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By starting with Durand’s double integral representation for a product of two Jacobi 
functions of the second kind, we derive an integral representation for a product of 
two Jacobi functions of the second kind in kernel form. We also derive a Bateman
type sum for a product of two Jacobi functions of the second kind. From this 
integral representation we derive integral representations for the Jacobi function 
of the first kind in both the hyperbolic and trigonometric contexts. From the 
integral representations for Jacobi functions, we also derive integral representations 
for products of limiting functions such as associated Legendre functions of the first 
and second kind, Ferrers functions and also Gegenbauer functions of the first and 
second kind. By examining the behavior of one of these products near singularities 
of the relevant functions, we also derive integral representations for single functions, 
including a Laplace-type integral representation for the Jacobi function of the second 
kind. Finally, we use the product formulas for the functions of the second kind to 
derive Nicholson-type integral relations for the sums of squares of Jacobi functions 
of the first and second kinds, and in a confluent limit, Laguerre functions of the first 
and second kinds, which generalize the relation eixe−ix = 1 to those functions.

Published by Elsevier Inc.

1. Introduction

Product formulas for two Jacobi functions of the first kind P (α,β)
λ (z1)P (α,β)

λ (z2) have played an important 
role in the theory of Jacobi series. Gasper [16] derived an expression for the product of two Jacobi polynomials 
in the kernel form
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R(α,β)
n (x1)R(α,β)

n (x2) =
1 ∫︂

−1

R(α,β)
n (x3)K(x1, x2, x3)(1 − x3)α(1 + x3)βdx3 (1.1)

with R(α,β)
n (x) = P

(α,β)
n (x)/P (α,β)

n (1), obtained an integral representation for the kernel K, and established 
its positivity for α ≥ β ≥ −1/2 with α > −1/2. This was used to establish a convolution structure with 
positive kernel for Jacobi series. Gasper extended his analysis in [17] to obtain explicit results for the kernel 
in various ranges of α, β, investigated their properties in detail, and connected the results to an associated 
Banach algebra.

Koornwinder obtained the product formula as a double integral in [22] from his addition formula for 
Jacobi polynomials. Flensted-Jensen and Koornwinder later gave a completely analytic derivation of that 
formula, reduced it to kernel form, and used the results to further study the convolution product and 
Banach algebra in [14]. That paper also included an extension of the formula to the case of mixed products 
of functions of the first and second kind P (α,β)

λ (z1)Q(α,β)
λ (z2) [14, p. 255]. The product formula for functions 

of the first kind was used by those authors to give a new, completely analytic derivation of Koornwinder’s 
addition theorem for general values of the parameters [15, (2.13)] and establish the positivity of the inverse 
Fourier-Jacobi transform.

In [7, (13)] Durand derived an integral representation for the product of two Gegenbauer functions 
Dα+ν

λ−ν (z) of the second kind starting with a formula for the product Dα+ν
λ−ν (z1)Cα+ν

λ−ν (z2) of functions of the 
second and first kinds. This followed from an addition formula for a function Dα

λ(Z) of the second kind with 
an argument Z := z1z2 + t

√︁
z2
1 − 1

√︁
z2
2 − 1 which was obtained through a modification of Gegenbauer’s 

addition formula for Cα
λ (Z) [11, (8.6)]. The product formula

Dα+ν
λ−ν (z1)Dα+ν

λ−ν (z2) = eiπ(α+2ν)Γ(2α− 1)Γ(ν + 1)Γ(λ + 2α) 
22α+2ν−1[Γ(α + ν)]2Γ(ν + 2α− 1)Γ(λ− ν + 1)[(z2

1 − 1)(z2
2 − 1)]−ν/2

×
∞ ∫︂
1 

Dα
λ

(︃
z1z2 + t

√︂
z2
1 − 1

√︂
z2
2 − 1

)︃
C

α− 1
2

ν (t)
(︁
t2 − 1

)︁α−1 dt, (1.2)

is easily put in kernel form by the change of variable from t to z3 = z1z2 + t
√︁
z2
1 − 1

√︁
z2
2 − 1; see 37 below. 

It was used in its original form in [7] to derive Nicholson-type integrals for the Gegenbauer and associated 
Legendre functions and to investigate various properties of those functions and the Bessel and Hermite 
functions obtained as confluent limits of the Gegenbauer functions.

The proof of (1.2) was described in [7]. It began with the addition formula for Dα
λ(Z) in [11, (8.6)] which 

required z1 > z2 for convergence. Projecting out the nth term in the series using the orthogonality relation 
for Gegenbauer polynomials gave the product formula

Dα+ν
λ−ν (z1)Cα+ν

λ−ν (z2) = Γ(2α− 1)Γ(ν + 1)Γ(λ + 2α) 
22α+2ν−1[Γ(α + ν)]2Γ(ν + 2α− 1)Γ(λ− ν + 1)[(z2

1 − 1)(z2
2 − 1)]−ν/2

×
1 ∫︂

−1

Dα
λ

(︃
z1z2 + t

√︂
z2
1 − 1

√︂
z2
2 − 1

)︃
C

α− 1
2

ν (t)
(︁
1 − t2

)︁α−1 dt. (1.3)

Opening the integration contour in the upper half plane in t allowed the integral to be written as an integral 
from −1 to −∞ and an integral from +∞ to 1, connected by a loop at ∞ on which the integrand vanished. 
The integral on the right-hand segment was symmetric in z1, z2 and had the asymptotic behavior of a 
product of two Ds for z1, z2 → ∞. The integrals on the two segments were independent and satisfied the 
Gegenbauer equations separately in z1, z2. A check on the normalization for z1, z2 → ∞ then established 
the result in (1.2). Note that the integrals in (1.3) and (1.2) differ by a transition from a trigonometric 
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variable t = cos θ ∈ (−1, 1) in (1.3) to a hyperbolic variable t = cosh θ ∈ (1,∞) in (1.2). The coefficients on 
the right-hand sides of the expressions are the same except for the phase factors that arise from the factors 
[(z2

1 − 1)(z2
2 − 1)]−n/2 and (1 − t2)α in this transition.

This work was extended in [8, (2.5)] to obtain a double-integral representation for a product of two 
Jacobi functions of the second kind. That derivation started with the extension of Koornwinder’s double
sum addition theorem for Jacobi polynomials [22,20,21] to general Jacobi functions P (α,β)

λ (Z) with argument

Z = z1z2 +
√︂
z2
1 − 1

√︂
z2
2 − 1 rt + 1

2(z1 − 1)(z2 − 1)(r2 − 1), r ∈ [0, 1], t ∈ [−1, 1], (1.4)

= 2y2
1y

2
2 − 1 + 4y1y2

√︂
y2
1 − 1

√︂
y2
2 − 1 rt + 2(y2

1 − 1)(y2
2 − 1)r2, zi = 2y2

i − 1, (1.5)

given in [15]. This was used to obtain an addition formula for a Jacobi function of the second kind Q(α,β)
λ (Z)

with identical structure. A product formula for a Jacobi P and Q followed from that addition formula by 
projecting out a single term using the orthogonality properties of the Jacobi and Gegenbauer polynomials 
of arguments 2r2 − 1 and t that appear in the sum. It had also been derived analytically in [14].

Neither the PQ addition formula for Q(α,β)
λ (Z) nor the associated product formula for a Jacobi P and a 

Q were given in [8]. These have now been given with proofs and extensive applications in [4, §4.1(4.2) and 
§4.1(4.15)] respectively.

The PQ product formula was used to derive a QQ product using the same method as sketched above 
for the Gegenbauer DD formula. The integration contours in t and r were opened up in their respective 
upper half planes to obtain expressions that involved separate integrations on the intervals (−∞,−1] and 
(∞, 1] in t, and (0,−∞) and (∞, 1] in r. The product of the integrals on the right-hand intervals was again 
independent of the other terms in the full expression, was symmetric in z1, z2, and had the asymptotic 
form for the product of two Jacobi functions of the second kind with those arguments, and gave the QQ

product. The result was used to obtain the corresponding double-integral product formulas for Gegenbauer, 
Laguerre, Bessel, and Hermite functions of the second kind [8, (2.5)], and later to obtain a remarkable 
addition formula for the Jacobi functions of the second kind [9, (36), (38)].

The addition and product formulas noted above have a deep connection to the theory of Lie groups 
and their representations. Thus the Gegenbauer polynomials can be interpreted for λ and 2α integers and 
−1 ≤ z1, z2, t ≤ 1 in terms of spherical functions on the hypersphere S2α+1 which are invariant under 
the subgroup SO(2α + 1) of SO(2α + 2) [27, Chapter 9]. Gegenbauer’s addition theorem follows from the 
decomposition of rotations on SO(2α+2)/SO(2α+1) in terms of those functions.

The group-theoretical background for the addition formula for the Jacobi polynomials is discussed in 
[22] and in much more detail in [19]. Those polynomials can be interpreted among other ways as spherical 
functions on SO(p+q) which are invariant under the actions of the subgroup SO(p)×SO(q), and give unitary 
representations of the group with the usual orthogonality and completeness relations.

The addition formulas for general values of α and β follow from analytic extensions of the results for 
2α, 2β ∈ N0. The underlying connection to Lie groups appears through the differential recurrence relations 
for the general functions. These provide realizations of the corresponding Lie algebras when acting on either 
functions of the first or second kind. Exponentiation of those operators gives group operators which act on 
those functions and can be used to explore their properties [10]. The differential equations satisfied by the 
functions also follow from the quadratic Casimir invariants of the groups.

The natural setting for the functions of the second kind is in hyperbolic rather than hyperspherical spaces. 
In the case of the Gegenbauer functions, we transfer from S2α+1, 2α = n integer for the Cs with arguments 
x = cos θ ∈ [−1, 1] where the functions are analytic, to H2α+1 for Ds with arguments z = cosh θ ∈ (1,∞)
where the functions are again analytic, with the associated group SO(2α+1, 1). In this setting, as is familiar 
for Mehler–Fock transforms [6, §14.20(vi)], projections involving Gegenbauer or Jacobi functions of integer 
degree with argument x ∈ (−1, 1] are replaced by integrals of those functions of argument z over the infinite 



4 H.S. Cohl, L. Durand / J. Math. Anal. Appl. 559 (2026) 130450 

interval z ∈ (1,∞), while the sums over functions of integer degree characteristic of eigenfunction expansions 
are replaced by integrals over complex degrees. The structure of the expansions and their inverses and 
their group-connected coefficients are otherwise unchanged. Thus the product formula for two Gegenbauer 
functions of the second kind in (1.2) is identical in form to that for two Cs given in [13, (3.15.1.20)],

Cα+ν
λ−ν (z1)Cα+ν

λ−ν (z2) = Γ(2α− 1)Γ(ν + 1)Γ(λ + 2α) 
22α+2ν−1[Γ(α + ν)]2Γ(ν + 2α− 1)Γ(λ− ν + 1)(z2

1 − 1)ν/2(z2
2 − 1)ν/2

×
∞ ∫︂
1 

Cα
λ

(︃
z1z2 + t

√︂
z2
1 − 1

√︂
z2
2 − 1

)︃
C

α− 1
2

ν (t)
(︁
1 − t2

)︁α−1 dt, (1.6)

z1, z2 ∈ (−∞, 1], with the replacement of spherical variables by hyperbolic variables. In particular, the 
leading numerical factors determined by the underlying Lie algebra are the same. This also holds as expected 
in the case of the product formulas for Jacobi functions.

The product formulas are in some ways more fundamental than the addition formulas for functions of 
the first kind from which they were initially derived. In the case of the Jacobi functions, Flensted-Jensen 
and Koornwinder [14] derived the product formula analytically and used the result to derive Koornwinder’s 
addition theorem, while Durand used that approach to derive his addition formula for Jacobi functions of 
the second kind [9] from his product formula. He also attempted to put that product formula in the kernel 
form derived by Flensted-Jensen and Koornwinder in the case of the product of two functions of the first 
kind. There is an error in the resulting formula which we correct here.

We begin the paper in Section 2 with the review and development of the many relations among the 
Gegenbauer, Legendre, and Jacobi functions. In Section 3 we put Durand’s QQ product formula in kernel 
form. We then use the result in the following sections to obtain corresponding results for double products 
of Legendre and Gegenbauer functions, then through a limiting procedure, integral representations for 
single functions, and conclude with a discussion of the Nicholson-type expressions for the sum of squares 
of Legendre, Gegenbauer, Laguerre, Bessel, and Hermite functions of the first and second kinds that follow 
from the product formulas.

2. Mathematical preliminaries

Please observe the following simple results from the theory of integration. For some α ∈ C, 0 < ϵ ≪ 1, 
x0 ≫ 1 the integrals 

∫︁ ϵ

0 xα dx, 
∫︁∞
x0

xα dx exist if ℜα > −1 and ℜα < −1 respectively. These results are 
important when one is considering the allowed values of parameters involved in certain integrals which we 
will derive below. Define the regularized Gauss hypergeometric function as [6, (15.2.2)]

2𝑭 1

(︃
a, b

c 
; z
)︃

:= 1 
Γ(c) 2F1

(︃
a, b

c 
; z
)︃

=
∞ ∑︂

n=0

(a)n(b)n
Γ(c + n)

zn

n! . (2.1)

2.1. Associated Legendre and Gegenbauer functions

The functions which satisfy quadratic transformations of the Gauss hypergeometric function are given by 
Gegenbauer and associated Legendre functions of the first and second kind. As we will see, these functions 
correspond to Jacobi functions of the first and second kind when their parameters satisfy certain relations. 
We now describe some of the properties of these functions which have a deep and long history.

