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two Jacobi functions of the second kind in kernel form. We also derive a Bateman-
type sum for a product of two Jacobi functions of the second kind. From this
integral representation we derive integral representations for the Jacobi function
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Jac%bi function of the second kind of the first kind in both the hyperbolic and trigonometric contexts. From the
Integral representation integral representations for Jacobi functions, we also derive integral representations
Products for products of limiting functions such as associated Legendre functions of the first

and second kind, Ferrers functions and also Gegenbauer functions of the first and
second kind. By examining the behavior of one of these products near singularities
of the relevant functions, we also derive integral representations for single functions,
including a Laplace-type integral representation for the Jacobi function of the second
kind. Finally, we use the product formulas for the functions of the second kind to
derive Nicholson-type integral relations for the sums of squares of Jacobi functions
of the first and second kinds, and in a confluent limit, Laguerre functions of the first
and second kinds, which generalize the relation e**e~** = 1 to those functions.
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1. Introduction

Product formulas for two Jacobi functions of the first kind P/Sa’ﬁ ) (zl)Pia’ﬁ ) (#z2) have played an important

role in the theory of Jacobi series. Gasper [16] derived an expression for the product of two Jacobi polynomials
in the kernel form
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R(a’ﬁ) (l‘l)R(a’ﬁ) (1‘2) = /Rgla’ﬁ) (333)K(.131,.132,.T3)(1 — l‘g)a(l + .T3)/Bdl‘3 (11)
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with R%a’ﬁ)(ac) = p{>P (x)/Py(La’ﬁ)(l), obtained an integral representation for the kernel K, and established
its positivity for « > 8 > —1/2 with o > —1/2. This was used to establish a convolution structure with
positive kernel for Jacobi series. Gasper extended his analysis in [17] to obtain explicit results for the kernel
in various ranges of «, 3, investigated their properties in detail, and connected the results to an associated
Banach algebra.

Koornwinder obtained the product formula as a double integral in [22] from his addition formula for
Jacobi polynomials. Flensted-Jensen and Koornwinder later gave a completely analytic derivation of that
formula, reduced it to kernel form, and used the results to further study the convolution product and
Banach algebra in [14]. That paper also included an extension of the formula to the case of mixed products
of functions of the first and second kind P/sa’ﬂ)(zl) g\a’ﬁ) (22) [14, p. 255]. The product formula for functions
of the first kind was used by those authors to give a new, completely analytic derivation of Koornwinder’s
addition theorem for general values of the parameters [15, (2.13)] and establish the positivity of the inverse
Fourier-Jacobi transform.

In [7, (13)] Durand derived an integral representation for the product of two Gegenbauer functions
D*¥(2) of the second kind starting with a formula for the product D™ (21)C5 1Y (22) of functions of the
second and first kinds. This followed from an addition formula for a function D$(Z) of the second kind with
an argument Z := 2129 + t\/2? — 14/z3 — 1 which was obtained through a modification of Gegenbauer’s
addition formula for C{(Z) [11, (8.6)]. The product formula

B ei7r(0¢+2V)I‘(2a — 1)F(V + 1)F()\ + 20&)
T 2202 1T (a + )20 (v + 2a — DT(A — v + 1)

X /D;‘ (2’122 +ty/28 —14/22 — 1) Cﬁ“%(t) (t* — 1)°“‘1 dt, (1.2)
1

is easily put in kernel form by the change of variable from ¢ to z3 = 2120 + t1/2? — 11/23 — 1; see 37 below.
It was used in its original form in [7] to derive Nicholson-type integrals for the Gegenbauer and associated

DSFY (1) DSTY (2) (23 — 1)(23 — 1)] /2

Legendre functions and to investigate various properties of those functions and the Bessel and Hermite
functions obtained as confluent limits of the Gegenbauer functions.

The proof of (1.2) was described in [7]. It began with the addition formula for D{(Z) in [11, (8.6)] which
required z; > 2z for convergence. Projecting out the n*® term in the series using the orthogonality relation
for Gegenbauer polynomials gave the product formula

I'2a—DI'(v + 1)T(A + 2¢))
220t2v—1MNa+v)]?T(v+ 2a — 1)IT(A—v + 1)

1
X /Df <2122 + iy /23 —14/23 — 1) Cff_%(t) (1- t2)a71 dt. (1.3)
1

Opening the integration contour in the upper half plane in ¢ allowed the integral to be written as an integral

DYE(21)CR ) (22) = [(F = 1)(=3 — 1)] /2

from —1 to —oo and an integral from +oo to 1, connected by a loop at co on which the integrand vanished.
The integral on the right-hand segment was symmetric in 21, zo and had the asymptotic behavior of a
product of two Ds for 21, zo — 0o. The integrals on the two segments were independent and satisfied the
Gegenbauer equations separately in 2y, zo. A check on the normalization for z;, zo — oo then established
the result in (1.2). Note that the integrals in (1.3) and (1.2) differ by a transition from a trigonometric
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variable t = cosf € (—1,1) in (1.3) to a hyperbolic variable ¢ = cosh § € (1, 00) in (1.2). The coefficients on
the right-hand sides of the expressions are the same except for the phase factors that arise from the factors
[(22 = 1)(23 — 1)]7™/? and (1 — ¢?)® in this transition.

This work was extended in [8, (2.5)] to obtain a double-integral representation for a product of two
Jacobi functions of the second kind. That derivation started with the extension of Koornwinder’s double-
sum addition theorem for Jacobi polynomials [22,20,21] to general Jacobi functions Pia’ﬁ ) (Z) with argument

1
Z:z1z2—|—\/z%—ly/zg—lrt—i—ﬁ(zl—1)(22—1)(T2—1), rel0,1], te[-1,1], (1.4)
=2y7y5 — L+ 4yiya\/uf — 15 — Lrt + 2058 — D(ys — 1?2z =2y — 1, (1.5)

given in [15]. This was used to obtain an addition formula for a Jacobi function of the second kind QE\Q’B )(Z )
with identical structure. A product formula for a Jacobi P and @ followed from that addition formula by
projecting out a single term using the orthogonality properties of the Jacobi and Gegenbauer polynomials
of arguments 2r? — 1 and ¢ that appear in the sum. It had also been derived analytically in [14].

Neither the PQ addition formula for Qg\a’ﬂ )(Z ) nor the associated product formula for a Jacobi P and a
@ were given in [8]. These have now been given with proofs and extensive applications in [4, §4.1(4.2) and
§4.1(4.15)] respectively.

The PQ product formula was used to derive a Q@ product using the same method as sketched above
for the Gegenbauer DD formula. The integration contours in ¢ and r were opened up in their respective
upper half planes to obtain expressions that involved separate integrations on the intervals (—oo, —1] and
(00,1] in ¢, and (0, —o00) and (oo, 1] in 7. The product of the integrals on the right-hand intervals was again
independent of the other terms in the full expression, was symmetric in 21, z2, and had the asymptotic
form for the product of two Jacobi functions of the second kind with those arguments, and gave the Q@
product. The result was used to obtain the corresponding double-integral product formulas for Gegenbauer,
Laguerre, Bessel, and Hermite functions of the second kind [8, (2.5)], and later to obtain a remarkable
addition formula for the Jacobi functions of the second kind [9, (36), (38)].

