z = d we obtain the following interesting 

generating function for continuous .q-Jacobi polynomials. 

Theorem 8 Let .q ∈ C
†, .x = 1

2 (z + z−1) ∈ C, .α, β, t ∈ C, .z ∈ C
∗ such that 

.|qα+ 1
2 t | < 1. Then 

. 

∞

n=0

(qα+β+1,±q
1
2 (α+β+3); q)n

(qα+1,±q
1
2 (α+β+1); q)n

tn P (α,β)
n (x |q)

= (qα+β+3t, qα+β+2t2; q)∞
(t, qα+β+3t2; q)∞

5φ4
q

1
2 (α+β+2),±q

1
2 (α+β+3), q

1
2 α+ 1

4 z±

qα+1,−q
1
2 (α+β+1), qα+β+3t, q

t

; q, q

+ (qα+β+2,−q
1
2 (α+β+1)t,−q

1
2 (α+β+2)t, qα+1t, q

1
2 α+ 1

4 z±; q)∞
(qα+1,−q

1
2 (α+β+1),−q

1
2 (α+β+2), 1

t , q
1
2 α+ 1

4 t z±; q)∞

× 5φ4
q

1
2 (α+β+2)t,±q

1
2 (α+β+3)t, q

1
2 α+ 1

4 t z±

−q
1
2 (α+β+1)t, qt, qα+1t, qα+β+3t2

; q, q . (82) 

Proof This generating function is obtained by setting .z = d = −q
1
2 β+ 3

4 in (77), 
replacing .y = 1

2 (w + w−1) with . x and then simplifying the resulting expression 
completes the proof. 

This generating function for continuous .q-Jacobi polynomials has a .q → 1− limit 
given as follows. 

Corollary 8 Let .x, α, β ∈ C, .|t | < 1, .2|t (x − 1)| < |1 − t |2. Then, one has the 
following generating function for Jacobi polynomials, namely 

. 

∞

n=0

(α + β + 1)n(
1
2 (α + β + 3))n

(α + 1)n(
1
2 (α + β + 1))n

tn P (α,β)
n (x)

= 1 − t2

(1 − t)α+β+3 2F1

1
2 (α + β + 2), 1

2 (α + β + 3)

α + 1
; 2t (x − 1)

(1 − t)2

= 2
1
2 α(1 + t + 1)

(t (x − 1))
1
2 α(1 + t2 − 2t x)

1
2 β+1

P−α
β+1

1 − t√
1 + t2 − 2t x

, (83) 

where .Pμ
ν is the associated Legendre function of the first kind [ 2, (14.3.6)]. 

Starting from (82), using the symmetric limit.α = β, we can produce a new generating 
function for continuous .q-ultraspherical polynomials. 

Corollary 9 Let .q ∈ C
†, .x = 1

2 (z + z−1) ∈ C, .z, β, t ∈ C
∗ such that .|t | < 1 and 

.|qβ| < 1. Then
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. 

∞

n=0

(±qβ; q)n

(±β; q)n
tnCn(x;β|q)

= (qβ,−qβt z±, βt2; q)∞
(−β, t z±,−qβt2; q)∞

8W7 −βt2;− 1

q
,±q βt, t z±; q, qβ . (84) 

Proof Starting with (82) with .α = β causes the sum of two .5φ4(q, q)s to become 
a sum of two .4φ3(q, q)s which then naturally transforms to an .8W7 using Bailey’s 
transformation [ 2, (17.9.16)]. Then using (80) completes the proof. 

3.2 An Arbitrary Argument Transformation that Condenses 
from . Kt(x, y)

As mentioned just below (76), if one makes the double replacement of . z and . w
in the Poisson kernel, one obtains an arbitrary argument transformation formula. 
Because of limitations on space in the current manuscript, we will only treat a single 
example. Note however, that if one considers the Poisson kernel for continuous 
.q-Jacobi polynomials, and then one takes the special values (44)–(47) for  . z and . w
simultaneously, then there are .4 × 4 = 16 combinations. For each case, the Poisson 
kernel reduces to a single nonterminating basic hypergeometric series with an arbi-
trary argument. The cases.z = w correspond to 4 unique transformations, and the 12 
off-diagonal combinations combine into pairs, with 6 paired transformations for a 
single nonterminating basic hypergeometric series. Below, we present the results for 
the computation of these transformations. For the .z = w = a case, then the Poisson 
kernel produces a well-poised .3φ2 with arbitrary argument . z. This is a well-poised 
nonterminating .3φ2 with arbitrary argument . z expressed as a sum of two .4φ3s with 
argument . q or a nonterminating .8W7. 

Theorem 9 Let .q ∈ C
†, .z, b ∈ C, .a ∈ C

∗ such that .|a|, |z| < 1. Then the following 
well-poised .3φ2 is given by 

. 3φ2
ab,

√
qa, q

√
ab

√
qb,

√
ab

; q, z = (a2z2, q
√

abz, −√
qabz, q

√
a3bz, − q3a3bz; q)∞

(qa2z2, z, az, −√
qaz, − q3abz; q)∞

× 8W7 −√
qabz; q

√
ab, − qab,

b

a
, − qb

a
, −qaz; q, −az . (85) 

Proof Start with the Poisson kernel for continuous .q-Jacobi polynomials and sub-
stitute .z = w = a. This converts the infinite series into a single nonterminating.3φ2. 
If one takes .qα+ 1

2 a, .qβ+ 1
2 b, then one arrives at a nonterminating transfor-

mation which is a sum of two .4φ3s with argument . q. Using Bailey’s transformation 
[ 2, (17.9.16)] we convert it to a nonterminating .8W7. This completes the proof.
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