The Gegenbauer (ultraspherical) polynomial which is an important specialization of the Jacobi polyno
mial for symmetric parameter values is also given in terms of a terminating Gauss hypergeometric function 
[6, (18.7.1)]
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Cα
n (z) = (2α)n

(α + 1
2 )n

P
(α− 1

2 ,α− 1
2 )

n (z) =
√
π Γ(2α + n)

22α−1Γ(α)n! 2𝑭 1

(︃
−n, 2α + n

α + 1
2

; 1 − z

2 

)︃
. (2.2)

Gegenbauer functions which generalize Gegenbauer polynomials to complex degree are solutions w =
w(z) = wα

λ (z) to the Gegenbauer differential equation [6, Table 18.8.1]

(z2 − 1)d2w(z)
dz2 + (2λ + 1) zdw(z)

dz − λ(λ + 2α)w(z) = 0. (2.3)

The Gegenbauer function of the first kind is defined as [6, (15.9.15)]

Cα
λ (z) :=

√
π Γ(2α + λ) 

22α−1Γ(α)Γ(λ + 1) 2𝑭 1

(︃
−λ, 2α + λ

α + 1
2

; 1 − z

2 

)︃
, (2.4)

and it is the clear extension of the Gegenbauer polynomial when the index is allowed to be a complex 
number as well as a non-negative integer. The Gegenbauer function of the first kind is related to the 
associated Legendre function of the first kind [6, (14.3.6) and §14.21(i)]

Pμ
ν (z) :=

(︃
z + 1
z − 1 

)︃ 1
2μ

2𝑭 1

(︃
−ν, ν + 1

1 − μ 
; 1 − z

2 

)︃
, (2.5)

where |1 − z| < 2, and elsewhere in z by analytic continuation. One has an expression for the leading term 
in an asymptotic expansion of the associated Legendre function of the first kind as |z| → ∞, namely

P−μ
ν (z) ∼

2ν Γ(ν + 1
2 )zν√

π Γ(ν + μ + 1)
, (2.6)

which follows from [23, Entry 3] and the Gauss sum [6, (15.4.20)] and requires ℜ(ν) > −1
2 . The associated 

Legendre function of the first kind is also related to the Gegenbauer function of the first kind, [6, (14.3.22)]

P−μ
ν (z) = Γ(2μ + 1)Γ(ν − μ + 1) 

2μΓ(ν + μ + 1)Γ(μ + 1)(z2 − 1) 1
2μC

μ+ 1
2

ν−μ (z), (2.7)

or equivalently

Cα
λ (z) =

√
π Γ(2α + λ) 

2α− 1
2 Γ(α)Γ(λ + 1)

P
1
2−α

λ+α− 1
2
(z) 

(z2 − 1)α
2 − 1

4
. (2.8)

The associated Legendre function of the second kind Qμ
ν : C \ (−∞, 1] → C, ν + μ / ∈ −N, can be defined 

in terms of the Gauss hypergeometric function as follows [6, (14.3.7) and §14.21]

Qμ
ν (z) :=

√
πeiπμΓ(ν + μ + 1)(z2 − 1) 1

2μ

2ν+1zν+μ+1 2𝑭 1

(︄
ν+μ+1

2 , ν+μ+2
2 

ν + 3
2

; 1 
z2

)︄
, (2.9)

for |z| > 1 and elsewhere in z by analytic continuation of the Gauss hypergeometric function. One may also 
define the associated Legendre function of the second kind using cf. [23, entry 24, p. 161]

Qμ
ν (z) := 2νeiπμΓ(ν + 1)Γ(ν + μ + 1)(z + 1) 1

2μ

(z − 1) 1
2μ+ν+1 2𝑭 1

(︃
ν + 1, ν + μ + 1

2ν + 2 
; 2 
1 − z

)︃
. (2.10)

Note that the associated Legendre function of the second kind satisfies the following parity relation in the 
order μ, namely cf. [6, (14.9.14)],
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Q−μ
ν (z) = e−2πiμ Γ(ν − μ + 1) 

Γ(ν + μ + 1)Q
μ
ν (z). (2.11)

The Gegenbauer function of the second kind Dα
λ (z) is the second linearly independent solution to the 

Gegenbauer differential equation (see [11, §1]). Two representations which will be useful for us in comparing 
to the Jacobi function of the second kind are given by

Dα
λ (z) =

eiπα2λΓ(λ + α + 1
2 )Γ(λ + 2α) 

√
πΓ(α)(z − 1)λ+α+ 1

2 (z + 1)α− 1
2

2𝑭 1

(︃
λ + 1, λ + α + 1

2
2λ + 2α + 1 

; 2 
1 − z

)︃
(2.12)

= eiπαΓ(λ + 2α)
Γ(α)(2z)λ+2α 2𝑭 1

(︃ 1
2λ + α, 1

2λ + α + 1
2

λ + α + 1 
; 1 
z2

)︃
. (2.13)

The Gegenbauer function of the second kind is clearly related to the associated Legendre function of the 
second kind and is given by [11, (2.4)]

Dα
λ (z) := e2πi(α− 1

4 )Γ(λ + 2α) 
√
π 2α− 1

2 Γ(α)Γ(λ + 1)(z2 − 1) 1
2α− 1

4
Q

1
2−α

λ+α− 1
2
(z) (2.14)

= e iπ
2 

√
π 2α− 1

2 Γ(α)(z2 − 1) 1
2α− 1

4
Q

α− 1
2

λ+α− 1
2
(z) (2.15)

Therefore, one also has

Qμ
ν (z) =

e2πi(μ− 1
4 )√π Γ(1

2 − μ)Γ(ν + μ + 1)
2μΓ(ν − μ + 1)(z2 − 1) 1

2μ
D

1
2−μ
ν+μ (z) (2.16)

= e− iπ
2 2μ

√
π Γ(μ + 1

2 )(z2 − 1) 1
2μD

μ+ 1
2

ν−μ (z). (2.17)

Remark 1. Since the Gegenbauer functions of the first and second kind are directly proportional to the 
associated Legendre functions of the first and second kind, all of the Gauss hypergeometric representa
tions which exist for the associated Legendre functions (see e.g., [13, §3.2], [23, §4.1.2]), also exist for the 
Gegenbauer functions.

Remark 2. The Gegenbauer functions of the first and second kind satisfy the same recurrence relations 
(see e.g., [11, §4], [6, §18.9]), as is easily shown using the integral representations for those functions given 
in [11, (1.4), (1.6)]. There are additional differential recurrence relations which can be obtained from the 
relations for the Legendre functions derived in [10]. These differential recurrence relations reflect the action 
of operators in the underlying Lie algebras.

The associated Legendre function of the second kind has the following special value.

Lemma 3. Let z ∈ C∗ \ (−∞, 1], μ ∈ C \ −N0. Then

Qμ
μ−1(z) = eiπμ2μ−1Γ(μ)

(z2 − 1) 1
2μ

. (2.18)

Proof. This result follows directly by specializing the following Gauss hypergeometric representation of the 
associated Legendre function of the second kind [23, Entry 26], namely

Qμ
ν (z) = eiπμ

√
π Γ(ν + μ + 1)

2ν+1(z2 − 1) 1
2 (ν+1) 2𝑭 1

(︄
1
2 (ν − μ + 1), 1

2 (ν + μ + 1)
ν + 3

2
; 1 
1 − z2

)︄
. (2.19)
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This completes the proof. □
The associated Legendre function of the second kind has the following behavior near the singularity at 
z ∼ 1, namely, as ϵ → 0+

Qμ
ν (1 + ϵ) ∼ eiπμ

√
π Γ(−μ)Γ(ν + μ + 1)ϵ 1

2μ

2 1
2μ+1√π Γ(ν − μ + 1) 

, ℜμ < 0, (2.20)

Qμ
ν (1 + ϵ) ∼ 2 1

2μ−1eiπμΓ(μ)ϵ− 1
2μ, ℜμ > 0, (2.21)

which follow from (2.10) by taking z ∼ 1 + ϵ and then using transformation to the inverse variable [6, 
(15.8.2)]. One has the following two transformations for the Gegenbauer function of the first kind, see [11, 
(3.1), (3.2)], namely

Cα
λ (z) = − sin(πλ) 

sin(π(λ + 2α))C
α
−λ−2α(z), (2.22)

Cα
λ (z) = e−iπα sin(πλ) 

sin(π(λ + α))
(︁
Dα

λ (z) −Dα
−λ−2α(z)

)︁
. (2.23)

Also, note that (2.17) implies the following transformation for the Gegenbauer function of the second kind

Dα
λ (z) = e2iπ(α+ 1

2 )Γ(1 − α)Γ(λ + 2α) 
22α−1Γ(λ + 1)Γ(α)(z2 − 1)α− 1

2
D1−α

λ+2α−1(z), (2.24)

which is equivalent to

D−α
λ (z) = e−2πi(α+ 1

2 )22α+1Γ(α + 1)Γ(λ− 2α)(z2 − 1)α+ 1
2

Γ(λ + 1)Γ(−α) Dα+1
λ−2α−1(z). (2.25)

One also has the Whipple transformations for Gegenbauer functions of the first and second kinds (see e.g., [6, 
(14.9.16), (14.9.17)], [13, (3.3.1.13--14)]). The first Whipple transformation relates the Gegenbauer function 
of the first kind with the Gegenbauer function of the second kind, namely

Cα
λ (z) = −

e−iπ(λ+α− 1
2 )√π 2λ+1Γ(λ + α + 1

2 )
Γ(λ + 1)Γ(α)(z2 − 1)α+ 1

2λ
D

λ+α+ 1
2

−λ−1

(︃
z√

z2 − 1

)︃
. (2.26)

The second Whipple transformation relates the Gegenbauer function of the second kind to the Gegenbauer 
function of the first kind

Dα
λ (z) =

eiπ(α−1)√π 2λΓ(λ + α + 1
2 ) 

Γ(λ + 1)Γ(α) sin(πλ)(z2 − 1) 1
2λ+α

C
λ+α+ 1

2
−λ−1

(︃
z√

z2 − 1

)︃
. (2.27)

The Gegenbauer function of the first kind satisfies the following special value.

Lemma 4. Let z ∈ C \ (−∞,−1], λ ∈ C∗. Then

C
1
2−λ

λ (z) = 2λ
√
π (z + 1)λ

Γ(λ + 1)Γ(1
2 − λ)

. (2.28)

Proof. This can, for instance, be obtained by expressing the Gegenbauer function of the first kind in terms 
of an associated Legendre function of the first kind, namely
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C
1
2−λ

λ (z) = 2λ
√
π Γ(1 − λ)(z2 − 1) 1

2λ

Γ(λ + 1)Γ(1
2 − λ) 

Pλ
0 (z), (2.29)

and then evaluating Pλ
0 using the Gauss hypergeometric representation (2.5). □

2.2. Ferrers functions and Gegenbauer functions in the trigonometric context

Ferrers functions (associated Legendre functions of on-the-cut) satisfy the associated Legendre function 
differential equation and are analytically continued from (−1, 1). As we will see, for certain combinations of 
the parameters the Jacobi functions of the first and second kind in the trigonometric context are related to 
associated Legendre functions of the first and second kind in the trigonometric context (Ferrers functions) 
and the Gegenbauer functions of the first and second kind in the trigonometric context.

Remark 5. The term ‘on-the-cut’ simply refers to the functions carefully defined on the real line segment 
(−1, 1). Since these functions can be easily parametrized by some x = cos θ with θ ∈ (0, π), we will refer to 
these as functions as being in the trigonometric context.

The Ferrers functions are given by ‘averages’ of values of the associated Legendre functions immediately 
above and below the segment x ∈ (−1, 1) and are given by [6, (14.23.1), (14.23.2)]

Pμ
ν (x) := e± 1

2 iπμPμ
ν (x± i0), (2.30)

Qμ
ν (x) := 1

2e−iπμ
(︂
e− 1

2 iπμQμ
ν (x + i0) + e 1

2 iπμQμ
ν (x− i0)

)︂
. (2.31)

The definitions for the Gegenbauer functions of the first and second kind in the trigonometric context are 
given by [8, (3.3), (3.4)]. They are given by averages of values of the Gegenbauer functions immediately 
above and below the cut (−1, 1) and are given by

Cα
λ(x) := Cα

λ (x± i0), (2.32)

Dα
λ(x) := e− iπ

2 Dα
λ (x + i0) + e−2iπ(α− 1

4 )Dα
λ (x− i0). (2.33)

While studying functions in the trigonometric context, it is useful to map from the hyperbolic context using 
the following rules [1, Text after (8.3.4)], namely

(z + 1) ↦→ (1 + x)
(z − 1) ↦→ e±iπ(1 − x)
(z2 − 1) ↦→ e±iπ(1 − x2)

⎫⎪⎬
⎪⎭ , (2.34)

for z = x± i0, x ∈ (−1, 1).
The Ferrers function of the first kind Pμ

ν : C \ ((−∞,−1] ∪ [1,∞)) → C has the following single Gauss 
hypergeometric representations [6, (14.3.1)]

Pμ
ν (x) :=

(︃
1 + x

1 − x 

)︃ 1
2μ

2𝑭 1

(︃
−ν, ν + 1

1 − μ 
; 1 − x

2 

)︃
. (2.35)

The Ferrers function of the first kind P−μ
ν is related to the Gegenbauer function of the first kind [6, (14.3.21)]

P−μ
ν (x) = Γ(2μ + 1)Γ(ν − μ + 1) 

2μΓ(ν + μ + 1)Γ(μ + 1)(1 − x2)
μ
2 Cμ+ 1

2
ν−μ (x) (2.36)
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where 2μ+ 1, ν − μ+ 1 ̸∈ −N0. One also has the following transformation for the Gegenbauer functions of 
the first kind in the trigonometric context,

Cα
λ(x) = − sin(πλ) 

sin(π(2α + λ))Cα
−λ−2α(x), (2.37)

which follows from (2.22). The Gegenbauer functions in the trigonometric context are related to the Ferrers 
functions as follows.

Theorem 6. Let ν, μ ∈ C, x ∈ C \ ((−∞, 1] ∪ [1,∞)). Then

Cα
λ(x) =

√
π Γ(λ + 2α) 

2α− 1
2 Γ(α)Γ(λ + 1)(1 − x2)α

2 − 1
4
P

1
2−α

λ+α− 1
2
(x) (2.38)

Dα
λ(x) = Γ(λ + 2α) 

√
π 2α− 3

2 Γ(α)Γ(λ + 1)(1 − x2)α
2 − 1

4
Q

1
2−α

λ+α− 1
2
(x). (2.39)

Proof. Start with the definitions (2.32), (2.33) using (2.8), (2.15). After insertion use the hyperbolic to 
trigonometric rules (2.34) and comparing with the definitions of the Ferrers functions (2.30), (2.31) using 
analytic continuation where necessary completes the proof. □
Conversely, the Ferrers functions are related to the Gegenbauer functions in the trigonometric context as 
follows.