The addition and product formulas noted above have a deep connection to the theory of Lie groups
and their representations. Thus the Gegenbauer polynomials can be interpreted for A and 2« integers and
—1 < 2, z5,t < 1 in terms of spherical functions on the hypersphere S?**! which are invariant under
the subgroup SO(2a + 1) of SO(2a + 2) [27, Chapter 9]. Gegenbauer’s addition theorem follows from the
decomposition of rotations on SO(2a+2)/SO(2a+1) in terms of those functions.

The group-theoretical background for the addition formula for the Jacobi polynomials is discussed in
[22] and in much more detail in [19]. Those polynomials can be interpreted among other ways as spherical
functions on SO(p+¢) which are invariant under the actions of the subgroup SO(p) xSO(q), and give unitary
representations of the group with the usual orthogonality and completeness relations.

The addition formulas for general values of o and [ follow from analytic extensions of the results for
2a, 23 € Ny. The underlying connection to Lie groups appears through the differential recurrence relations
for the general functions. These provide realizations of the corresponding Lie algebras when acting on either
functions of the first or second kind. Exponentiation of those operators gives group operators which act on
those functions and can be used to explore their properties [10]. The differential equations satisfied by the
functions also follow from the quadratic Casimir invariants of the groups.

The natural setting for the functions of the second kind is in hyperbolic rather than hyperspherical spaces.
In the case of the Gegenbauer functions, we transfer from S22+, 2a = n integer for the Cs with arguments
x = cosf € [—1,1] where the functions are analytic, to H?**! for Ds with arguments z = cosh§ € (1, 0)
where the functions are again analytic, with the associated group SO(2a:+1, 1). In this setting, as is familiar
for Mehler—Fock transforms [6, §14.20(vi)], projections involving Gegenbauer or Jacobi functions of integer
degree with argument = € (—1, 1] are replaced by integrals of those functions of argument z over the infinite
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interval z € (1,00), while the sums over functions of integer degree characteristic of eigenfunction expansions
are replaced by integrals over complex degrees. The structure of the expansions and their inverses and
their group-connected coefficients are otherwise unchanged. Thus the product formula for two Gegenbauer
functions of the second kind in (1.2) is identical in form to that for two Cs given in [13, (3.15.1.20)],

CO ()OO (29) = F'(2a — DT'(v + DT'(A + 2a)
A=y VA )T 92082010 (0 + 1) 2T (v 4 20 — D)T(A — v+ 1)(22 — 1)7/2(22 — 1)v/2

X /C’f (2’12’2 + /27 —14/23 — 1) C’f*%(t) (1- t2)a_1 dt, (1.6)
1

21, 22 € (—00,1], with the replacement of spherical variables by hyperbolic variables. In particular, the
leading numerical factors determined by the underlying Lie algebra are the same. This also holds as expected
in the case of the product formulas for Jacobi functions.

The product formulas are in some ways more fundamental than the addition formulas for functions of
the first kind from which they were initially derived. In the case of the Jacobi functions, Flensted-Jensen
and Koornwinder [14] derived the product formula analytically and used the result to derive Koornwinder’s
addition theorem, while Durand used that approach to derive his addition formula for Jacobi functions of
the second kind [9] from his product formula. He also attempted to put that product formula in the kernel
form derived by Flensted-Jensen and Koornwinder in the case of the product of two functions of the first
kind. There is an error in the resulting formula which we correct here.

We begin the paper in Section 2 with the review and development of the many relations among the
Gegenbauer, Legendre, and Jacobi functions. In Section 3 we put Durand’s Q@ product formula in kernel
form. We then use the result in the following sections to obtain corresponding results for double products
of Legendre and Gegenbauer functions, then through a limiting procedure, integral representations for
single functions, and conclude with a discussion of the Nicholson-type expressions for the sum of squares
of Legendre, Gegenbauer, Laguerre, Bessel, and Hermite functions of the first and second kinds that follow
from the product formulas.

2. Mathematical preliminaries

Please observe the following simple results from the theory of integration. For some a € C, 0 < € < 1,
xg > 1 the integrals foe % dzx, f;oo x®dx exist if Ra > —1 and Ra < —1 respectively. These results are
important when one is considering the allowed values of parameters involved in certain integrals which we
will derive below. Define the regularized Gauss hypergeometric function as [6, (15.2.2)]

a,b 1 (ab = ()b} 2"
2 1(0’2) I'(c)® 1(6’2) Zf(c+n)n! (2.1)
n=0
2.1. Associated Legendre and Gegenbauer functions

The functions which satisfy quadratic transformations of the Gauss hypergeometric function are given by
Gegenbauer and associated Legendre functions of the first and second kind. As we will see, these functions
correspond to Jacobi functions of the first and second kind when their parameters satisfy certain relations.
We now describe some of the properties of these functions which have a deep and long history.

The Gegenbauer (ultraspherical) polynomial which is an important specialization of the Jacobi polyno-
mial for symmetric parameter values is also given in terms of a terminating Gauss hypergeometric function
[6, (18.7.1)]
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(2a)n (a—1,a—1) ﬁr(2a + n) —n,2a+n 1—-=z2
a(y) = ~2Un plemga=g)y VIZWEGT T p— 2.2
A T = pem@n 2 avr 2 22

Gegenbauer functions which generalize Gegenbauer polynomials to complex degree are solutions w =
w(z) = w$(2) to the Gegenbauer differential equation [6, Table 18.8.1]

d2w(z)
dz?

e+ 1) 22 0t 2ayw(z) = 0. (2.3)

(2% = 1) p

The Gegenbauer function of the first kind is defined as [6, (15.9.15)]

ar VT T(2a+A) A2+ 1—=2
CR(2) = 220710 (a)I'(A + 1) 2k at+i T2 )7 (2:4)

and it is the clear extension of the Gegenbauer polynomial when the index is allowed to be a complex
number as well as a non-negative integer. The Gegenbauer function of the first kind is related to the
associated Legendre function of the first kind [6, (14.3.6) and §14.21(i)]

1
z+ 1)z v, v+1 1—2
Pl (z) = (Z_l) 2F1< R ) (2.5)

where |1 — z| < 2, and elsewhere in z by analytic continuation. One has an expression for the leading term

in an asymptotic expansion of the associated Legendre function of the first kind as |z| — oo, namely
2"T(v + 3)z¥

ViT(v+p+1)’

which follows from [23, Entry 3] and the Gauss sum [6, (15.4.20)] and requires ®(v) > —%. The associated
Legendre function of the first kind is also related to the Gegenbauer function of the first kind, [6, (14.3.22)]

Pyt (z) ~ (2.6)

i DRV —p+1)
H = — 2”’ 2
or equivalently
o mI'(2a + A P,\EJ:;_%(Z)
o () = Yot ) (2.8)

S 20 D(@)P(A+ 1) (22 —1)5 5

The associated Legendre function of the second kind Q¥ : C \ (—o0,1] = C, v+ u ¢ —N, can be defined
in terms of the Gauss hypergeometric function as follows [6, (14.3.7) and §14.21]

Z 1 vtptl v4p+2
Qu(z) — \/7_Te “F(V+/~L+1)(Z2_1)2“ JF, g ) g i (29)
v 21/+1Z1/+;,L+1 v+ % ) 22 )

for |z] > 1 and elsewhere in z by analytic continuation of the Gauss hypergeometric function. One may also
define the associated Legendre function of the second kind using cf. [23, entry 24, p. 161]

Qu(2):

27D (v + DI (v + p+ 1)(z + 1) 2+ vilyv+p+l 2
_ . 2F1 3 . (210)
(z — 1)Bntott 2v+2 1—-=2

Note that the associated Legendre function of the second kind satisfies the following parity relation in the
order u, namely cf. [6, (14.9.14)],
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M'v—p+1)

Q) = et

Qu(2). (2.11)
The Gegenbauer function of the second kind D$(z) is the second linearly independent solution to the
Gegenbauer differential equation (see [11, §1]). Two representations which will be useful for us in comparing
to the Jacobi function of the second kind are given by

Decs) e AT(A + a+ H)L(A +2a) <)\ +LA+a+i 2 > (2.12)
A Jal(a)(z — 1Meti(z+1)e-3 7 '\ 20 +2a+1 T1-2 '

:emar()\+2a) F, DNtaidx+a+i 1 (2.13)
[(a)(22) M2 At+a+1 22 )7 ’

The Gegenbauer function of the second kind is clearly related to the associated Legendre function of the
second kind and is given by [11, (2.4)]

N e2mi(e= DT (X + 20) 1a
D(z) := A @Ot D - ke 1@ a1 (?) (2.14)
o QN (2 2.15
" R e - i et ) (2.15)

Therefore, one also has

2= D) /T — )T+ u+1) 1,
2T —p e Do) (2.16)

=TT (4 L)% - 1)%“Dﬁff(z). (2.17)

Qy(z) =

Remark 1. Since the Gegenbauer functions of the first and second kind are directly proportional to the
associated Legendre functions of the first and second kind, all of the Gauss hypergeometric representa-
tions which exist for the associated Legendre functions (see e.g., [13, §3.2], [23, §4.1.2]), also exist for the
Gegenbauer functions.

Remark 2. The Gegenbauer functions of the first and second kind satisfy the same recurrence relations
(see e.g., [11, §4], [6, §18.9]), as is easily shown using the integral representations for those functions given
n [11, (1.4), (1.6)]. There are additional differential recurrence relations which can be obtained from the
relations for the Legendre functions derived in [10]. These differential recurrence relations reflect the action
of operators in the underlying Lie algebras.

The associated Legendre function of the second kind has the following special value.
Lemma 3. Let z € C*\ (—o0,1], u € C\ —Ng. Then

S 1D

ho(z) = . 2.18
R T (218)

Proof. This result follows directly by specializing the following Gauss hypergeometric representation of the
associated Legendre function of the second kind [23, Entry 26], namely

Qy(z) =

(2.19)

emuﬁF(VJrqul)F %(V—u—&—l),%(u—ku—kl)' 1
2r1(z2 — 1)s0HD v} -2
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This completes the proof. 0O

The associated Legendre function of the second kind has the following behavior near the singularity at
z ~ 1, namely, as ¢ — 0T

/T (—p)D(v + o+ 1)ezt
230 T (v — i+ 1)
Qb(1+¢€) ~ 2%”_16“”1’(/1)6_%“, Ry >0, (2.21)

Q (1+€) ~ . Ru<o0, (2.20)

which follow from (2.10) by taking z ~ 1 + € and then using transformation to the inverse variable [6,
(15.8.2)]. One has the following two transformations for the Gegenbauer function of the first kind, see [11,
(3.1), (3.2)], namely

oy sin(m)) o
Cx(z) = _mcf)\72a(z)ﬂ (2.22)
C36) = Sy (DRG) = D% a(2) (223)

Also, note that (2.17) implies the following transformation for the Gegenbauer function of the second kind

D315, 1(2), (2.24)

o e2m(et)P(1 — a)T(A + 20
D3 (2) e

22010\ + DI(a)(22 — 1
which is equivalent to

727ri(oz+l)2204+1r DL\ — 2 2 _1q a+l
€ 2 (OL+ ) (/\ Oé)(Z ) ZD(,H-I (Z) (225)

D;a(z) = F()\+1)F(—O[) A—2a—1

One also has the Whipple transformations for Gegenbauer functions of the first and second kinds (see e.g., [6,
(14.9.16), (14.9.17)], [13, (3.3.1.13-14)]). The first Whipple transformation relates the Gegenbauer function
of the first kind with the Gegenbauer function of the second kind, namely

O5(2) = -

e—m(A+a—%)ﬁ2A+1p()\+a+ %) Aot (Z) (2.26)
F()\ + 1)F(a)(z2 _ 1)a+%>\ —A—1 22 _1

The second Whipple transformation relates the Gegenbauer function of the second kind to the Gegenbauer
function of the first kind

im(a—1) 2AT(\ 1 L
D3(z) = —— V2 TO+aty) Mot ( - ) : (2.27)
LA+ 1) () sin(mA) (22 — 1)2 e 22 -1
The Gegenbauer function of the first kind satisfies the following special value.
Lemma 4. Let z € C \ (=00, —1], A € C*. Then
1_ 22 1)
C: Nz = Vrz+1) (2.28)

T+ DL =N

Proof. This can, for instance, be obtained by expressing the Gegenbauer function of the first kind in terms
of an associated Legendre function of the first kind, namely
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P3\(2), (2.29)

and then evaluating POA using the Gauss hypergeometric representation (2.5). 0O
2.2. Ferrers functions and Gegenbauer functions in the trigonometric context

Ferrers functions (associated Legendre functions of on-the-cut) satisfy the associated Legendre function
differential equation and are analytically continued from (—1,1). As we will see, for certain combinations of
the parameters the Jacobi functions of the first and second kind in the trigonometric context are related to
associated Legendre functions of the first and second kind in the trigonometric context (Ferrers functions)
and the Gegenbauer functions of the first and second kind in the trigonometric context.

Remark 5. The term ‘on-the-cut’ simply refers to the functions carefully defined on the real line segment
(—1,1). Since these functions can be easily parametrized by some z = cos @ with 8 € (0, ), we will refer to
these as functions as being in the trigonometric context.

The Ferrers functions are given by ‘averages’ of values of the associated Legendre functions immediately
above and below the segment = € (—1,1) and are given by [6, (14.23.1), (14.23.2)]

PA(z) = eT 2™ Pl (g £ 40), (2.30)

v

Q(x) = Le ™ (e’%”“Q‘;(J: +140) + eFTQH (1 — iO)) . (2.31)

The definitions for the Gegenbauer functions of the first and second kind in the trigonometric context are
given by [8, (3.3), (3.4)]. They are given by averages of values of the Gegenbauer functions immediately
above and below the cut (—1,1) and are given by

Cq(z) == CY(x +i0), (2.32)
D§(z) := e~ T DS (x 4 i0) + e 2@~ DS (2 — i0). (2.33)

While studying functions in the trigonometric context, it is useful to map from the hyperbolic context using
the following rules [1, Text after (8.3.4)], namely

(z+1) +— (1+2x)
(z—1) = ™1 —z) 3, (2.34)
(22 1) = e (1—2?)

for z =2 £40, z € (—1,1).
The Ferrers function of the first kind P% : C \ ((—oo0,—1] U [1,00)) — C has the following single Gauss
hypergeometric representations [6, (14.3.1)]

Ph) = (1)

The Ferrers function of the first kind P, # is related to the Gegenbauer function of the first kind [6, (14.3.21)]

N[

s -v,v+1 1—2x
F ’ ; . 2.35
2 1( lf,u ) 2 > ( )

Pt () = F2u+ D0y —p+1)

2\ 4 ~uts "
S 2T (v p+ D (p+ 1) (1=a92Cil@) (2.36)
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where 2u 4+ 1, v — u+ 1 € —Nj. One also has the following transformation for the Gegenbauer functions of
the first kind in the trigonometric context,

SN o, (2.37)

Ci(z) = T in(r(2a 1)) A2

which follows from (2.22). The Gegenbauer functions in the trigonometric context are related to the Ferrers
functions as follows.