Theorem 7. Let λ, α ∈ C, x ∈ C \ ((−∞, 1] ∪ [1,∞)). Then

Pμ
ν (x) =

Γ(1
2 − μ)Γ(ν + μ + 1) 

√
π 2μΓ(ν − μ + 1)(1 − x2)μ

2 
C

1
2−μ
ν+μ (x), (2.40)

Qμ
ν (x) =

√
π Γ(1

2 − μ)Γ(ν + μ + 1) 
2μ+1Γ(ν − μ + 1)(1 − x2)μ

2 
D

1
2−μ
ν+μ (x), (2.41)

Proof. Inverting Theorem 6 while shifting variables where necessary completes the proof. □
2.3. Jacobi functions of the first and second kind

We now consider the Jacobi functions in the hyperbolic context. These are defined in a region in the 
complex plane given by C \(−∞, 1]. One of the most important classical orthogonal polynomials, the Jacobi 
polynomial, is defined as [6, (18.5.7)]

P (α,β)
n (x) := Γ(α + 1 + n)

n! 2𝑭 1

(︃
−n, n + α + β + 1

α + 1 
; 1 − x

2 

)︃
. (2.42)

The Legendre polynomial (the associated Legendre function of the first kind Pμ
ν and the Ferrers function 

of the first kind Pμ
ν with μ = 0 and ν = n ∈ Z) is given by [6, (18.7.9)]

Pn(x) = C
1
2
n (x) = P (0,0)

n (x),

where n ∈ N0. From the above definition (2.42), it is natural to define a function extension of the Jacobi 
polynomials in terms of the Gauss hypergeometric function which allows for the degree n to be a complex 
number:
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Theorem 8. Let α, β, γ ∈ C such that α + γ ̸∈ −N. Then the Jacobi function of the first kind P (α,β)
γ :

C \ (−∞,−1] → C can be defined by

P (α,β)
γ (z) := Γ(α + γ + 1)

Γ(γ + 1) 2𝑭 1

(︃
−γ, α + β + γ + 1

α + 1 
; 1 − z

2 

)︃
(2.43)

= Γ(α + γ + 1)
Γ(γ + 1) 

(︃
2 

z + 1

)︃β

2𝑭 1

(︃
−β − γ, α + γ + 1

α + 1 
; 1 − z

2 

)︃
(2.44)

= Γ(α + γ + 1)
Γ(γ + 1) 

(︃
z + 1

2 

)︃γ

2𝑭 1

(︃
−γ,−β − γ

α + 1 
; z − 1 
z + 1

)︃
(2.45)

= Γ(α + γ + 1)
Γ(γ + 1) 

(︃
2 

z + 1

)︃α+β+γ+1

2𝑭 1

(︃
α + γ + 1, α + β + γ + 1

α + 1 
; z − 1 
z + 1

)︃
. (2.46)

Proof. Start with (2.42) and replace the Pochhammer symbol by a ratio of gamma functions using (a)n :=
Γ(a + n)/Γ(a), a ̸∈ −N0, and the factorial n! = Γ(n + 1) and substitute n ↦→ γ ∈ C, x ↦→ z. Application 
of Pfaff’s (z ↦→ z/(z − 1)) and Euler’s (z ↦→ z) transformations [6, (15.8.1)] provides the other three 
representations. This completes the proof. □
By starting with either (2.45) or (2.46) and using the transformation [6, (15.8.4)] we can obtain the asymp
totic behavior for the Jacobi function of the first kind as |z| → ∞, α + γ ̸∈ −N,

P (α,β)
γ (z) ∼ Γ(α + 1)Γ(2γ + α + β + 1)

Γ(γ + 1)Γ(γ + α + β + 1) 

(︂z
2 

)︂γ

. (2.47)

Similarly, there are four single Gauss hypergeometric function representations of the Jacobi function of 
the second kind.

Theorem 9. Let γ, α, β, z ∈ C such that z ∈ C \ [−1, 1], α + γ, β + γ / ∈ −N. Then, the Jacobi function of 
the second kind has the following Gauss hypergeometric representations

Q(α,β)
γ (z) := 2α+β+γΓ(α + γ + 1)Γ(β + γ + 1)

(z − 1)α+γ+1(z + 1)β 2𝑭 1

(︃
γ + 1, α + γ + 1
α + β + 2γ + 2 

; 2 
1 − z

)︃
(2.48)

= 2α+β+γΓ(α + γ + 1)Γ(β + γ + 1)
(z − 1)α+β+γ+1 2𝑭 1

(︃
β + γ + 1, α + β + γ + 1

α + β + 2γ + 2 
; 2 
1 − z

)︃
(2.49)

= 2α+β+γΓ(α + γ + 1)Γ(β + γ + 1)
(z − 1)α(z + 1)β+γ+1 2𝑭 1

(︃
γ + 1, β + γ + 1
α + β + 2γ + 2 

; 2 
1 + z

)︃
(2.50)

= 2α+β+γΓ(α + γ + 1)Γ(β + γ + 1)
(z + 1)α+β+γ+1 2𝑭 1

(︃
α + γ + 1, α + β + γ + 1

α + β + 2γ + 2 
; 2 
1 + z

)︃
. (2.51)

Proof. Start with [26, (4.61.5)] or [12, (10.8.18)] and let n ↦→ γ ∈ C and x ↦→ z. Application of Pfaff’s 
(z ↦→ z/(z − 1)) and Euler’s (z ↦→ z) transformations [6, (15.8.1)] provides the other three representations. 
This completes the proof. □
The asymptotic behavior of Q(α,β)

γ (z) for |z| → ∞ with arg z ∈ (−π, π) is evident from any of these 
representations with

Q(α,β)
γ (z) ∼ 2α+β+γΓ(α + γ + 1)Γ(β + γ + 1)

Γ(α + β + 2γ + 2)zα+β+γ+1 . (2.52)
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The Jacobi function of the second kind has the following behavior near the singularity at z = 1. By using 
(2.50) and assuming ℜα > 0 we find that if z ∼ 1 + ϵ then as ϵ → 0+ one has

Q(α,β)
γ (1 + ϵ) ∼ 2α−1Γ(α)Γ(β + γ + 1)

Γ(α + β + γ + 1)ϵα , (2.53)

where β + γ ̸∈ −N. 
In the hyperbolic context, one has the following transformation for a Jacobi function of the first kind.

Theorem 10. Let α, β, γ ∈ C, z ∈ C \ (−∞,−1], γ − α ̸∈ Z. Then

P
(α,β)
−γ−1(z) = sin(πγ) 

sin(π(γ − α))

(︃
2 

z + 1

)︃β

P
(α,−β)
γ−α (z). (2.54)

Proof. Start with (2.43), let γ ↦→ −γ − 1, then take γ ↦→ γ + α and β ↦→ −β and compare with (2.44), 
finally take γ ↦→ γ − α and β ↦→ −β. This completes the proof. □
2.4. Jacobi functions in the trigonometric context

The Jacobi functions in the trigonometric context are defined in terms of the functions of complex 
argument by [8, (2.3), (2.4)],

P(α,β)
γ (x) = 1

2

[︂
P (α,β)
γ (x + i0) + P (α,β)

γ (x− i0)
]︂

(2.55)

= i 
π

[︂
eiπαQ(α,β)

γ (x + i0) − e−iπαQα,β)
γ (x− i0)

]︂
(2.56)

= P (α,β)
γ (x± i0), (2.57)

Q(α,β)
γ (x) = 1

2

[︂
eiπαQ(α,β)

γ (x + i0) + e−iπαQ(α,β)
γ (x− i0)

]︂
. (2.58)

Note that the definition of Q(α,β)
γ (x) differs from that in Szegő [26, (4.62.9)] and [13, (10.8.22)], and preserves 

the analogy of the Ps and Qs to trigonometric functions which the latter do not. For the Jacobi function of 
the first kind in the trigonometric context, there are several Gauss hypergeometric representations, including 
[6, (14.3.2)]

P(α,β)
γ (x) = Γ(α + γ + 1)

Γ(γ + 1) 2𝑭 1

(︃
−γ, α + β + γ + 1

α + 1 
; 1 − x

2 

)︃
(2.59)

= Γ(α + γ + 1)
Γ(γ + 1) 

(︃
1 + x

2 

)︃γ

2𝑭 1

(︃
−γ,−β − γ

α + 1 
; x− 1 
x + 1

)︃
. (2.60)

This leads to the special value

P(α,β)
γ (1) = Γ(α + γ + 1) 

Γ(α + 1)Γ(γ + 1) . (2.61)

Theorem 11. Let γ, α, β ∈ C such that α, β ̸∈ Z, α+γ, β+γ ̸∈ −N. Then, the Jacobi function of the second 
kind in the trigonometric context Q(α,β)

γ : C \ ((−∞, 1] ∪ [1,∞)) → C is given by
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Q(α,β)
γ (x) = π

2 sin(πβ)

(︄
cos(π(β + γ))Γ(β + γ + 1)

Γ(γ + 1) 2𝑭 1

(︃
−γ, α + β + γ + 1

1 + β 
; 1 + x

2 

)︃

+ cos(π(γ + 1)) Γ(α + γ + 1) 
Γ(α + β + γ + 1)

(︃
2 

1 − x

)︃α (︃
2 

1 + x

)︃β

2𝑭 1

(︃
γ + 1,−α− β − γ

1 − β 
; 1 + x

2 

)︃)︄
(2.62)

= π

2 sin(πα)

(︄
cos(π(α + 1))Γ(α + γ + 1)

Γ(γ + 1) 

(︃
1 + x

2 

)︃γ

2𝑭 1

(︃
−γ,−β − γ

1 + α 
; x− 1 
x + 1

)︃

+ Γ(β + γ + 1) 
Γ(α + β + γ + 1)

(︃
2 

1 − x

)︃α (︃
2 

1 + x

)︃β+γ+1

2𝑭 1

(︃
γ + 1, β + γ + 1

1 − α 
; x− 1 
x + 1

)︃)︄
. (2.63)

Proof. These Gauss hypergeometric representations follow by applying the definition (2.58) to Theorem 9
which provides the Gauss hypergeometric representations for the Jacobi function of the second kind. The 
application of (2.58) requires the arguments of the specific Gauss hypergeometric functions just above and 
below the ray (1,∞) over which the Gauss hypergeometric function is discontinuous. The values of the 
Gauss hypergeometric function above and below this ray may then be transformed to a region where the 
Gauss hypergeometric function is continuous in a complex neighborhood of the argument of the Gauss 
hypergeometric function by utilizing the transformations which one can find in [5, Appendix B]. These 
transformations which map from Gauss hypergeometric functions with argument x± i0 to sums of Gauss 
hypergeometric functions with arguments given by 1/x, 1−x, 1−x−1 and (1−x)−1. Using this method, eight 
Gauss hypergeometric function representations of the Jacobi function of the second kind in the trigonometric 
context can be obtained. These are obtained by starting with (2.48)-(2.51), applying the transformation [5, 
Theorem B.1] z ↦→ z−1 and by either utilizing the Euler (z ↦→ z) or Pfaff (z ↦→ z/(z−1)) transformations [6, 
(15.8.1)] as needed. There are certainly more Gauss hypergeometric representations which can be obtained 
for the Jacobi function of the second kind in the trigonometric context by applying [5, Theorems B.2--B.4], 
but the derivation of these representation must be left to a later publication. In Theorem 11 only two of 
these representations are given and are obtained. The first is obtained from (2.49) and the second is from 
(2.50) utilizing the Euler and Pfaff transformations respectively. This completes the proof. □
By starting with (2.44) and assuming ℜβ > 0 we find that if z ∼ −1 + ϵ, |ϵ| ≪ 1, then as ϵ → 0+ one has

P(α,β)
γ (−1 + ϵ) ∼ −2β sin(πγ)Γ(β)Γ(α + γ + 1)

πΓ(α + β + γ + 1)ϵβ , (2.64)

where β, α + γ + 1 ̸∈ −N0, γ ̸∈ Z. 
One has the following transformation for the Jacobi function of the first kind in the trigonometric context.

Theorem 12. Let α, β, γ ∈ C, x ∈ C \ (−∞,−1], γ − α ̸∈ Z. Then

P(α,β)
−γ−1(x) = sin(πγ) 

sin(π(γ − α))

(︃
2 

1 + x

)︃β

P(α,−β)
γ−α (x). (2.65)

Proof. Start with (2.43), let γ ↦→ −γ − 1, then take γ ↦→ γ + α and β ↦→ −β and compare with (2.44), 
finally take γ ↦→ γ − α and β ↦→ −β. This completes the proof. □
We also have a transformation between the Jacobi function of the second kind in the hyperbolic context 
with the Jacobi function of the first kind in the trigonometric context.
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Theorem 13. Let γ, α, β ∈ C∗ such that z ∈ C \ [−1, 1], β + γ ̸∈ −N, α + β + γ ̸∈ N0. Then

Q(α,β)
γ (z) = 2α+β+γΓ(α + γ + 1)Γ(β + γ + 1)Γ(−α− β − γ)

Γ(γ + 1)(z + 1)α+β+γ+1 P(α+β+2γ+1,α)
−α−β−γ−1

(︃
z − 3 
z + 1

)︃
. (2.66)

Proof. Starting with (2.59), replacing {γ, α, β} ↦→ {−α− β − γ − 1, α+ β + 2γ + 1, α} and comparing with 
(2.51) completes the proof. □
Furthermore, we also have a transformation between the Jacobi function of the first kind in the trigonometric 
context with the Jacobi function of the first kind in the hyperbolic context.

Theorem 14. Let γ, α, β ∈ C. Then

P(α,β)
γ (x) =

(︃
x + 1

2 

)︃γ

P (α,−α−β−2γ−1)
γ

(︃
3 − x 
x + 1

)︃
, (2.67)

where (14) is valid for x ∈ C \ (−∞,−1].

Proof. Starting with (2.43), let z ↦→ (3 − z)/(z + 1), β ↦→ −α − β − 2γ − 1. Then, comparing with (2.45)
produces (14). This completes the proof. □
2.5. Specializations of Jacobi functions

We next present some identities which involve symmetric and antisymmetric Jacobi functions of the first 
kind. The relation between the symmetric Jacobi function of the first kind and the Gegenbauer function of 
the first kind for z ∈ C \ (−∞,−1] is given by

P (α,α)
γ (z) = Γ(2α + 1)Γ(α + γ + 1)

Γ(α + 1)Γ(2α + γ + 1)C
α+ 1

2
γ (z), (2.68)

which is valid for Jacobi functions of the first kind in the hyperbolic context and the trigonometric context. 
This follows by starting with (2.43) and then comparing it to the Gauss hypergeometric representation of 
the Gegenbauer function of the first kind on the right-hand side using (2.4). Similarly, there is

P (α,α)
γ (z) = 2αΓ(α + γ + 1) 

Γ(γ + 1)(z2 − 1) 1
2α

P−α
α+γ(z), (2.69)

where z ∈ C \ (−∞, 1]. We also have

P(α,α)
γ (x) = 2αΓ(α + γ + 1) 

Γ(γ + 1)(1 − x2) 1
2α

P−α
α+γ(x), (2.70)

where x ∈ C \ ((−∞,−1] ∪ [1,∞)).