Theorem 6. Let v,u € C, x € C\ ((—o00,1]U[1,00)). Then

«@ _ \/7_TF(/\ + 20‘) %*0‘ T
) = T+ —e)i 1 et ) (2:38)
D3 () = LA+ 20) Qi (). (2.39)

VT2 AT (a)T(A 4+ 1)(1 —a2) -3 Mo~z

Proof. Start with the definitions (2.32), (2.33) using (2.8), (2.15). After insertion use the hyperbolic to
trigonometric rules (2.34) and comparing with the definitions of the Ferrers functions (2.30), (2.31) using
analytic continuation where necessary completes the proof. O

Conversely, the Ferrers functions are related to the Gegenbauer functions in the trigonometric context as
follows.

Theorem 7. Let \,a € C, z € C\ ((—o0,1] U [1,00)). Then
_ TGl +ptl) i
VT2T (v — p+1)(1 —22)s vt

_ VTG -mwIW+p+1) 1
WHD(v — p4+1)(1 — 22)s T

Py ()

v

(2), (2.40)

QJ(x)

(), (2.41)

Proof. Inverting Theorem 6 while shifting variables where necessary completes the proof. O
2.3. Jacobi functions of the first and second kind

We now consider the Jacobi functions in the hyperbolic context. These are defined in a region in the
complex plane given by C\ (—oo, 1]. One of the most important classical orthogonal polynomials, the Jacobi
polynomial, is defined as [6, (18.5.7)]

P () =

_ 11—
Mﬂrl( nntatf+ _x) (2.42)

n! a+1 T2

The Legendre polynomial (the associated Legendre function of the first kind P* and the Ferrers function
of the first kind P# with y =0 and v =n € Z) is given by [6, (18.7.9)]

where n € Ny. From the above definition (2.42), it is natural to define a function extension of the Jacobi
polynomials in terms of the Gauss hypergeometric function which allows for the degree n to be a complex
number:
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Theorem 8. Let o, 5,7 € C such that a +v € —N. Then the Jacobi function of the first kind P§”"5) :
C\ (=00, —1] = C can be defined by

1—‘ 1 11—
F’y-i—l) a+1 2
1) -8 - 11—
Fla+y+ JF B—maty+ 1=z (2.44)
I'(y+1) z—i—l a+1 2
1) 1 —y,—B— z—1
(a+7v+ z + v, —B ’y; z (2.45)
I'(y+1) a+1 z+1
CTlatry+1) [ 2 @ pletrtlatfry+l 21 (2.46)
- T(y+1) z+1 >l a+1 241/ '

Proof. Start with (2.42) and replace the Pochhammer symbol by a ratio of gamma functions using (a), :=
I'(a +n)/T(a), a ¢ —Np, and the factorial n! = T'(n 4+ 1) and substitute n — v € C, x — z. Application
of Plaff’s (z — z/(# — 1)) and Euler’s (z — 2) transformations [6, (15.8.1)] provides the other three
representations. This completes the proof. O

By starting with either (2.45) or (2.46) and using the transformation [6, (15.8.4)] we can obtain the asymp-
totic behavior for the Jacobi function of the first kind as |z| — oo, o+ v & —N,

o,
Pl () ~

Fla+DI'(2y+a+B+1) (g)” (2.47)

Fy+ 1)y +a+6+1)

Similarly, there are four single Gauss hypergeometric function representations of the Jacobi function of
the second kind.

Theorem 9. Let v,«, B,z € C such that z € C\ [-1,1], a+v,8 + v ¢ —N. Then, the Jacobi function of
the second kind has the following Gauss hypergeometric representations

Qe () Z Tty A DOB 4 D) b (v Laty+l 2 (2.48)
¥ ‘ (z — 1)atr+l(z +1)8 2 atf+2y+2 12 .
_ 2T a4y + DIy +1) o Byt latfty+l 2 2.49
B (z — 1)atBtrtl 2 atf+2y+2 1z 249
_ 2 (a+y + LB+ +1) o (LB 1 2 (2.50)
(z — 1)o(z 4 1)+l 2 a+B+2y+2"1+z2 .
_ 2Tty + DIB+y+1) o (ety+Latf+y+l 2 (2.51)
B (z + 1)o At 2h1 a+f+2y+2 RV .

Proof. Start with [26, (4.61.5)] or [12, (10.8.18)] and let n +— v € C and x — z. Application of Pfaff’s
(z = z/(z—1)) and Euler’s (z — z) transformations [6, (15.8.1)] provides the other three representations.
This completes the proof. O

The asymptotic behavior of Qv ”6)( ) for |z| = oo with argz € (—m,7) is evident from any of these
representations with

208 (e + v+ DB+ + 1)
D(a+ B+ 2y + 2)z0tAtr+l

an,ﬁ)(z) ~ (2.52)
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The Jacobi function of the second kind has the following behavior near the singularity at z = 1. By using
(2.50) and assuming Ra > 0 we find that if z ~ 1 + € then as € — 0 one has

29710 ()T (B+ v+ 1)
Ma+p+v+1)e

QLM (1+¢) ~ , (2.53)

where 5+ v &€ —N.
In the hyperbolic context, one has the following transformation for a Jacobi function of the first kind.

Theorem 10. Let o, 8,7 € C, z€ C\ (—o0,—1], vy —a & Z. Then

in(7m A _
PP (2) = Sin?ﬂ(; i)a» <2i1> PP (), (2.54)

Proof. Start with (2.43), let v — —~v — 1, then take v — v + « and 8 — —f and compare with (2.44),
finally take v+ v — « and  +— —f. This completes the proof. O

2.4. Jacobi functions in the trigonometric context

The Jacobi functions in the trigonometric context are defined in terms of the functions of complex
argument by [8, (2.3), (2.4)],

P8 (z) = % [Pl (@ 4 i0) + P (@ — i0)| (2.55)
_ % [ QU D (i +0) — e~ Qe ( — 0)] (2.56)
= P*F) (2 £0), (2.57)
QA (z) = % Q) (@ +i0) + e~ Q) (z — )] (2.58)

Note that the definition of an’ﬁ)(x) differs from that in Szegd [26, (4.62.9)] and [13, (10.8.22)], and preserves
the analogy of the Ps and Qs to trigonometric functions which the latter do not. For the Jacobi function of

the first kind in the trigonometric context, there are several Gauss hypergeometric representations, including
[6, (14.3.2)]

MNa+~vy+1) -voa+B+y+1 1—-o
p(a.8) () — ) F ) : 2.59
@) I'(y+1) a+1 T2 (2.59)
r 1) (1 Y —y,—B—7y z—1
_Dlet+v+1) 14z (7 B v e-1y (2.60)
I'(y+1) 2 a+1 z+1
This leads to the special value
T 1
PlA)(1) = (aty+1) (2.61)

Do+ 1DI(y+1)