Remark 15. The relation between the antisymmetric Jacobi function of the first kind and the Ferrers and 
Gegenbauer functions of the first kinds is

P (α,−α)
γ (x) = Γ(α + γ + 1)

Γ(γ + 1) 

(︃
1 + x

1 − x 

)︃ 1
2α

P−α
γ (x)

= Γ(2α + 1)Γ(γ − α + 1)
2αΓ(γ + 1)Γ(α + 1) (1 + x)αCα+ 1

2
γ−α (x), (2.71)
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where x ∈ C \ ((−∞,−1] ∪ [1,∞)) and the relation between the antisymmetric Jacobi function of the first 
kind and the associated Legendre and Gegenbauer function of the first kinds is

P (α,−α)
γ (z) = Γ(α + γ + 1)

Γ(γ + 1) 

(︃
z + 1
z − 1 

)︃ 1
2α

P−α
γ (z)

= Γ(2α + 1)Γ(γ − α + 1)
2αΓ(γ + 1)Γ(α + 1) (z + 1)αCα+ 1

2
γ−α (z), (2.72)

where z ∈ C \ (−∞, 1]. These are obtained by comparing (2.43) with (2.35) and (2.5).

Remark 16. One has the following quadratic transformations for the symmetric Jacobi functions of the first 
kind which can be found in [26, Theorem 4.1]. Let z ∈ C \ (−∞, 1], γ, α ∈ C, α + γ ̸∈ −N. Then

P
(α,α)
2γ (z) =

√
π Γ(α + 2γ + 1) 

22γΓ(γ + 1
2 )Γ(α + γ + 1)

P
(α,− 1

2 )
γ (2z2 − 1), (2.73)

where α + 2γ ̸∈ −N, γ ̸∈ −N + 1
2 , and

P
(α,α)
2γ+1 (z) =

√
π Γ(α + 2γ + 2)z 

22γ+1Γ(γ + 3
2)Γ(α + γ + 1)

P
(α, 12 )
γ (2z2 − 1), (2.74)

where α + 2γ + 1 ̸∈ −N, γ ̸∈ −N − 1
2 . The restrictions on the parameters come directly by applying the 

restrictions on the parameters in Theorem 8 to the Jacobi functions of the first kind on both sides of the 
relations.

Note that these results imply

P
(α,− 1

2 )
γ (2z2 − 1) =

Γ(γ + 1
2 )Γ(α + 1

2 )
√
π Γ(γ + α + 1

2 ) 
C

α+ 1
2

2γ (z), (2.75)

P
(α, 12 )
γ (2z2 − 1) =

Γ(γ + 3
2 )Γ(α + 1

2 ) 
√
π Γ(α + γ + 3

2 )z
C

α+ 1
2

2γ+1(z), (2.76)

which follows from (2.73), (2.74). Below we present some identities which involve symmetric and antisym
metric Jacobi functions of the second kind.

Theorem 17. Two equivalent relations between the symmetric and antisymmetric Jacobi function of the 
second kind and the associated Legendre function of the second kind are given by

Q(α,α)
γ (z) = 2αeiπαΓ(α + γ + 1)

Γ(γ + 1)(z2 − 1) 1
2α

Q−α
α+γ(z), (2.77)

= 2αe−iπαΓ(α + γ + 1) 
Γ(2α + γ + 1)(z2 − 1) 1

2α
Qα

α+γ(z), (2.78)

[13, (3.3.3.2)], where α + γ ̸∈ −N. The relation between the antisymmetric Jacobi function of the second 
kind and the associated Legendre function of the second kind is given by

Q(α,−α)
γ (z) = e−iπαΓ(γ − α + 1)

Γ(γ + 1) 

(︃
z + 1
z − 1 

)︃ 1
2α

Qα
γ (z), (2.79)

Q(−α,α)
γ (z) = e−iπαΓ(γ − α + 1)

Γ(γ + 1) 

(︃
z − 1 
z + 1

)︃ 1
2α

Qα
γ (z), (2.80)
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where γ − α ̸∈ −N.

Proof. By comparing (2.48) and (2.51) with (2.10) and by using the Legendre duplication formula for the 
gamma function [6, (5.5.5)] one can obtain all these formulas in a straightforward way. □

See [3, §3, (A.14)] for an interesting application of the symmetric relation for associated Legendre func
tions of the second kind.

Theorem 18. Let α, γ ∈ C, z ∈ C \ [−1, 1], α + γ ̸∈ −N, ℜγ,ℜβ > −1. Then the relations between the 
symmetric and antisymmetric Jacobi functions of the second kind to the Gegenbauer function of the second 
kind is given by

Q(α,α)
γ (z) = e−iπ(α+ 1

2 )π Γ(2α + 1)Γ(α + γ + 1)
Γ(α + 1)Γ(2α + γ + 1) D

α+ 1
2

γ (z), (2.81)

where α ∈ C \ {−1
2 ,−

3
2 ,−

5
2 , . . .} and

Q(α,−α)
γ (z) = eiπ(α− 1

2 )22γ−α+1 Γ(α + γ + 1)Γ(1
2 − α)Γ(γ + 3

2)
Γ(2γ + 2)(z − 1)α D

1
2−α
α+γ (z), (2.82)

where α ∈ C \ {1
2 ,

3
2 ,

5
2 , . . .}, γ ∈ C \ {−3

2 ,−
5
2 ,−

7
2 , . . .}.

Proof. Start with the definition of the Jacobi function of the second kind (2.48) and take β = α. Then 
comparing (2.13) using Euler’s (z ↦→ z) transformation [6, (15.8.1)] produces (2.81). In order to produce 
(2.82), start with (2.48) and take β = −α. Then compare (2.13) using Euler’s (z ↦→ z) transformation [6, 
(15.8.1)]. This completes the proof. □
One has the following quadratic transformations for symmetric Jacobi functions of the second kind.

Theorem 19. Let z ∈ C \ [−1, 1], γ, α ∈ C, α + γ ̸∈ −N. Then

Q
(α,α)
2γ (z) =

√
π Γ(α + 2γ + 1) 

22γΓ(γ + 1
2 )Γ(α + γ + 1)

Q
(α,− 1

2 )
γ (2z2 − 1), (2.83)

where α + 2γ ̸∈ −N, γ ̸∈ −N + 1
2 , and

Q
(α,α)
2γ+1(z) =

√
π Γ(α + 2γ + 2)z 

22γ+1Γ(γ + 3
2 )Γ(α + γ + 1)

Q
(α, 12 )
γ (2z2 − 1), (2.84)

where α + 2γ + 1 ̸∈ −N, γ ̸∈ −N − 1
2 .

Proof. Starting with the left-hand sides of (2.83), (2.84) using the Gauss hypergeometric definition (2.48), 
the 2F1’s become of a form where c = 2b. Then for both equations we use the quadratic transformation of 
the Gauss hypergeometric function [6, (15.8.14)]. This transforms the 2F1 to a form which is recognizable 
with the right-hand sides through (2.51), (2.48), respectively. This completes the proof. The restrictions on 
the parameters come directly by applying the restrictions on the parameters in Theorem 9 to the Jacobi 
functions of the second kind on both sides of the relations. □

There is also an interesting alternative additional quadratic transformation for the Jacobi function of 
the second kind with α = ±1

2 . Note that there does not seem to be a corresponding formula for the Jacobi 
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function of the first kind since in this case the functions which would appear on the left-hand side would be 
a sum of two Gauss hypergeometric functions.

Theorem 20. Let z ∈ C such that |z| < 1, β, γ ∈ C such that β + γ + 1
2 ̸∈ −N0. Then

Cβ
2γ+1(z) =

22γ+2Γ(β + γ + 1
2 ) 

Γ(−γ − 1
2 )Γ(2γ + 2)Γ(β)(1 − z2)β+γ+ 1

2
Q

(− 1
2 ,β+2γ+1)

−γ−1

(︃
1 + z2

1 − z2

)︃
, (2.85)

Cβ
2γ(z) =

22γ+1Γ(β + γ + 1
2 )z 

Γ(−γ + 1
2 )Γ(2γ + 1)Γ(β)(1 − z2)β+γ+ 1

2
Q

( 1
2 ,β+2γ)

−γ−1

(︃
1 + z2

1 − z2

)︃
. (2.86)

Proof. These results are easily verified by starting with (2.48), (2.50), substituting the related values in 
the Jacobi function of the second kind and comparing with associated Legendre functions of the first kind 
with argument 

√︁
(z − 1)/(z + 1). Then utilizing a quadratic transformation of the Gauss hypergeometric 

function completes the proof. □
Remark 21. Note that in Theorem 20, if the argument of the Jacobi function of the second kind has modulus 
greater than unity then the argument of the Gegenbauer function of the first kind has modulus less than 
unity.

Corollary 22. Let z, β, γ ∈ C such that z ∈ C \ [−1, 1]. Then

Q
( 1
2 ,β)

γ (z) =
2β+3γ+ 5

2 Γ(−2γ − 1)Γ(γ + 3
2)Γ(β + 2γ + 2)

Γ(β + γ + 3
2 )(z − 1) 1

2 (z + 1)β+γ+1
Cβ+2γ+2

−2γ−2

(︄√︃
z − 1 
z + 1

)︄
, (2.87)

where −2γ − 1, γ + 3
2 , β + 2γ + 2 ̸∈ −N0, and

Q
(− 1

2 ,β)
γ (z) =

2β+3γ+ 1
2 Γ(−2γ)Γ(γ + 1

2 )Γ(β + 2γ + 1)
Γ(β + γ + 1

2 )(z + 1)β+γ+ 1
2

Cβ+2γ+1
−2γ−1

(︄√︃
z − 1 
z + 1

)︄
, (2.88)

where −2γ, γ + 1
2 , β + 2γ + 1 ̸∈ −N0.

Proof. Inverting Theorem 20 completes the proof. □
Note that the above results imply the following corollary.

Corollary 23. Let z, β, γ ∈ C such that z ∈ C \ [−1, 1], γ + 3
2 , β + γ + 1 ̸∈ −N0. Then

Q
( 1
2 ,β)

γ (z) =
Γ(γ + 3

2 )Γ(β + γ + 1)
Γ(γ + 1)Γ(β + γ + 3

2)

(︃
2 

z − 1

)︃ 1
2

Q
(− 1

2 ,β)
γ+ 1

2
(z). (2.89)

Proof. Equating the two relations in Theorem 20 completes the proof. □
The symmetric and anti-symmetric relations for Jacobi functions in the trigonometric context are given as 
follows.

Theorem 24. Let x ∈ C \ ((−∞,−1] ∪ [1,∞)). Then the relation between the symmetric and antisymmetric 
Jacobi functions of the second kind in the trigonometric context and the Ferrers function of the second kind 
are given by
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Q(α,α)
γ (x) = 2αΓ(α + γ + 1) 

Γ(γ + 1)(1 − x2) 1
2α

Q−α
γ+α(x), (2.90)

Q(α,−α)
γ (x) = Γ(α + γ + 1)

Γ(γ + 1) 

(︃
1 + x

1 − x 

)︃ 1
2α

Q−α
γ (x), (2.91)

where α + γ ̸∈ −N,

Q(−α,α)
γ (x) = Γ(γ − α + 1)

Γ(γ + 1) 

(︃
1 − x 
1 + x

)︃ 1
2α

Qα
γ (x), (2.92)

where γ − α ̸∈ −N.

Proof. The formula (2.90) is obtained by starting with (2.63), taking β = α, applying and then comparing 
with (2.93). The formula (2.91) is obtained by comparing (2.62) with β = −α and cf. [5, Theorem 3.2]

Qμ
ν (x) = π

2 sin(πμ)

[︄
cos(π(ν + μ))Γ(ν + μ + 1)

Γ(ν − μ + 1) 

(︃
1 + x

1 − x 

)︃ 1
2μ

2𝑭 1

(︃
−ν, ν + 1

1 + μ 
; 1 + x

2 

)︃

− cos(πν)
(︃

1 − x 
1 + x

)︃ 1
2μ

2𝑭 1

(︃
−ν, ν + 1

1 − μ 
; 1 + x

2 

)︃]︄
, (2.93)

where ν ∈ C, μ ∈ C \ Z, such that ν + μ / ∈ −N. The relation (2.92) follows simply by taking α ↦→ −α in 
(2.91). This completes the proof. □
3. Integral representations of products of Jacobi functions

An important double integral representation for the product of two Jacobi functions of the second kind 
was given in [8, (2.5)] without proof and is reproduced below in Theorem 25. Originally it was given in 
terms of the alternate variables ti with zi = cosh 2ti = 2y2

i − 1. Let

Z := Z(y1, y2, u, w) := 2y2
1y

2
2 − 1 + 4y1y2

√︂
(y2

1 − 1)(y2
2 − 1)uw + 2(y2

1 − 1)(y2
2 − 1)w2, (3.1)

where y1, y2, u, w ∈ C\(−∞, 1] and let P (α,β)
λ and Cα

μ be Jacobi [6, (18.5.7)] and ultraspherical (Gegenbauer) 
[6, (18.7.1)] functions of the first kind respectively. One has the following double integral representation of 
a product of two Jacobi functions of the second kind.

Theorem 25. Durand (1978) [8, (2.5)]. Let λ, μ, γ, α, β ∈ C∗, y1, y2 ∈ C \ (−∞, 1]. Then

Q
(α+2λ+μ,β+μ)
γ−λ−μ (2y2

1 − 1)Q(α+2λ+μ,β+μ)
γ−λ−μ (2y2

2 − 1)

= 22βΓ(β)Γ(α+γ+1+λ)Γ(β+γ+1−λ)Γ(α+β+γ+1)Γ(μ+1)Γ(λ+1)y−μ
1 y−μ

2

Γ(2β+μ)Γ(γ+1−λ−μ)Γ(α−β+λ)Γ(β+γ+1)Γ(α+β+γ+1+λ+μ)(y2
1−1)λ+ 1

2μ(y2
2−1)λ+ 1

2μ

×
∞ ∫︂
1 

∞ ∫︂
1 

Q(α,β)
γ (Z)P (α−β−1,β+μ)

λ (2w2 − 1)Cβ
μ (u)w2β+μ+1(w2 − 1)α−β−1(u2 − 1)β− 1

2 du dw, (3.2)

Proof. The proof of the product formula (3.2) follows the proof of the integral representation for a product 
of two Gegenbauer functions of the second kind which was given in [7]. The proof is based on a contour 
integral approach and is sketched in Section 1. □
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Remark 26. By replacing 2y2
1 − 1, 2y2

2 − 1 ↦→ x, y in (3.2), with x, y ∈ C \ (−∞, 1], one can derive a useful 
equivalent form of the product formula, namely

((x− 1)(y − 1))λ+ 1
2μ((x + 1)(y + 1)) 1

2μ Q
(α+2λ+μ,β+μ)
γ−λ−μ (x)Q(α+2λ+μ,β+μ)

γ−λ−μ (y)

= 22β+2λ+2μΓ(β)Γ(λ + 1)Γ(μ + 1)Γ(α + γ + λ + 1)Γ(β + γ − λ + 1)Γ(α + β + γ + 1)
Γ(β + γ + 1)Γ(2β + μ)Γ(α− β + λ)Γ(γ − λ− μ + 1)Γ(α + β + γ + λ + μ + 1) 

×
∞ ∫︂
1 

∞ ∫︂
1 

Q(α,β)
γ (W )P (α−β−1,β+μ)

λ (2w2 − 1)Cβ
μ (u)w2β+μ+1(w2 − 1)α−β−1(u2 − 1)β− 1

2 dw du, (3.3)

where

W := W (x, y, u, w) := xy +
√︁

x2 − 1
√︁

y2 − 1uw + 1
2 (x− 1)(y − 1)(w2 − 1). (3.4)

Durand put the expression in (3.2) into kernel form to obtain a result analogous to that obtained in [14] 
for the product of two Jacobi P s. However, his result, given in [8, (2.10)], is not correct as stated because 
of an incorrect lower limit of integration in the remaining integral. The correct lower limit in terms of the 
hyperbolic angles ti used there with zi = cosh ti, is t3,min = t1 + t2 rather than t3,min = 0. Here we will 
present the derivation of the kernel form of the product and correct the error using the variables zi directly. 
Setting l = m = 0 in (3.2) produces the following result:

Q(α,β)
γ (2y2

1 − 1)Q(α,β)
γ (2y2

2 − 1) = 22βΓ(β)Γ(α + γ + 1) 
Γ(2β)Γ(γ + 1)Γ(α− β)

×
∞ ∫︂
1 

∞ ∫︂
1 

Q(α,β)
γ (Z)w2β+1(w2 − 1)α−β−1(u2 − 1)β− 1

2 du dw. (3.5)

In order to derive the kernel form of the product formula (by starting with this result), we will need the 
following lemma.