Theorem 11. Let v, a, B € C such that o, &€ Z, a+~, B8+~ & —N. Then, the Jacobi function of the second
kind in the trigonometric context nya’ﬁ) :C\ ((—o0,1JU[1,00)) — C is given by
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r'G+~+1) (')/,omLﬂJr’erl 1+x)
— 0 2F1 ;

~ 2sin(np) T(y+1) 1+ 8 )

Dla+~+1) 2 \*/ 2 \* v+l —a—B—y 1+
+COS(W(7+1))F(@+B+7+1) <1_m> <1+x> 2F1< 15 — )) (2.62)

Dla+y+1) (14+a\" o (=7, -f-y z-1
T(y+1) 2 N 140 Tzy1

T(B+7+1) 2 \*/ 2\’ YHLB+y+1 -1
Fla+pB+v+1) (1—x> (1—|—x> 2F1( l1-« ’x—l—l) ' (2:63)

(COS(W(B +7)

s

=— (COS(TI’(Oé +1))

~ 2sin(ra)

Proof. These Gauss hypergeometric representations follow by applying the definition (2.58) to Theorem 9
which provides the Gauss hypergeometric representations for the Jacobi function of the second kind. The
application of (2.58) requires the arguments of the specific Gauss hypergeometric functions just above and
below the ray (1,00) over which the Gauss hypergeometric function is discontinuous. The values of the
Gauss hypergeometric function above and below this ray may then be transformed to a region where the
Gauss hypergeometric function is continuous in a complex neighborhood of the argument of the Gauss
hypergeometric function by utilizing the transformations which one can find in [5, Appendix B]. These
transformations which map from Gauss hypergeometric functions with argument = 4+ 90 to sums of Gauss
hypergeometric functions with arguments given by 1/x, 1—2, 1—2~! and (1—x)~!. Using this method, eight
Gauss hypergeometric function representations of the Jacobi function of the second kind in the trigonometric
context can be obtained. These are obtained by starting with (2.48)-(2.51), applying the transformation [5,
Theorem B.1] z — 27! and by either utilizing the Euler (2 + z) or Pfaff (z — 2/(z —1)) transformations [6,
(15.8.1)] as needed. There are certainly more Gauss hypergeometric representations which can be obtained
for the Jacobi function of the second kind in the trigonometric context by applying [5, Theorems B.2-B.4],
but the derivation of these representation must be left to a later publication. In Theorem 11 only two of
these representations are given and are obtained. The first is obtained from (2.49) and the second is from
(2.50) utilizing the Euler and Pfaff transformations respectively. This completes the proof. 0O

By starting with (2.44) and assuming R > 0 we find that if 2 ~ —1 +¢, |¢| < 1, then as € — 0" one has

_25 sin(my)I'(B) (o + v+ 1)
ml(a+ B +7+1)€s

P (—1+¢) ~ (2.64)

where S,a+~v+1¢ —Ng, v ¢ Z.
One has the following transformation for the Jacobi function of the first kind in the trigonometric context.

Theorem 12. Let o, 8,7 € C, 2 € C\ (—o0,—1], vy —a € Z. Then

(@8 (. _ _ sin(my) 2\ S(ap)
P (z) = Tl = ) (1 ~ x) P (z). (2.65)

Proof. Start with (2.43), let v — —~v — 1, then take v — v + « and 8 — —f and compare with (2.44),
finally take v+ v — « and § +— —f. This completes the proof. O

We also have a transformation between the Jacobi function of the second kind in the hyperbolic context
with the Jacobi function of the first kind in the trigonometric context.
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Theorem 13. Let v,a, 5 € C* such that z € C\ [-1,1], 8+~v ¢ —N, a+ S+~ & Nqy. Then

Q@A) (z) = 20T (o + 4+ DE(B+ 7+ DI(=0 = B =) patpizyiie (Z -3
(s

I(y+1)(z+ 1)otptr+t —a—f=y-1 Z+1

) . (2.66)

Proof. Starting with (2.59), replacing {v,a, 8} —» {—a—f—~v—1,a+ 8+ 2y + 1,a} and comparing with
(2.51) completes the proof. O

Furthermore, we also have a transformation between the Jacobi function of the first kind in the trigonometric
context with the Jacobi function of the first kind in the hyperbolic context.

Theorem 14. Let v, o, 5 € C. Then

,
a,3 . z+1 a,—a—[B—-2vy—1 3—x
P(*H) (z) = ( ) P! 71 <— , (2.67)

where (14) is valid for x € C \ (—o0, —1].

Proof. Starting with (2.43), let z — (3 —2)/(# + 1), 8 — —a — 8 — 2y — 1. Then, comparing with (2.45)
produces (14). This completes the proof. O

2.5. Specializations of Jacobi functions

We next present some identities which involve symmetric and antisymmetric Jacobi functions of the first
kind. The relation between the symmetric Jacobi function of the first kind and the Gegenbauer function of
the first kind for z € C \ (—o0, —1] is given by

F2a+D(a+~v+1)

o¢+%
T+ 10(2a+7y+1) Cy 2 (2), (2.68)

PA(/""“)(Z) =

which is valid for Jacobi functions of the first kind in the hyperbolic context and the trigonometric context.
This follows by starting with (2.43) and then comparing it to the Gauss hypergeometric representation of
the Gegenbauer function of the first kind on the right-hand side using (2.4). Similarly, there is

2¢T 1
Pl () = (at+y+1) Po (=), (2.69)
Dy +1)(2%2 —1)22

where z € C \ (—o0, 1]. We also have

20T 1
P(e0)(7) = (aty+ )1 oo (2), (2.70)
Iy + 11 —a?)2

where z € C \ ((—o0, —1] U [1, 00)).

Remark 15. The relation between the antisymmetric Jacobi function of the first kind and the Ferrers and
Gegenbauer functions of the first kinds is

_ Dlat~y+1) (1+2\2%
]3(047 a) — p—o
R A (e

CT@aADTG 0t D), ek
- 20T (v + 1) (a + 1) (1+2) C’y—a (z), (2.71)
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where x € C \ ((—o0, —1] U [1,00)) and the relation between the antisymmetric Jacobi function of the first
kind and the associated Legendre and Gegenbauer function of the first kinds is

B Dla+~y+1) (2412
P(a, @) _ p—
Y (2) I'(v+1) (z—l) 7 ()

_T2a+1)I(y—a+1) ot
- 29T (y + Dl(e+ 1) (24 D)7C-a(2), (2.72)

where z € C \ (—o0, 1]. These are obtained by comparing (2.43) with (2.35) and (2.5).

Remark 16. One has the following quadratic transformations for the symmetric Jacobi functions of the first
kind which can be found in [26, Theorem 4.1]. Let z € C \ (—o0,1], v,a € C, a + v & —N. Then

Tr 2 1 a1
Ple(z) = YO D _peboee y) (.73)
v 22T (y + 5) M (a+v+1)

where a + 2y ¢ —N, v ¢ —N + %, and

o, D(a+2y+2)z (a,1)
e Vi PL2) (9,2 2.74
2v+1 (Z) 22'y+11“(,y+ %)F(O{+'y+1) Y ( z )? ( )

where o +27v+1¢ —N, v ¢ —N — % The restrictions on the parameters come directly by applying the
restrictions on the parameters in Theorem 8 to the Jacobi functions of the first kind on both sides of the
relations.