Lemma 27. Let z ∈ C \ (−∞, 1], α, β ∈ C∗. Then

z∫︂
1 

(w2 − 1)β− 1
2 (z − w)α−β−1 dw

= 2β− 1
2 Γ(β + 1

2 )Γ(α− β)(z − 1)α− 1
2 2𝑭 1

(︄
1
2 − β, β + 1

2
α + 1

2
; 1 − z

2 

)︄
(3.6)

=
e−iπβ2βΓ(β + 1

2 )Γ(α− β)√
π Γ(α + β) 

(z2 − 1) 1
2 (α−1)Qβ

α−1

(︃
z√

z2 − 1

)︃
(3.7)

= − π eiπ(β− 1
2 )

sin(π(β − 1
2 ))

(z2 − 1) 1
2 (α+β−1)D

1
2−β

α+β−1

(︃
z√

z2 − 1

)︃
. (3.8)

Proof. Let u = (w − 1)/(z − 1), 0 ≤ u ≤ 1. Then

z∫︂
1 

(w2 − 1)β− 1
2 (z − w)α−β−1 dw
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= 2β− 1
2 (z − 1)α− 1

2

1 ∫︂
0 

uβ− 1
2 (1 − u)α−β−1

(︃
1 − 1 − z

2 
u

)︃β− 1
2

du (3.9)

= 2β− 1
2 Γ(β + 1

2 )Γ(α− β)(z − 1)α− 1
2 2𝑭 1

(︄
1
2 − β, β + 1

2
α + 1

2
; 1 − z

2 

)︄
(3.10)

= 2β− 1
2 Γ(β + 1

2 )Γ(α− β)
(︁
z2 − 1

)︁α
2 − 1

4 P
−α+ 1

2
β− 1

2
(z), (3.11)

by [6, (15.6.1)] and (2.5). The Whipple transformation [13, (3.3.1.14)] then gives (3.7) and the relation 
between associated Legendre and Gegenbauer functions in (2.17) gives (3.8). Alternatively,

z∫︂
1 

(w2 − 1)β− 1
2 (z − w)α−β−1 dw

= 2β−αΓ(β + 1
2)Γ(α− β)(z2 − 1)α− 1

2 2𝑭 1

(︃
α + β, α− β

α + 1
2

; 1 − z

2 

)︃
(3.12)

= Γ(β + 1
2 )Γ(α− β)(z − 1)α− 1

2 (z + 1)β− 1
2 2𝑭 1

(︄
1
2 − β, α− β

α + 1
2

; z − 1 
z + 1

)︄
(3.13)

from (3.10) and [6, (15.8.1)]. □
Remark 28. Equation (3.12) gives the form of the integral used in [8, 2.2 (2.10)] and in [14, (4.19)]. The 
form holds for |(1−z)/2| < 1; the result is defined elsewhere by analytic continuation of the hypergeometric 
function, not considered explicitly in [8] but given by linking the hypergeometric function to Legendre or 
Gegenbauer functions as above. The results here and in [8] are equivalent. The error in the latter is in the 
lower limit of integration in the cited equation.

We next present the corrected version of Durand’s kernel formula and its proof.

Theorem 29. Let α, β, γ ∈ C∗, y1, y2 ∈ C \ (−∞, 1], ℜα > −1
2 , ℜ(β + γ) > −1, ℜγ > 1. Then

Q(α,β)
γ (2y2

1 − 1)Q(α,β)
γ (2y2

2 − 1) =
e−iπ(β+ 1

2 )2α+β
√
π Γ(β + 1

2 )Γ(α + γ + 1)(y1y2)α−β−1

Γ(γ + 1)Γ(α + β)(y2
1 − 1)α(y2

2 − 1)α

×
∞ ∫︂

y1y2+
√︁

(y2
1−1)(y2

2−1)

Q(α,β)
γ (2y2

3 − 1)yα+β
3

(︁
A2 − 1

)︁ 1
2 (α−β−1)

D
β+ 1

2
α−β−1

(︃
A √

A2 − 1

)︃
dy3

(3.14)

= e−iπβ2αΓ(α + γ + 1)(y1y2)α−β−1

Γ(γ + 1)Γ(α + β)(y2
1 − 1)α(y2

2 − 1)α

×
∞ ∫︂

y1y2+
√︁

(y2
1−1)(y2

2−1)

Q(α,β)
γ (2y2

3 − 1)yα+β
3

(︁
A2 − 1

)︁ 1
2 (α−1)

Qβ
α−1

(︃
A √

A2 − 1

)︃
dy3, (3.15)

where

A := A(y1, y2, y3) := y2
1 + y2

2 + y2
3 − 1

2 y1y2y3
. (3.16)
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Proof. Start with (3.5) and make the following transformation of integration variables (u,w) ↦→ (y3, G), 
such that

u := u(y1, y2, y3, G) = Gy3 − y1y2√︁
y2
1y

2
2 + y2

3 − 2y1y2y3G
, (3.17)

w := w(y1, y2, y3, G) =

√︄
y2
1y

2
2 + y2

3 − 2y1y2y3G

(y2
1 − 1)(y2

2 − 1) , (3.18)

and y3, G ∈ C \(−∞, 1]. Corresponding to this transformation there is also the inverse transformation given 
by

y3 =
√︃
y2
1y

2
2 + 2y1y2

√︂
(y2

1 − 1)(y2
2 − 1)uw + (y2

1 − 1)(y2
2 − 1)w2, (3.19)

G =

√︂
y2
1y

2
2 + 2y1y2

√︁
(y2

1 − 1)(y2
2 − 1)uw + (y2

1 − 1)(y2
2 − 1)w2

y4
1y

4
2 − 2y2

1y
2
2(y2

1 − 1)(y2
2 − 1)(2u2 − 1)w2 + (y2

1 − 1)2(y2
2 − 1)2w4

×(y3
1y

3
2 − y2

1y
2
2

√︂
(y2

1 − 1)(y2
2 − 1)uw − y1y2(y2

1 − 1)(y2
2 − 1)(2u2 − 1)w2 + ((y2

1 − 1)(y2
2 − 1)) 3

2uw3).

(3.20)

First replace the variables in the integrand of (3.5) using (3.17), (3.18). By design, this converts Z ↦→ 2y2
3−1. 

Now in order to compute the limits of integration for the transformed coordinates, one must compute the 
following limits

lim 
w,u→∞

G = lim 
w,u→∞

y3 = ∞,

lim 
w,u→1

G = 1, lim 
w,u→1

y3 = y1y2 +
√︂

(y2
1 − 1)(y2

2 − 1). (3.21)

Now in order to compute the transformed area measure, one must compute the absolute value of the Jacobian 
determinant, namely

du dw =
⃓⃓⃓
⃓ ∂(u,w) 
∂(y3, G)

⃓⃓⃓
⃓ dG dy3 = y2

3(y2
1 − 1)− 1

2 (y2
2 − 1)− 1

2

y2
1y

2
2 + y2

3 − 2y1y2y3G 
dG dy3. (3.22)

To ensure that only positive values of (w2−1)α−β−1 are taken we must restrict G ∈ (1, A) where A is defined 
using (3.16). One uses Lemma 3.10 to compute the integral over G. The restriction on the parameters is 
obtained by performing an asymptotic analysis of the integrand about the singularity at large values of z3. 
Simplification completes the proof. □
Remark 30. For Theorem 29, due to the restrictions on parameters, there are no solutions for γ = 0, 1. 
However, there are solutions for γ ∈ N such that γ ≥ 2, namely for ℜα > −1

2 .

Remark 31. As Koornwinder noted in [22, (3)], the variable Z in the addition formula for Jacobi polynomials 
can be written in the trigonometric context as Z = 2|cos θ1 cos θ2+reiϕ sin θ1 sin θ2|2−1. This observation was 
used in [14, p. 255] by Flensted-Jensen and Koornwinder with the transformation of variables eiχ cosh t3 =
cosh t1 cosh t2 + sinh t1 sinh t2 reiψ from (r, ψ) to (t3, χ) in their analytic derivation of the Gasper’s product 
formula (1.1). The transformation used by Durand in [8, (2.9)],

eg cosh t3 = cosh t1 cosh t2 + sinh t1 sinh t2 coshψ eϕ, (3.23)

e−g cosh t3 = cosh t1 cosh t2 + sinh t1 sinh t2 coshψ e−ϕ, (3.24)
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generalizes Koornwinder’s transformation to the completely hyperbolic context. When the two equations 
(3.23), (3.24) are multiplied together, one obtains (cosh t3)2 = (Z + 1)/2, while the ratio of the equations 
determines e2g. After this transformation, the integral over g can be performed giving Lemma 27 in the 
form in (3.12), and the initial double integral reduced to a single integral over t3. In order to simplify the 
computations and to avoid the use of inverse hyperbolic functions, we have adopted an algebraic formalism 
by making the replacements y1 = cosh t1, y2 = cosh t2, y3 = cosh t3, u = coshϕ and w = coshψ, G = cosh g. 
The integration variables ϕ, ψ, t3, g ∈ (0,∞) and therefore u,w, y3, G ∈ (1,∞). By choosing e±ϕ = u ±√
u2 − 1, e±g = G ±

√
G2 − 1, and the above replacements, the transformations (3.17), (3.18) are readily 

obtained.

By using the transformation of a Jacobi function of the second kind in the hyperbolic context to a Jacobi 
function of the first kind in the trigonometric context (13), we can obtain a product integral representation 
for a product of two Jacobi functions of the first kind in the trigonometric context.

Theorem 32. Let α, β, γ ∈ C∗, x1, x2 ∈ C \ ((−∞,−1] ∪ (1,∞)), ℜ(β + γ) < 0, ℜβ > −1
2 . Then

P(α,β)
γ (2x2

1 − 1)P(α,β)
γ (2x2

2 − 1) = 22β(α + 2γ)(α + 2γ + 1)Γ(β)Γ(α + 2γ) 
Γ(γ + 1)Γ(−β − γ)Γ(α + 2β + 2γ + 1)(x1x2)2β(1 − x2

1)
1
2α(1 − x2

2)
1
2α

×
1 ∫︂

x1+x2
1+x1x2

P(α,β)
γ (2x2

3 − 1) x3(1 − x2
3)

1
2 (α−2)(B2 − 1)β− 1

2Cβ
α+2γ+1 (B) dx3, (3.25)

where

B := B(x1, x2, x3) := 2 − x2
1 − x2

2 − x2
3 + x2

1x
2
2x

3
3

2
√︁

(1 − x2
1)(1 − x2

2)(1 − x2
3)
. (3.26)

Proof. First apply the transformation (13) to the Jacobi functions of the second kind on the left-hand side 
of (3.14) and also to the Jacobi function of the second kind in the integrand on the right-hand side. After 
applying this transformation replace the parameters {γ, α, β} ↦→ {α+γ, β,−α−β−2γ−1}. Then make the 
argument replacements yk = (1 − x2

k)−
1
2 for k = 1, 2, 3, or xk = (y2

k − 1) 1
2 /yk. Then the arguments of the 

resulting Jacobi functions of the first kind become 2x2
k− 1 for k = 1, 2, 3. As y3 → ∞, then x3 → 1, and the 

other endpoint of integration becomes (x1 + x2)/(1 + x1x2). To obtain the double integral representation 
in terms of the Gegenbauer function of the first kind use the Whipple transformation (2.27) but instead 
write z = B/

√
B2 − 1 and utilize the Szegő transformation [2, (1), See also Appendix A]. This produces a 

Gegenbauer function of the first kind with degree given by −α− 2β− 2γ− 1 which can be converted to one 
with degree with α + 2γ + 1 by using the transformation (2.22). In order to obtain the restriction on the 
parameters, perform an asymptotic analysis of the integrand about the singularity at X3 ∼ 1. Simplification 
completes the proof. □
Remark 33. Given the constraints on the parameters in Theorem 32, for γ = 0 the integral representation 
converges for −1

2 < ℜβ < 0. However, there does not exist any solutions for the parameters with γ ∈ N, 
so the above double integral representation for the Jacobi function of the first kind in the trigonometric 
context does not provide a double integral representation for Jacobi polynomials.

By starting with the integral representation given in Theorem 32, we can also obtain an integral repre
sentation for a product of two Jacobi functions of the first kind in the hyperbolic context by utilizing the 
transformation 14.
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Theorem 34. Let y1, y2 ∈ C \ (−∞, 1], α, β, γ ∈ C∗, ℜ(α + γ),ℜ(α + β + γ) > −1, ℜ(α + β + 2γ) < −1
2 . 

Then

P (α,β)
γ (2y2

1 − 1)P (α,β)
γ (2y2

2 − 1)

= Γ(α + 2γ + 2)Γ(−α− β − 2γ − 1) 
22α+2β+4γ+2Γ(γ + 1)Γ(α + β + γ + 1)Γ(−α− 2β − 2γ − 1)(y1y2)α+2β+2γ+2(y2

1 − 1) 1
2α(y2

2 − 1) 1
2α

×

y1y2+1
y1+y2∫︂
1 

P (α,β)
γ (2y2

3 − 1)(y2
3 − 1) 1

2 (α−2)

yα+2γ+1
3

(C2 − 1)−α−β−2γ− 3
2C

−(α+β+2γ+1)
α+2γ+1 (C) dy3, (3.27)

where

C := C(y1, y2, y3) := 1 − y2
1y

2
2 − y2

1y
2
3 − y2

2y
2
3 + 2y2

1y
2
2y

2
3

2y1y2y3
√︁

(y2
1 − 1)(y2

2 − 1)(y2
3 − 1)

. (3.28)

Proof. First apply the transformation 14 to the Jacobi functions of the first kind on the left-hand side of 
(3.25) and also to the Jacobi function of the first kind in the integrand on the right-hand side. After applying 
this transformation replace the parameter β ↦→ −β−2γ−1. Then make the argument replacements yk = x−1

k

for k = 1, 2, 3. Then the arguments of the resulting Jacobi functions of the first kind in the hyperbolic 
context become 2y2

k − 1 for k = 1, 2, 3. As x3 → 1, then y3 → 1. The other endpoint of integration becomes 
(y1y2 + 1)/(y1 + y2). In order to obtain the restriction on the parameters, perform asymptotic analysis of 
the integrand about that singularity at y3 ∼ 1. Simplification completes the proof. □
Remark 35. Given the constraints on the parameters in Theorem 34, for γ = 0 the integral representation 
converges for ℜα > −1, and ℜ(−α− 1) < ℜβ < ℜ(−α− 1

2 ). However, there does not exist any solutions for 
the parameters with γ ∈ N, so the above double integral representation for the Jacobi function of the first 
kind in the hyperbolic context does not provide a double integral representation for Jacobi polynomials.

4. Integral representations for products of Gegenbauer and associated Legendre functions

First we can obtain a double integral representation of a product of two associated Legendre functions 
of the second kind.

Corollary 36. Let z1, z2 ∈ C \ (−∞, 1], ν, μ ∈ C∗, such that ℜ(ν − μ) > −1. Then

Qμ
ν (z1)Qμ

ν (z2) =
eiπμ

√︁
π
2 Γ(ν + μ + 1) 

Γ(μ + 1
2 )Γ(ν − μ + 1)

(z1z2)μ−
1
2

(z2
1 − 1) 1

2μ(z2
2 − 1) 1

2μ

×
∞ ∫︂

z1z2+
√︁

(z2
1−1)(z2

2−1)

Qμ
ν (z3) 

(︂
z2
1+z2

2+z2
3−1

2z1z2 − z3

)︂μ− 1
2

(z2
3 − 1) 1

2μ
dz3. (4.1)

Proof. Start with Theorem 29, and in particular (3.15), and set β = α, then apply (2.78) to the Jacobi 
functions of the second kind on the left-hand side and as well the Jacobi function of the second kind on the 
right-hand side. Then make the transformation yk ↦→

√︁
(zk + 1)/2, for k = 1, 2, 3. This maps the arguments 

of the associated Legendre functions of the second kind to the original variables zk in (1.4). The associated 
Legendre function Qμ

μ−1 can be expressed as an algebraic function using Lemma 3. In order to obtain the 
restriction on the parameters, perform an asymptotic analysis of the leading term as z3 → ∞. Simplification 
completes the proof. □
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We can also obtain an integral representation of a product of two Gegenbauer functions of the second kind.

Corollary 37. Let z1, z2 ∈ C \ (−∞, 1], ν, μ ∈ C∗, such that ℜ(λ + 2α) > 0. Then

Dα
λ (z1)Dα

λ (z2) = eiπαΓ(λ + 2α) 
22α−1Γ(λ + 1)[Γ(α)]2(z2

1 − 1)α− 1
2 (z2

2 − 1)α− 1
2

×
∞ ∫︂

z1z2+
√︁

(z2
1−1)(z2

2−1)

Dα
λ (z3)

(︁
z2
1 + z2

2 + z2
3 − 2z1z2z3 − 1

)︁α−1 dz3. (4.2)

Proof. Start with Theorem 29, (3.15), with β = α, make the change of variables yk ↦→
√︁

(zk + 1)/2, and use 
(2.81) on both sides of the equation with appropriate substitutions of the parameter γ ↦→ λ. Alternatively, 
start with (4.1) and replace the associated Legendre functions with Gegenbauer functions of the second 
kind on both sides of the equation using (2.17) and making appropriate substitutions of the variables 
{ν, μ} ↦→ {λ, α}. An asymptotic analysis of the integrand as z3 → ∞ provides the restrictions on the 
parameters. Simplification completes the proof. □
Remark 38. The result in (37) follows directly from Durand’s product formula for two Ds in (1.2) by 
replacing the integration variable t by z3 = z1z2 + t

√︁
z2
1 − 1

√︁
z2
2 − 1. That product formula was derived 

directly starting with the extension of Gegenbauer’s addition formula for Cα
λ (z1z2 + t

√︁
1 − z2

1
√︁

1 − z2
2) to 

the corresponding formula for a D, and is independent of the double integral expressions considered above.

We also have an integral representation of a product of two Gegenbauer functions of the first kind in the 
trigonometric context.

Corollary 39. Let x1, x2 ∈ C \ ((−∞,−1] ∪ [1,∞)), λ, α ∈ C∗, such that ℜ(λ + 2α) > 0, ℜλ < 4. Then

Cα
λ(x1)Cα

λ(x2)

=
−2λ

√
π Γ(1

2λ + α + 1
2 ) 

Γ(λ)Γ(α)Γ(1 − λ
2 )(1 − x2

1)
1
2α− 1

4 (1 − x2
2)

1
2α− 1

4

1 ∫︂
x1+x2
1+x1x2

Cα
λ(x3)(1 − x2

3)
1
2α− 5

4Pλ+α− 1
2
(B) dx3, (4.3)

where B is defined in (3.26), namely,

B = 2 − x2
1 − x2

2 − x2
3 + x2

1x
2
2x

3
3

2
√︁

(1 − x2
1)(1 − x2

2)(1 − x2
3)
. (4.4)

Proof. Start with (3.25) and set β = 1
2 and substitute (2.76). In order to obtain the restriction on the 

parameters, perform Taylor expansion of the integrand about the singularity at x3 ∼ 1. This completes the 
proof. □
Note the interesting consequential formula if α = 1

2 using [6, (18.7.9)], C
1
2
ν (x) = Pν(x), namely

Pλ(x1)Pλ(x2) =
−2λΓ(1

2λ + 1)
Γ(λ)Γ(1 − λ

2 ) 

1 ∫︂
x1+x2
1+x1x2

Pλ(x3)(1 − x2
3)−1Pλ

(︄
2 − x2

1 − x2
2 − x2

3 + x2
1x

2
2x

3
3

2
√︁

(1 − x2
1)(1 − x2

2)(1 − x2
3)

)︄
dx3,

(4.5)
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where Pλ is the Ferrers function of the first kind. This formula is a special case μ = 0 of the following 
integral representation of a product of two Ferrers functions of the first kind.

Corollary 40. Let x1, x2 ∈ C \ ((−∞,−1] ∪ [1,∞)), ν, μ ∈ C∗, such that ℜ(μ + ν) > −1, ℜ(μ − ν) > −2. 
Then

P−μ
ν (x1)P−μ

ν (x2) = 21−μ
√
π

Γ(1
2 (μ− ν))Γ(1

2 (ν + μ + 1))

×
1 ∫︂

x1+x2
1+x1x2

P−μ
ν (x3)(1 − x2

3)−1Pν

(︄
2 − x2

1 − x2
2 − x2

3 + x2
1x

2
2x

3
3

2
√︁

(1 − x2
1)(1 − x2

2)(1 − x2
3)

)︄
dx3. (4.6)

Proof. Start with Corollary 39 and replace the Gegenbauer functions of the first kind in the trigonometric 
context with Ferrers functions of the first kind using (2.38). By replacing parameters accordingly the result 
follows. In order to obtain the restriction on the parameters, perform Taylor expansion of the integrand 
about the singularity at X3 ∼ 1. This completes the proof. □
Corollary 41. Let z1, z2 ∈ C \ (−∞, 1], λ, α ∈ C∗, such that ℜ(λ + 2α) > 0. Then

Cα
λ (z1)Cα

λ (z2) =
cos(π(λ + α))Γ(λ + α + 1

2 ) 
2α− 1

2
√
π Γ(λ + 1)Γ(α)(z1z2)λ+α+ 1

2 (z2
1 − 1) 1

2α− 1
4 (z2

2 − 1) 1
2α− 1

4

×

z1z2+1
z1+z2∫︂
1 

Cα
λ (z3)

(z2
3 − 1) 1

2α− 5
4

z
λ+α+ 1

2
3

(C − 1)−λ−α− 1
2 dz3, (4.7)

where C = C(z1, z2, z3) is given by (3.28).

Proof. Start with Theorem 34, set β = −1
2 and utilize (2.73). This converts the product of two Jacobi 

functions of the first kind on the left-hand side to products of Gegenbauer functions of the first kind and 
the Jacobi function of the first kind in the integrand to a Gegenbauer function of the first kind using (2.75). 
Now set {γ, α} ↦→ {1

2λ, α− 1
2}. The Gegenbauer function of the first kind with argument C can be simplified 

using Lemma 3.9. In order to obtain the restriction on the parameters, perform an asymptotic analysis of 
the integrand about the singularity at z3 ∼ 1. Simplifying completes the proof. □
By starting with Theorem 41 and replacing the Gegenbauer functions of the first kind with associated 
Legendre functions of the first kind using (2.8), we obtain the following result.

Corollary 42. Let z1, z2 ∈ C \ (−∞, 1], ν, μ ∈ C∗, such that ℜ(ν + μ) > −3. Then

P−μ
ν (z1)P−μ

ν (z2) = sin(πν)Γ(ν + 1) 
πΓ(ν + μ + 1)(z1z2)ν+1

1+z1z2
z1+z2∫︂
1 

P−μ
ν (z3)

(C − 1)−ν−1

zν+1
3 (1 − z2

3)
dz3, (4.8)

where C is given by (3.28).

Proof. First start with Theorem 41 and then replace the Gegenbauer functions of the first kind on both 
sides of the equation with associated Legendre functions of the first kind using (2.8). In order to obtain 
the restriction on the parameters, perform an asymptotic analysis of the integrand about the singularity at 
z3 ∼ 1. This completes the proof. □



H.S. Cohl, L. Durand / J. Math. Anal. Appl. 559 (2026) 130450 25

5. Single function integral representations and Bateman-type expansions

One can derive a Laplace-type integral representation in the flavor of [14, (4.3)] for the Jacobi function 
of the second kind by taking the asymptotic limit of both sides of (3.3) as y → ∞.

Corollary 43. Let λ, μ, γ, α, β ∈ C∗, z ∈ C \ (−∞, 1]. Then one has the following Laplace-type integral 
representation of the Jacobi function of the second kind,

(z − 1)λ+ 1
2μ(z + 1) 1

2μQ
(α+2λ+μ,β+μ)
γ−λ−μ (z)

= 22β+λ+μΓ(β)Γ(λ + 1)Γ(μ + 1)Γ(α + γ + 1)Γ(α + β + γ + 1) 
Γ(α− β + λ)Γ(2β + μ)Γ(γ − λ− μ + 1)Γ(α + β + γ + λ + μ + 1)

×
∞ ∫︂
1 

∞ ∫︂
1 

P
(α−β−1,β+μ)
λ (2w2 − 1)Cβ

μ (x) w2β+μ+1(w2 − 1)α−β−1(x2 − 1)β− 1
2

(z +
√
z2 − 1xw + 1

2 (z − 1)(w2 − 1))α+β+γ+1
dw dx. (5.1)

Proof. Starting with (3.3), taking the asymptotic limit as y → ∞ of both sides using (2.52) and simplifying 
completes the proof. □
The simpler case of the Laplace-type integral with λ = μ = 0 was give in [8, (2.15)]. 
Given this Laplace-type integral representation, we are able to obtain a Bateman-type sum for a product 
of two Jacobi functions of the second kind.

Theorem 44. Let x, y ∈ C∗ \ (−∞, 1], λ, μ, α, β ∈ C. Then

Q
(α+2λ+μ,β+μ)
γ−λ−μ (x)Q(α+2λ+μ,β+μ)

γ−λ−μ (y) = Γ(α + γ + λ + 1)Γ(β + γ − λ + 1)
2 Γ(α + β + 2γ + 2) 

(︃
2 

x + y

)︃α+β+γ+λ+μ+1

×
∞ ∑︂
k=0

(γ − λ− μ + 1)k(α + β + γ + λ + μ + 1)k
(α + β + 2γ + 2)kk! 

(︃
2 

x + y

)︃k

Q
(α+2λ+μ,β+μ)
γ−λ−μ+k

(︃
1 + xy

x + y 

)︃
. (5.2)

Proof. First start with Durand’s integral representation for a product of two Jacobi functions of the second 
kind (3.3) and then expanding the Jacobi function of the second kind as an infinite series over k ∈ N0 using 
its hypergeometric representation (2.51). One then is able to evaluate the double integral for each term of 
the infinite series using the Laplace-type integral representation for the Jacobi function of the second kind 
(5.1) which completes the proof. □
By starting with (5.2) we are able to derive a Bateman-type sum for a product of two Gegenbauer functions 
of the second kind.

Corollary 45. Let γ, α, μ ∈ C, x, y ∈ C \ (−∞, 1]. Then one has the following Bateman-type sum for 
Gegenbauer functions of the second kind, namely

Dα+μ
γ−μ (x)Dα+μ

γ−μ (y) = eiπ(α+μ)Γ(2α + γ + μ) 
24α+2γ+2μΓ(α + μ)Γ(α + γ + 1)

×
∞ ∑︂
k=0

(γ − μ + 1)k(α + γ + 1
2 )k

(2α + 2γ + 1)k k! 

(︃
2 

x + y

)︃2α+γ+μ+k

Dα+μ
γ−μ+k

(︃
1 + xy

x + y 

)︃
. (5.3)

Proof. Start with (5.2) and set λ = 0 followed by β, α ↦→ α− 1
2 . Then utilizing (2.81) three times completes 

the proof. □
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Therefore, one also has a Bateman-type sum for associated Legendre functions of the second kind using 
(2.15),

Qμ+α
ν+α(x)Qμ+α

ν+α(y) = eiπ(μ+α)√π Γ(ν + μ + 2α + 1)
22ν+2α+2Γ(ν + α + 3

2 ) 

×
∞ ∑︂
k=0

(ν − μ + 1)k(ν + α + 1)k
(2ν + 2α + 2)k k! 

(︃
2 

x + y

)︃ν+α+k+1

Qμ+α
ν+α+k

(︃
1 + xy

x + y 

)︃
. (5.4)

By examining the behavior of Theorem 29 near the singularity at z2 ∼ 1, we can obtain the following 
integral representation of a Jacobi function of the second kind.