Note that these results imply
_ C(y+ 5T (a+3) arl
Vil(y+a+3) >

_ Ty + e+ 3) a+t
Val(a+y+2)z 27

P2 (2,2 )

(), (2.75)

Pl (2,2 ) (2), (2.76)

which follows from (2.73), (2.74). Below we present some identities which involve symmetric and antisym-
metric Jacobi functions of the second kind.

Theorem 17. Two equivalent relations between the symmetric and antisymmetric Jacobi function of the
second kind and the associated Legendre function of the second kind are given by

2% T (a4 +1)
S T(y+1)(z2 - 1)
2% (a4 y 4 1)

T2+ +1)(22 - 1)z

Qat4(2), (2.77)

Qat(2), (2.78)

[13, (8.3.3.2)], where a + v ¢ —N. The relation between the antisymmetric Jacobi function of the second
kind and the associated Legendre function of the second kind is given by

—iﬂ'ar _ %a

Q) (z) = © r((JJr 1o)4+ 1) (zi) Q2 (2), (2.79)
—iﬂ'ar _ — %O‘

o0 == () e o
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where v — a & —N.

Proof. By comparing (2.48) and (2.51) with (2.10) and by using the Legendre duplication formula for the
gamma function [6, (5.5.5)] one can obtain all these formulas in a straightforward way. O

See [3, §3, (A.14)] for an interesting application of the symmetric relation for associated Legendre func-
tions of the second kind.

Theorem 18. Let a,y € C, z € C\ [-1,1], a+ v € —N, Rv,RB > —1. Then the relations between the
symmetric and antisymmetric Jacobi functions of the second kind to the Gegenbauer function of the second

kind is given by

a+%
T(a+ 1)Q2a+ v +1) Dy 2 (2), (2.81)

where o € C\ {—3,-32,-2,...} and

_ (o yo2y—ar1 L@+ 7+ DG —a)P(v +3) 1.4

(a,— ) _ oim(a 1) o2y—a+1 2

Q5 () =e 2/2 T2 121" D3y, (2), (2.82)
where o € C\{3,2,2, ..}, yeC\{-2,-2, -1 ..}

Proof. Start with the definition of the Jacobi function of the second kind (2.48) and take 8 = a. Then
comparing (2.13) using Euler’s (z — z) transformation [6, (15.8.1)] produces (2.81). In order to produce
(2.82), start with (2.48) and take 8 = —a. Then compare (2.13) using Euler’s (z — z) transformation [6,
(15.8.1)]. This completes the proof. O

One has the following quadratic transformations for symmetric Jacobi functions of the second kind.

Theorem 19. Let z € C\ [-1,1], v, € C, a+ v & —N. Then

(aa) _ \/Er(aJrZ’erl) (a,—1) 5

where a +2y &€ —N, v ¢ —N + % 5, and

(o), VTl(a+2y+2)z (@d) 9,2 4 584
QQ’y—‘rl( ) 227+1F(7+%)F(a+’y+1) ( z )? ( . )

where a+2v+1¢ —N, v ¢ —N —

N[

Proof. Starting with the left-hand sides of (2.83), (2.84) using the Gauss hypergeometric definition (2.48),
the o F’s become of a form where ¢ = 2b. Then for both equations we use the quadratic transformation of
the Gauss hypergeometric function [6, (15.8.14)]. This transforms the o F} to a form which is recognizable
with the right-hand sides through (2.51), (2.48), respectively. This completes the proof. The restrictions on
the parameters come directly by applying the restrictions on the parameters in Theorem 9 to the Jacobi
functions of the second kind on both sides of the relations. O

There is also an interesting alternative additional quadratic transformation for the Jacobi function of
the second kind with a = :l:%. Note that there does not seem to be a corresponding formula for the Jacobi
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function of the first kind since in this case the functions which would appear on the left-hand side would be
a sum of two Gauss hypergeometric functions.

Theorem 20. Let z € C such that |z] <1, 8,7 € C such that 5+ v+ % ¢ —Ny. Then

227 H2(B 4y + L _1 1+ 22
C2ﬁ'y+1(z) = 1 ( 2) B 1 Q(—72—7113+2A/+1) <—2) ) (285)
[(=y = )02y + 2T (B)(1 — 22)7 7z 1-2
227 (B4 v + 1)z 1349 1+ 22
ng(z) = 1 2 PIV Y Q(ffj " (1 2) . (2.86)
L(=y+ 5) 02y + DL(B)(A — 22)7 7+ -z

Proof. These results are easily verified by starting with (2.48), (2.50), substituting the related values in
the Jacobi function of the second kind and comparing with associated Legendre functions of the first kind
with argument /(z —1)/(z 4+ 1). Then utilizing a quadratic transformation of the Gauss hypergeometric
function completes the proof. O

Remark 21. Note that in Theorem 20, if the argument of the Jacobi function of the second kind has modulus
greater than unity then the argument of the Gegenbauer function of the first kind has modulus less than
unity.

Corollary 22. Let z,3,v € C such that z € C \ [-1,1]. Then

(%’5)(Z) _ 2PT3HET (=2 — 1)T(y + L(B+2v+2) B +27+2 z—1 (2.87)
d PE+7+ - iy (Va1 )

where —2v — 1,v + %,ﬂ+27+2 ¢ —Np, and

Q _%76)(2’) _ 2ﬁ+37+%r(727)r(7 + %)F(ﬂ + 27 + 1) Cﬂ+2ry+1 z—1 (2 88)
' (B +7+3)(z+ 1) et \Vest ) ~

where —2v,v + %,B+27+ 1 ¢ —Np.
Proof. Inverting Theorem 20 completes the proof. O
Note that the above results imply the following corollary.

Corollary 23. Let z, 3,7 € C such that z € C \ [-1,1], v+ 3,8+ ~v+1 ¢ —Nq. Then

F(7+%)F(5+7+1)< 2 >5Q<;,ﬁ>(z)_ (2.89)

(%56) .
Z)= 1
G = re r g \em1) G

Proof. Equating the two relations in Theorem 20 completes the proof. O

The symmetric and anti-symmetric relations for Jacobi functions in the trigonometric context are given as
follows.

Theorem 24. Let x € C\ ((—o0, —1]U [1,00)). Then the relation between the symmetric and antisymmetric
Jacobi functions of the second kind in the trigonometric context and the Ferrers function of the second kind
are given by
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2°T(a+v+1)

(ov,c) _ —a 2.
&) = r D=k D) (2.90)
o Pla+y+1) (1+2\*" _,
Q) (z) = (?(71 : ) (1 _i) Q;°(a), (2.91)
where a + v & —N,
- Tly—a+1) (1—z\2°
afe ) =TI (152) as), (292)

where v — a & —N.