Theorem 46. Let z ∈ C \ (−∞, 1], α, β, γ ∈ C∗, such that ℜα > 0, ℜγ,ℜ(γ + β) > −1, β ̸= −1
2 , α + γ, α +

β + γ ̸∈ −N. Then

Q(α,β)
γ (2z2 − 1) =

e−iπ(β+ 1
2 )2α+β+1√π Γ(β + 1

2 )Γ(α + γ + 1)Γ(α + β + γ + 1)zα−β−1

Γ(α)Γ(γ + 1)Γ(α + β)Γ(β + γ + 1)(z2 − 1)α

×
∞ ∫︂
z

Q(α,β)
γ (2w2 − 1)wα+β

(︁
E2 − 1

)︁ 1
2 (α−β−1)

D
β+ 1

2
α−β−1

(︃
E√

E2 − 1

)︃
dw, (5.5)

= eiπβ2α+1Γ(α + γ + 1)Γ(α + β + γ + 1)zα−β−1

Γ(α)Γ(γ + 1)Γ(α + β)Γ(β + γ + 1)(z2 − 1)α

×
∞ ∫︂
z

Q(α,β)
γ (2w2 − 1)wα+β

(︁
E2 − 1

)︁ 1
2 (α−1)

Qβ
α−1

(︃
E√

E2 − 1

)︃
dw, (5.6)

where

E := E(z, w) := z2 + w2

2wz . (5.7)

Proof. Start with Theorem 29 and examine the behavior of both sides if z2 is near the singularity at unity, 
namely let z2 = 1 + ϵ with ϵ ≪ 1 and utilize (2.53), noting that then 2z2

2 − 1 ∼ 1 + 4ϵ. This asymptotic 
analysis requires ℜα > 0. Let y3 = w. As ϵ → 0+ then A(y1, y2, w) ∼ E(z, w) and the lower bound of 
integration becomes z1 := z. Then from (3.14) we obtain (5.5) and from (3.15) we obtain (5.6), where 
we have used (2.11). Performing an asymptotic analysis as w → ∞ of the integrand and removing the 
singularities of the gamma functions in the pre-factor completes the proof. □
Remark 47. The integral representation for the Jacobi function of the second kind given in Theorem 46
(taking into account the restriction on parameters), exists for γ ∈ N0 as long as ℜα > 0 and ℜβ < −1.

By examining the behavior of the product of two Jacobi functions of the first kind as z2 → ∞ we can obtain 
an integral representation of a Jacobi function of the first kind.

Theorem 48. Let z ∈ C\(−∞, 1], α, β, γ ∈ C∗, such that ℜ(α+γ) > 0, ℜ(α+β+γ) > 0, ℜ(−α−β−2γ−1) >
0, α + 2γ + 2, α + 2β + 2γ + 2 ̸∈ −N0. Then

P (α,β)
γ (2z2 − 1)

= π sin(π(α + 2β + 2γ))Γ(α + 2γ + 2)Γ(α + 2β + 2γ + 2) 
22α+2β+4γ+2 sin(πγ) sin(π(β + γ))Γ(γ + 1)Γ(α + γ + 1)Γ(β + γ + 1)Γ(α + β + γ + 1)
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× 1 

zα+2β+2γ+2(z2 − 1) 1
2α

z∫︂
1 

P (α,β)
γ (2w2 − 1)(w2 − 1) 1

2 (α−2)

wα+2γ+1 (u2 − 1)−α−β−2γ− 3
2C

−(α+β+2γ+1)
α+2γ+1 (u) dz,

(5.8)

where

u := u(z, w) := 2z2w2 − z2 − w2

2zw
√︁

(z2 − 1)(w2 − 1)
. (5.9)

Proof. Start with Theorem 34 and set z = z1. Then examine the asymptotic behavior as |z2| → ∞ on both 
sides of the equation. Using (2.47) on the left-hand side requires that ℜ(−α − β − 2γ − 1) > 0. On the 
right-hand side as z → ∞, C ↦→ u and all terms proportional to z2 cancel. The remaining restrictions on 
parameters come from performing an asymptotic analysis of the integrand near the singularity at w = 1 and 
removing the singularities of the numerator gamma functions in the prefactor. This completes the proof. □
Remark 49. Due to the restriction on parameters, note that the integral representation of the Jacobi function 
of the first kind given in Theorem 48, does not exist for γ = n ∈ N0. So this integral representation does 
not correspond to an integral representation for Jacobi polynomials.

We can also obtain an integral representation of a Jacobi function of the first kind in the trigonometric 
context by examining the asymptotic behavior of Theorem 32 as x2 ∼ −1.

Theorem 50. Let α, β, γ ∈ C∗, x ∈ C \ ((−∞,−1] ∪ (1,∞)), ℜβ > 0, ℜ(β + γ) < 0, ℜ(α + γ) > −1. Then

P(α,β)
γ (2x2 − 1) = 22β sin(π(β + γ))Γ(α + 2γ + 2)Γ(β + γ + 1)Γ(α + β + γ + 1) 

sin(πγ)Γ(γ + 1)Γ(α + γ + 1)Γ(α + 2β + 2γ + 1)x2β(1 − x2) 1
2α

×
1 ∫︂

x 

P(α,β)
γ (2t2 − 1)t(1 − t2) 1

2 (α−2) (︁G2 − 1
)︁β− 1

2 Cβ
α+2γ+1(G) dt, (5.10)

where

G := G(x, t) := 2 − x2 − t2

2
√︁

(1 − x2)(1 − t2)
. (5.11)

Proof. Start with Theorem 32 and examine the asymptotic behavior near the singularity at x2 ∼ −1. Take 
x2 ∼ −1+

√
ϵ, and use (2.64). On the right-hand side B ↦→ G and all the factors of ϵ cancel. The restrictions 

on the parameters comes from performing an asymptotic analysis at the endpoints of the integral and from 
removing the singularities of the gamma function. Simplification completes the proof. □
Remark 51. Due to the restriction on parameters, note that the integral representation of the Jacobi function 
of the first kind given in Theorem 50, does not exist for γ = n ∈ N0. So this integral representation cannot 
correspond to an integral representation for Jacobi polynomials.

By analyzing the asymptotic behavior as z2 ∼ 1 in (4.1), we can obtain an integral representation of an 
associated Legendre function of the second kind.
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Theorem 52. Let z ∈ C \ (−∞, 1], ν, μ ∈ C∗, such that ℜμ > 0, ℜ(ν − μ) > −1. Then

Qμ
ν (z) = Γ(ν + μ + 1) 

Γ(2μ)Γ(ν − μ + 1)(z2 − 1) 1
2μ

∞ ∫︂
z

Qμ
ν (w) (w − z)2μ−1

(w2 − 1) 1
2μ

dw. (5.12)

Proof. Start with (4.1) and perform an asymptotic analysis of Qμ
ν (z2) as z2 ∼ 1 + ϵ using (2.21). Simplifi

cation completes the proof. □
Theorem 53. Let z ∈ C \ (−∞, 1], λ, α ∈ C∗, such that ℜ(λ + 2α) > 0, ℜ(2λ + 2α) < 0. Then

Cα
λ (z) = sin(2π(λ + α))Γ(2λ + 2α + 1)(z2 − 1) 1

2 (λ+1)

sin(πλ)Γ(λ + 1)Γ(λ + 2α) 

×
z∫︂

1 

Cα
λ (w) (w2 − 1) 1

2 (λ+2α−2)(︂
2z2w2 − z2 − w2 − 2zw(z2 − 1) 1

2 (w2 − 1) 1
2

)︂ 1
2 (2λ+2α+1) dw. (5.13)

Proof. Start with Theorem 48 and set β = −1
2 . Then use (2.75) to write the Jacobi functions of the first 

kind in terms of Gegenbauer functions of the first kind. The constraints on the parameters are inherited 
from Theorem 41. Simplification completes the proof. □
Theorem 54. Let z ∈ C \ (−∞, 1], ν, μ ∈ C∗, such that ℜν < −1

2 , ℜ(ν + μ) > −2. Then

P−μ
ν (z) = sin(2πν)Γ(2ν + 2)(z2 − 1) 1

2 (ν+1)

sin(π(μ− ν))Γ(ν + μ + 1)Γ(ν − μ + 1)

z∫︂
1 

P−μ
ν (w)(w2 − 1) 1

2 (ν+1)(︃(︂
zw − (z2 − 1) 1

2 (w2 − 1) 1
2

)︂2
− 1

)︃ν+1 dw.

(5.14)

Proof. Start with Theorem 53 and replace the Gegenbauer functions of the first kind with associated 
Legendre functions of the first kind. Rearranging parameters and inheriting parameter constraints from 
Corollary 48 completes the proof. □
Theorem 55. Let λ, α ∈ C∗, x ∈ C \ ((−∞,−1] ∪ (1,∞)), ℜλ < 0, ℜ(λ + 2α) > 0. Then

Cα
λ(x) =

−2 tan(1
2πλ)Γ(1

2λ + α + 1
2 )Γ(1

2λ + 1)
Γ(1

2λ + α)Γ(1
2 (λ + 1)) 

1 ∫︂
x 

Cα
λ(t)(1 − t2) 1

2α− 5
4Pλ+α− 1

2

(︄
2 − x2 − t2

2
√︁

(1 − x2)(1 − t2)

)︄
dt.

(5.15)

Proof. Start with Theorem 50 and set β = 1
2 . Then use (2.76) to write the Jacobi functions of the first kind 

in the trigonometric context on both sides of the equation in terms of Gegenbauer functions of the first 
kind in the trigonometric context. Then make the replacements (γ, α) ↦→ (1

2λ− 1
2 , α− 1

2 ). To determine the 
restrictions on the parameters perform an asymptotic analysis as the integration variable approaches the 
endpoints of integration and removing the singularities of the numerator gamma functions. □
Theorem 56. Let ν, μ ∈ C∗, x ∈ C \ ((−∞,−1] ∪ (1,∞)), ℜ(μ + ν) > −3, ℜ(μ− ν) > 0. Then

P−μ
ν (x) =

2(ν − μ)Γ(μ−ν+3
2 )Γ(ν+μ+2

2 ) 
(ν − μ− 1)Γ(μ−ν+2

2 )Γ(ν+μ+1
2 )

1 ∫︂
x 

1 
1 − t2

P−μ
ν (t)Pν

(︄
2 − x2 − t2

2
√︁

(1 − x2)(1 − t2)

)︄
dt. (5.16)
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Proof. Start with Theorem 55 and use the identity (2.38) to convert the Gegenbauer functions of the first 
kind on both sides of the equation in terms of Ferrers functions of the first kind. The restrictions on the 
parameter values comes from performing an asymptotic analysis of the integrand as the integration variable 
approaches the endpoints. Simplification completes the proof. □
6. Nicholson-type formulas

Nicholson-type formulas generalize the relation eixe−ix = sin 2x + cos 2x for trigonometric functions to 
other special functions. The original such formula, derived by J. W. Nicholson in 1910 for the case of Bessel 
functions [24,25], has been used to investigate a number of properties of those functions [28, §§13.73-13.75]. 
In 1971 Durand [7] obtained Nicholson-type expressions for Gegenbauer and Legendre function which led 
through a confluent limit to a generalization of Nicholson’s formula for Bessel functions, and in a different 
limit, to corresponding results for Hermite functions. The results on Legendre functions were used in [7] 
to derive various monotonicity properties of, and bounds on, those functions as well as some asymptotic 
results. However, the analysis is clearly not complete compared to that of the Bessel functions, and the 
Gegenbauer and Hermite functions were not considered in detail. Durand extended his results in 1978 to 
the case of Jacobi functions in a double-integral form [8, (2.13), (2.14)], and to the case of Laguerre functions 
using a confluent limit of his kernel expression for the product of two Jacobi functions of the second kind 
[8, (4.12)].

In this section we will derive a single-integral Nicholson-type formula for Jacobi functions from the 
corrected kernel form of the QQ product formula for Jacobi functions of the second kind in Theorem 29. 
This leads directly to similar Nicholson-type formulas for Legendre and Gegenbauer functions which were 
derived originally from the DD product formula for two Gegenbauer functions of the second kind, [7, (13)]. 
We then use an appropriate confluent limit on the QQ formula to obtain the Nicholson-type expression for 
Laguerre functions. Since the error in Durand’s kernel formula was in the lower limit of integration in the 
z1, z2 version of Theorem 29 which he gave as 1 instead of z1z2 +

√︁
z2
1 − 1

√︁
z2
2 − 1 (0 instead of t1 + t2

in the hyperbolic variables used in [8]), and the confluent limit drives z1 → 1, zz → 1, the results for the 
Laguerre functions given in [8, (4.10), (4.12)] are unchanged.

6.1. Nicholson-type results for Jacobi functions

Our preceding analysis leads to the following Nicholson-type formula for Jacobi functions in the trigono
metric context which is in kernel form and involves an integral over a Jacobi function of the second kind 
multiplied by either a Gegenbauer or associated Legendre function of the second kind.

Theorem 57. Let γ, α, β ∈ C, x ∈ C \ ((−∞, 1] ∪ [1,∞)]). Then

[Q(α,β)
γ (x)]2 + π2

4 
[P(α,β)

γ (x)]2 =
e−iπ(β+ 1

2 )√π 2α+2βΓ(β + 1
2)Γ(α + γ + 1)

Γ(γ + 1)Γ(α + β)(1 − x)2α

×
∞ ∫︂
1 

Q(α,β)
γ (w)(w − 1)

α−β−1
2 (w + 1)β(1 − 2x2 + w)

α−β−1
2 D

β+ 1
2

α−β−1

(︄
1 + 2x + w √︁

(w − 1)(1 − 2x2 + w)

)︄
dw

(6.1)

= e−iπβ2α+ β
2 Γ(α + γ + 1) 

Γ(γ + 1)Γ(α + β)(1 − x)2α(1 + x)β

×
∞ ∫︂
1 

Q(α,β)
γ (w)(w − 1)

α−1
2 (w + 1)

β
2 (1 − 2x2 + w)

α−1
2 Qβ

α−1

(︄
1 + 2x + w √︁

(w − 1)(1 − 2x2 + w)

)︄
dw. (6.2)
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Proof. The key result which provides Nicholson-type relations for Jacobi functions in the trigonometric 
context is [8, (2.12)], namely

Q(α,β)
γ (x + i0)Q(α,β)

γ (x− i0) = [Q(α,β)
γ (x)]2 + π2

4 
[P(α,β)

γ (x)]2. (6.3)

We can directly apply this to Theorem 29. First make the replacement 2y2
1 − 1, 2y2

2 − 1 ↦→ z1, z2, then make 
the change of integration 2y2

3 − 1 ↦→ w. Using these replacements, the lower bound of integration becomes 
unity and the upper bound of integration remains the same. Then making the replacements z1 ↦→ x + i0, 
z2 ↦→ x− i0 and using the rules (2.34) completes the proof. □

By starting with (6.2), and setting β = α in the above theorem and taking advantage of Lemma 3, we 
can easily obtain a Nicholson-type formula for Ferrers functions. This leads to the following result.

Theorem 58. Let ν, μ ∈ C, x ∈ C \ ((−∞, 1] ∪ [1,∞)). Then

[Q−μ
ν (x)]2 + π2

4 
[P−μ

ν (x)]2

=
√
πeiπμ

2μΓ(μ + 1
2 )(1 − x2)μ

∞ ∫︂
1 

Q−μ
ν (w) (w − 1)μ−1

2 

(w + 1)μ
2 

(1 − 2x2 + w)μ− 1
2 dw. (6.4)

Proof. Start with (6.2) and set β = α. Then the associated Legendre function of the second kind in the 
integrand becomes an elementary function using Lemma 3. The Jacobi functions of the first and second 
kind in the trigonometric context on the left-hand side become Ferrers functions of the first and second 
kind using (2.70), (2.90). Combining common terms on the left-hand side and simplifying completes the 
proof. □
An obvious consequence of the Theorem 58 by setting μ → 0 is the following Nicholson-type formula for 
Legendre functions in the trigonometric context:

[Qν(x)]2 + π2

4 
[Pν(x)]2 =

∞ ∫︂
1 

Qν(w) (1 − 2x2 + w)− 1
2

(w − 1) 1
2

dw (6.5)

where the integral is over the Legendre function of the second kind in the hyperbolic context. This Nicholson
type formula was derived in [7, p.153, (18a)] and [8, 3.12:)], and is included in [6, (18.17.7)] along with the 
corresponding result for Hermite functions from [7, (52)] in [6, (18.17.8)]. The degrees in those formulas are 
not required to be integer. By using the relations between Ferrers functions and Gegenbauer functions in 
the trigonometric context (2.38), (2.39), we can obtain from Theorem 58 a Nicholson-type integral formula 
for Gegenbauer functions in the trigonometric context, the form in which the results were originally derived 
in [7].

Theorem 59. Let λ, α ∈ C, x ∈ C \ ((−∞, 1] ∪ [1,∞)). Then

[Cα
λ(x)]2 + [Dα

λ(x)]2

= e−iπαΓ(λ + 2α) 
22α−3Γ(α)2Γ(λ + 1)(1 − x2)2α−1

∞ ∫︂
1 

Dα
λ (w)(w − 1)α−1(1 − 2x2 + w)α−1 dw. (6.6)
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Proof. Start with Theorem 58 and convert the Ferrers functions on the left-hand side to Gegenbauer func
tions in the trigonometric context using Theorem 6. Shifting parameters and simplifying completes the 
proof. □
This result is a form of the Nicholson-type formula for Gegenbauer functions derived directly from the DD

product formula for the Gegenbauer function of the second kind [7, (18a)].

6.2. Nicholson-type results for Laguerre functions

As described in [8, §4], one can obtain Laguerre functions as a confluent limit of Jacobi functions. As 
with Jacobi functions, there are Laguerre functions in the hyperbolic context of the first and second kind, 
Lα
γ , Nα

γ , which are well-defined for z ∈ C \ [0,∞) with Lα
γ (z) entire and Nα

γ (z) cut along the positive z axis 
with z taking its principal phase arg z ∈ (0, 2π). These are defined as [8, (4.1), (4.2)]

Lα
γ (z) := Γ(α + γ + 1) 

Γ(γ + 1)Γ(α + 1)M(−γ, α + 1, z) = Γ(α + γ + 1) 
Γ(γ + 1)Γ(α + 1)1F1

(︃
−γ 

α + 1; z
)︃
, (6.7)

Nα
γ (z) := 1

2Γ(α + γ + 1)ezU(α + γ + 1, α + 1,−z), (6.8)

where −z := e−iπz and [6, (13.2.42)]

U(a, b, z) := Γ(1 − b) 
Γ(a− b + 1) 1F1

(︂a
b 
; z
)︂

+ Γ(b− 1)
Γ(a) z1−b

1F1

(︃
a− b + 1

2 − b 
; z
)︃
, (6.9)

is the Kummer confluent hypergeometric function of the second kind. These correspond to confluent limits 
of the Jacobi functions, namely [8, (4.3), (4.4)]

Lα
γ (z) = lim 

β→∞
P (α,β)
γ

(︂
1 + e−iπ 2z

β

)︂
, Nα

γ (z) = lim 
β→∞

Q(α,β)
γ

(︂
1 + e−iπ 2z

β

)︂
, (6.10)

where the phase of −2z/β = e−iπ2z/β is chosen to map values of z = x+ i0, z = xe2πi, on the upper (lower) 
sides of the cut in Nα

γ (z) to points z − 1 = xe−iπ and z − 1 = xeiπ on the cut in Q(α,β)
γ (z) from 1 to −∞. 

Finally, the Laguerre functions of the first and second kind on the positive real axis are defined for x ∈ [0,∞), 
as [8, (4.5), (4.6)]

Lα
γ (x) := i 

π

(︁
eiπαNα

γ (x− i0) − e−iπαNα
γ (x + i0)

)︁
, (6.11)

Nα
γ (x) := 1

2
(︁
eiπαNα

γ (x− i0) + e−iπαNα
γ (x + i0)

)︁
. (6.12)

We now derive a product formula for Laguerre functions of the second kind.

Theorem 60. Let γ, α ∈ C, ℜα > 0, ℜγ > −1, z1, z2 ∈ C \ [0,∞), arg z1, arg z2 ∈ (0, 2π). Then

Nα
γ (z1)Nα

γ (z2) =
√
π 2α− 1

2 Γ(α + γ + 1)
Γ(γ + 1)(z1z2)

α
2 − 1

4

×
∞ ∫︂
0 

Nα
γ (z1 + z2 + 2

√
z1z2 cosh t)e−

√
z1z2 cosh tIα− 1

2
(
√
z1z2 sinh t) (sinh t)α+ 1

2 dt. (6.13)

Proof. This follows by making the replacements and change of variables in (3.15) as described in [8, §4.2], 
namely {2y2

1 − 1, 2y2
2 − 1, 2y2

3 − 1} ↦→ {cosh 2t1, cosh 2t2, cosh 2t1 cosh 2t2 + sinh 2t1 sinh 2t2 cosh t}. Upon 
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making these replacements and change of integration variable from z3 → t, the lower-limit of integration 
vanishes. This leads to the following result

Q(α,β)
γ (cosh 2t1)Q(α,β)

γ (cosh 2t2) = 2α−β
2 e−iπβΓ(α + γ + 1)

Γ(γ + 1)Γ(α + β) 
(coth t1 coth t2)α

(cosh t1 cosh t2
β

×
∞ ∫︂
0 

Q(α,β)
γ (cosh 2t1 cosh 2t2 + sinh 2t1 sinh 2t2 cosh t) (sinh t)α

×(1 + cosh 2t1 cosh 2t2 + sinh 2t1 sinh 2t2 cosh t)
β
2 Qβ

α−1

(︃
coth t1 coth t2 + cosh t

sinh t 

)︃
dt. (6.14)

Then we proceed as in [8, §4.2], namely replacing {cosh 2t1, cosh 2t2} ↦→ {1 + 2e−iπz1/β, 1 + 2e−iπz2/β}, 
and taking the limit as β → ∞. It is useful to write the associated Legendre function of the second kind 
in the integrand as a hypergeometric function using [6, (14.3.7)] and then we can use the confluent limit 
[18, (1.4.3)] to write the Gauss hypergeometric function as a 0F1 and then convert it to a modified Bessel 
function of the first kind using [6, (10.25.2)]. Alternatively and more directly, one can use the initial form of 
Lemma 27 in (3.6); the confluent limit of the hypergeometric function in that expression gives the modified 
Bessel function directly. Simplification completes the proof. □
Remark 61. The result in Theorem 60 was given in a somewhat different form in [8, (4.10)] in which the 
argument of the Laguerre function inside the integral was written as (√z1 + √

z2)2 + 4√z1z2 sinh2(t/2)
to emphasize that there is a term that vanishes across the cut for z1 = x, z2 = xe2πi. The present form 
is simpler. We note also that Iα− 1

2
(√z1z2 sinh t)

/︁
(z1z2)

α
2 − 1

4 is an even function of √z1z2 so is continuous 
across the cut.

The Nicholson-type formula given for Laguerre functions on the positive real axis as given in [8, (4.12)] 
follows from Theorem 60 and the definitions (6.11) and (6.12) of the Laguerre functions on the cut by 
taking z1 = xei0 and z2 = xe2πi giving

[Nα
γ (x)]2 + π2

4 
[Lα

γ (x)]2 = Nα
γ (x + i0)Nα

γ (x− i0)

=
√
π Γ(α + γ + 1)2α− 1

2

Γ(γ + 1)xα− 1
2

∞ ∫︂
0 

Nα
γ (2x(1 − cosh t))ex cosh tIα− 1

2
(x sinh t)(sinh t)α+ 1

2 dt, (6.15)

where x ∈ (0,∞) and ℜ(γ + 1) > 0, ℜα > 0 in agreement with [8, (4.10)-(4.12)]. We note that 
Nα

γ ∝ z−α−γ−1ez for z → ∞ [6, (13.2.6)] so that the apparent exponential divergence in the factor 
ex cosh tIα− 1

2
(x sinh t) is canceled by the behavior of Nα

γ . The integral converges for ℜ(γ + 1) > 0.

6.3. Remark

The above results can be extended to Bessel and Hermite functions by considering appropriate conformal 
limits. The results for Gegenbauer functions are described in [7]. We will not present those results here, but 
please note that they are also unaffected by the error in the lower limit of integration in the kernel form 
of the Jacobi QQ product formula in that reference. Some applications of the Nicholson-type formulas for 
Legendre and Gegenbauer functions are given in that reference, but the analysis there is clearly incomplete. 
We are not aware of any use of the results on Jacobi and Laguerre functions to obtain results on those 
functions analogous to those obtained on Legendre and Gegenbauer [7, §5] or Bessel [28, §§13.73-13.75], 
where we note that the direct proof of the basic formula without the product formula is quite difficult.
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7. Concluding remarks and discussion

We have been concerned in this paper with the derivation and application of a kernel-type integral 
representation for the product of two Jacobi functions Q(α,β)

γ (z) of the second kind. The group-theoretical 
background of product formulas of this type for the functions of the first kind, and their importance in the 
theory of Jacobi series was sketched in Section 1, where we also reviewed Durand’s derivation of the product 
formula for Gegenbauer functions of the second kind. Koornwinder’s original derivation of the product 
formula for two Jacobi functions of the first kind, subsequently reformulated purely analytically in single
integral kernel form in [14, §4], was based on the representation theory for Lie groups. Group-theoretical 
arguments based on unitary representations of Lie groups do not apply directly to the functions of the 
second kind. However, the functions of the first and second kinds satisfy the same differential recurrence 
relations corresponding to the Lie algebras of the associated groups, implying that their product formulas 
must have the same structure and coefficients; this was established in [8]. This similarity appears throughout 
the paper.

In Section 2 of the paper, we collected a number of results on the Jacobi, Gegenbauer, Legendre, and 
Ferrers functions of the first and second kinds and their interrelations which are needed in the following 
sections. These include the properties of the functions in both the hyperbolic and trigonometric contexts 
for their arguments, their limiting behaviors, and some specializations of the functions.

Section 3 of the paper begins with Durand’s double-integral representation for the product of two Jacobi 
functions of the second kind, Theorem 25. Following the proof of the necessary Lemma 27, we put the result 
in single-integral kernel form in Theorem 29. We give the derivation of this result in detail using algebraic 
variables rather than the hyperbolic variables used in [8, (2.10)]; see Remark 31. The result in Theorem 29
differs from that in [8, (2.5)] in the lower limit of integration in the remaining integral and an extraneous 
factor 2α− 1

2 in the latter. We give alternative versions of the kernel obtained using the results in Lemma 27
expressed in terms of Gegenbauer or Legendre functions of the second kind rather than the original hy
pergeometric function, making the analytic continuation required in the original expression explicit. This 
continuation was not discussed in [8]. Section 3 concludes with the use of the unusual transformations be
tween Jacobi functions of the second and first kinds established in Theorems 13 and 14 to derive unexpected 
PP product formulas for functions of the first kind in both the trigonometric context, Theorem 32, and the 
hyperbolic context, Theorem 34.

We extend the results on the QQ and PP products of Jacobi functions of the second and first kinds in 
Section 3 to the cases of Legendre and Gegenbauer functions in Corollary 36 and Corollary 37, in Section 4. 
Single-integral product formulas for these functions of the second kind were derived earlier and exploited 
in [7] using a quite different method. Those formulas are easily converted to kernel form. The results 
agree with those obtained here, a useful check. Durand’s results [7] are extended here using the results in 
Theorems 13 and 14 to obtain product formulas for Gegenbauer and Legendre functions of the first kind 
in the trigonometric and hyperbolic contexts, Corollaries 39 and 41, with similar results for the Legendre 
functions, Corollaries 40 and 42.

We use these results in Section 5 to obtain a Laplace-type integral representation for the Jacobi functions 
of the second kind in Corollary 43. Expansion of that result leads to the Bateman-type series for the product 
of two Jacobi functions of the second kind in Theorem 44, extended to Gegenbauer and Legendre functions 
in Corollary 45. By considering the limiting behavior of these results for one of the variables approaching ∞
or ±1, we then obtain a number of new integral representations for the Jacobi, Legendre, and Gegenbauer 
functions of the first and second kinds for variables in both the hyperbolic and trigonometric contexts, 
Theorems 46 to 56.

In Section 6 we derive Nicholson-type relations for the Jacobi, Gegenbauer, Legendre and Laguerre func
tions. As discussed above, these relations generalize the relation eixe−ix = sin 2x + cos 2x for trigonometric 
functions to those special functions. The results for the Jacobi functions were obtained in [8, (2.13)] in 
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double-integral form. They are derived here in single-integral form in Theorem 53 from the kernel form of 
the QQ product formula. The relations for the Legendre and Gegenbauer functions [7] in Theorems 54 and 
55 follow for special choices of the parameters.

Nicholson’s integral for Bessel functions follows as a confluent limit of Theorem 55 [8, §5.1]. This integral 
has played an important role in the theory of Bessel function as discussed in [28, §§13.73-13.75]. Other 
than limited results on Gegenbauer, Legendre, and Hermite functions in [7], no applications have yet been 
made of the results presented here. Applications to Jacobi functions would be of particular interest. Other 
implications of the Jacobi QQ product formula and the properties of the corresponding kernel have clearly 
not been investigated in full. The connection of that product formula relation to the underlying Lie group 
structure should also be clarified.
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