Proof. The formula (2.90) is obtained by starting with (2.63), taking 8 = «, applying and then comparing
with (2.93). The formula (2.91) is obtained by comparing (2.62) with 5§ = —« and cf. [5, Theorem 3.2]

QY (x)

COS(W(VJFM))F(VJFMH)(1+x>%u Fl(_y,uﬂ_ 1+m>

F'v—p+1)\1-—=x 1+p 7 2

1
1—z2)2" - 11
cos(wy)<1+x> 2F1< ]I’l/—'_ ; —;—x)
x —p

where v € C, p € C\ Z, such that v + u ¢ —N. The relation (2.92) follows simply by taking o — —a in
(2.91). This completes the proof. O

- 2sin(mp)

, (2.93)

3. Integral representations of products of Jacobi functions

An important double integral representation for the product of two Jacobi functions of the second kind
was given in [8, (2.5)] without proof and is reproduced below in Theorem 25. Originally it was given in
terms of the alternate variables ¢; with z; = cosh 2¢; = 2yz-2 — 1. Let

Z := Z(y1,y2,u, w) := 24395 — 1+ 4dynya/ (y7 — 1)(y3 — Duw + 2(y7 — 1)(y5 — Dw?, (3.1)

where y1, y2, u, w € C\(—00, 1] and let PA(O"E) and O} be Jacobi [6, (18.5.7)] and ultraspherical (Gegenbauer)
[6, (18.7.1)] functions of the first kind respectively. One has the following double integral representation of
a product of two Jacobi functions of the second kind.

Theorem 25. Durand (1978) [8, (2.5)]. Let A\, u,v, o, 8 € C*, y1,y2 € C \ (=00, 1]. Then

+2X+p, 8+ +2X+p, B+

QUUAIATIIE) (992 — 1) QIR (g8 — 1)
2270 (B)L(aty + 14 M) (B+y+1 =N (at By + DI (u+DEA+D)y; “yy

T(2B+1)T(r+1-A— )T (@— B+ N (B+y+ DT (@+ By +1+A+) (13— 1) 24 (g3 1) 24

[eolNe )

x / / QM (Z) PP (2w — 1) O (uyw* HH (w? — 1)° 7P (w? — 1)P7 dudw,  (3.2)
11

Proof. The proof of the product formula (3.2) follows the proof of the integral representation for a product

of two Gegenbauer functions of the second kind which was given in [7]. The proof is based on a contour
integral approach and is sketched in Section 1. O
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Remark 26. By replacing 2y7 — 1,2y5 — 1 — z,y in (3.2), with 2,y € C \ (—o0, 1], one can derive a useful
equivalent form of the product formula, namely

(z = 1)y — DM E((2 + 1)(y + 1)) 21 QLRI BT () QLo 2X bt )

_22PEREUD(BIA 4 DE(p+ D@+ 7+ A+ DI(B+7 - A+ Dl(a+ B +7+1)
TR+ D)2+ T (a— B+ NI (y = A —p+D(a+B+y+ A+ pu+1)

« / / QU (WP P14 (92 — 1)0P () T (w? — 1)* 1 (u? — 1)P~} dwdu, (3.3)

where

W=W(z,y,u,w) =2y + V22 — 1\/y? — luw + 3(z — 1)(y — 1)(w® — 1). (3.4)

Durand put the expression in (3.2) into kernel form to obtain a result analogous to that obtained in [14]
for the product of two Jacobi Ps. However, his result, given in [8, (2.10)], is not correct as stated because
of an incorrect lower limit of integration in the remaining integral. The correct lower limit in terms of the
hyperbolic angles ¢; used there with z; = cosht;, is 3 min = t1 + t2 rather than t3,in = 0. Here we will
present the derivation of the kernel form of the product and correct the error using the variables z; directly.
Setting { = m = 0 in (3.2) produces the following result:

22T (BT (o + v + 1)
2B (v + DI (= B)

X //Q(a’ﬁ) w?P T (w? — 1) P (u? — 1)’8_% du dw. (3.5)
11

QW (2yf — QY (25 — 1) =

In order to derive the kernel form of the product formula (by starting with this result), we will need the
following lemma.

Lemma 27. Let z € C\ (—o0,1], o, 5 € C*. Then

z

Jar =1

1

i —z
=2°73T(B+ T (a - B)(z — 1)*"2 o F, ( 2 (ffj ! 5 ) (3.6)
2
e P (B + L)l (a - ) L(a—1)
R e 37
in(B—3)
___Te (. Lat+B-1) i~ .
e Rl () 35)

Proof. Let u= (w—1)/(z —1),0 <wu < 1. Then

z

J G R

1
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1 1 1 1—2 ﬁ_%
=20"2(z — 1)~ 3(1— )2 Pt (1 - u) du (3.9)

™|
O\H
<
¥

1_ 1 _
— (B4 D)l — ) — 1) o F, ( 2= BP s, 1TZ> (3.10)

o+ %
1 —a+i
*P. % (2), (3.11)
by [6, (15.6.1)] and (2.5). The Whipple transformation [13, (3.3.1.14)] then gives (3.7) and the relation
between associated Legendre and Gegenbauer functions in (2.17) gives (3.8). Alternatively,

z

Ja =1 w e aw

1

=2 @+ e - o - b (V70T P )

3.12
NI (312

a1 _1 s—Ba—p z—1
=+ I~ )=~ 1) 2<z+1>522F1<2 at ) ;;1) 3.1

from (3.10) and [6, (15.8.1)]. O

Remark 28. Equation (3.12) gives the form of the integral used in [8, 2.2 (2.10)] and in [14, (4.19)]. The
form holds for |(1 —z)/2| < 1; the result is defined elsewhere by analytic continuation of the hypergeometric
function, not considered explicitly in [8] but given by linking the hypergeometric function to Legendre or
Gegenbauer functions as above. The results here and in [8] are equivalent. The error in the latter is in the
lower limit of integration in the cited equation.

We next present the corrected version of Durand’s kernel formula and its proof.

Theorem 29. Let o, 8,7 € C*, y1,y2 € C \ (—o0, 1], Ra > —%, R(B+~)>—-1, Ry>1. Then

e T2 AL (B + 5)T (0 + v+ D (wrye) !
T(y+ Do+ B)(y3 — 1) (43 — 1)

Q) (247~ QI (293 1) =

oo

« Lla—p-1 +1 A
e B L A e R vias BY (PSP

y1ye+v/(yi-1)(y3-1)

(3.14)

B e_iﬂ-ﬁQQF(OJ—I—’}/—I— 1)(y1y2)a—ﬁ—1
Ty + DT (e + B)(y7 — 1D)*(y3 — 1)
a « La—1 A

X / Q’(‘/ 75)(2y§ - 1)y3+5 (A2 — 1)2 o )Q§_1 (ﬁ) dyg, (315)

y1y2+/ (¥ —1)(y3—1)
where
2 2 2
+y5s+ys —1
A= A(yy,yp,ys) = AT LTI 7 2 (3.16)

2y1Y2Y3
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Proof. Start with (3.5) and make the following transformation of integration variables (u,w) — (ys3, G),
such that

Gys — Y192
u = u(y17y27y37G): 3 9 2_2 ‘G’ (317)
VY2 + y2 — 2y150y3
2,,2 2
yiYs +y3 — 2y1y2y3G
w = w(ylay27y37G) = \/ 1 (2y% _31)(y% — 1) 5 (318)

and y3, G € C\ (—o00, 1]. Corresponding to this transformation there is also the inverse transformation given
by

ys = \/yfyg + 251921/ (47 — 1)(y3 — Duw + (57 — 1)(y3 — Dw?, (3.19)

s 200V - D03 — Duw + (53— (3 — Duw?

T ylyd — 203307 — 1)(y3 — D(2u? — Dw? + (47 — 1)2(y3 — 12wt

x(3ys — iy (2 — V(3 — Duw — yrya(y? — D)3 — 1)(2u® — Dw? + (57 — D)3 — 1)) 2uw?).
(3.20)

First replace the variables in the integrand of (3.5) using (3.17), (3.18). By design, this converts Z ~— 2y3 —1.
Now in order to compute the limits of integration for the transformed coordinates, one must compute the
following limits

lim G= lim y3= o0,
W, U—» 00 W, U— 00
i o = 2 _ 2 _
wlbrgl G =1, 175313/3 yiye2 + 1/ (y7 — 1)(y3 — 1). (3.21)

Now in order to compute the transformed area measure, one must compute the absolute value of the Jacobian
determinant, namely
d 3 - 1) (Y3 —1)"2
dudw = ‘M’ dG dys = y3(y1 ) 02 =D Gy (3.22)
A(ys, G) yiys + 3 — 20152436

To ensure that only positive values of (w?—1)*"#~1 are taken we must restrict G € (1, A) where A is defined
using (3.16). One uses Lemma 3.10 to compute the integral over G. The restriction on the parameters is
obtained by performing an asymptotic analysis of the integrand about the singularity at large values of z3.
Simplification completes the proof. O

Remark 30. For Theorem 29, due to the restrictions on parameters, there are no solutions for v = 0, 1.
However, there are solutions for v € N such that v > 2, namely for Ra > —%.

Remark 31. As Koornwinder noted in [22, (3)], the variable Z in the addition formula for Jacobi polynomials
can be written in the trigonometric context as Z = 2|cos 0 cos 6 +7€e'? gin 01 sin 6, |2—1. This observation was
used in [14, p. 255] by Flensted-Jensen and Koornwinder with the transformation of variables e’X cosh t3 =
cosh t; cosh ty + sinh ¢y sinh to re®” from (r, ) to (t3, x) in their analytic derivation of the Gasper’s product

formula (1.1). The transformation used by Durand in [8, (2.9)],

9 cosh t3 = cosh t; cosh ty + sinh ¢; sinh t5 cosh 1) e?, (3.23)
e 9 coshtg = cosh ty cosh ta + sinh t; sinh t5 cosh ¢ e ?, (3.24)
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generalizes Koornwinder’s transformation to the completely hyperbolic context. When the two equations
(3.23), (3.24) are multiplied together, one obtains (cosht3)? = (Z + 1)/2, while the ratio of the equations
determines e9. After this transformation, the integral over g can be performed giving Lemma 27 in the
form in (3.12), and the initial double integral reduced to a single integral over t3. In order to simplify the
computations and to avoid the use of inverse hyperbolic functions, we have adopted an algebraic formalism
by making the replacements y; = cosh ¢y, yo = cosh ts, y3 = cosh t3, u = cosh ¢ and w = cosh i), G = cosh g.
The integration variables ¢,,t3,9 € (0,00) and therefore u,w,y3, G € (1,00). By choosing e*® = u +
Vu2 —1, et = G £ +/G? — 1, and the above replacements, the transformations (3.17), (3.18) are readily
obtained.

By using the transformation of a Jacobi function of the second kind in the hyperbolic context to a Jacobi
function of the first kind in the trigonometric context (13), we can obtain a product integral representation
for a product of two Jacobi functions of the first kind in the trigonometric context.

Theorem 32. Let o, B,y € C*, 1,22 € C \ ((—00, —1] U (1,00)), R(B+7) <0, RB > —1. Then

P (242 — 1)P) (242 — 1) = 2%%(a + 29)(a + 2y + DI (B)T (e + 27) 1 1
! ! D(y+ D(=8 = 1T (e + 28 + 2y + 1) (2122)*7 (1 — 27)2(1 — 23) 2~
1

x / PR (222 — 1) 23(1 — 23)z (B2 — 1)P~2C0,, 1 (B) dus, (3.25)
zqtzo
Ttzzg

where

2 2 2 22,3
2 —x] — x5 — x5 + x{T573

2¢/(1—af) (1~ 23)(1 - a3)

Proof. First apply the transformation (13) to the Jacobi functions of the second kind on the left-hand side
of (3.14) and also to the Jacobi function of the second kind in the integrand on the right-hand side. After
applying this transformation replace the parameters {v, a, 8} — {a+7, 8, —a— 8 — 2y —1}. Then make the

B := B(x1,x9,23) :=

(3.26)

argument replacements y, = (1 — xﬁ)_% for k =1,2,3, or z, = (y; — 1)%/yk. Then the arguments of the
resulting Jacobi functions of the first kind become 235% —1for k=1,2,3. As y3 — oo, then 3 — 1, and the
other endpoint of integration becomes (x1 + x2)/(1 4+ z122). To obtain the double integral representation
in terms of the Gegenbauer function of the first kind use the Whipple transformation (2.27) but instead
write z = B/v/B2 — 1 and utilize the Szegé transformation [2, (1), See also Appendix A]. This produces a
Gegenbauer function of the first kind with degree given by —a — 25 — 2y — 1 which can be converted to one
with degree with o + 2y + 1 by using the transformation (2.22). In order to obtain the restriction on the
parameters, perform an asymptotic analysis of the integrand about the singularity at X3 ~ 1. Simplification
completes the proof. O

Remark 33. Given the constraints on the parameters in Theorem 32, for v = 0 the integral representation
converges for —% < RS < 0. However, there does not exist any solutions for the parameters with v € N,
so the above double integral representation for the Jacobi function of the first kind in the trigonometric
context does not provide a double integral representation for Jacobi polynomials.

By starting with the integral representation given in Theorem 32, we can also obtain an integral repre-
sentation for a product of two Jacobi functions of the first kind in the hyperbolic context by utilizing the
transformation 14.



22 H.S. Cohl, L. Durand / J. Math. Anal. Appl. 559 (2026) 130450

Theorem 34. Let y1,y2 € C\ (—o0,1], a, 8,7 € C*, Rla+v),R(a++7) > -1, Rla++2y) < —%.
Then

PP 2y — 1) PSP (245 — 1)
B MNa+2y+2)I'(—a—F—2y—1)
220426472 (y + D) (@ + B+ 7 + DT (—a = 28 — 2y — 1) (yry2) 2042042 (yf — 1)3°(y3 — 1)@

y1y2+1
y1t+y2

a (y2_1)%(a72) o B—2my— 3 ~— 29+1
B R e e R I CE
3

—

where

1— vy — yiy3 — y3u3 + 2070303
25123/ (7 — (w3 — 1)(y3 — 1)

Proof. First apply the transformation 14 to the Jacobi functions of the first kind on the left-hand side of
(3.25) and also to the Jacobi function of the first kind in the integrand on the right-hand side. After applying

C:=Cy1,y2,y3) = (3.28)

this transformation replace the parameter 8 — —f3—2vy—1. Then make the argument replacements y; = x;l
for k = 1,2,3. Then the arguments of the resulting Jacobi functions of the first kind in the hyperbolic
context become 2y7 — 1 for k = 1,2,3. As 3 — 1, then y3 — 1. The other endpoint of integration becomes
(y1y2 +1)/(y1 + y2). In order to obtain the restriction on the parameters, perform asymptotic analysis of
the integrand about that singularity at ys ~ 1. Simplification completes the proof. O

Remark 35. Given the constraints on the parameters in Theorem 34, for v = 0 the integral representation
converges for Ra > —1, and R(—a — 1) < RB < R(—a — 1). However, there does not exist any solutions for
the parameters with v € N, so the above double integral representation for the Jacobi function of the first
kind in the hyperbolic context does not provide a double integral representation for Jacobi polynomials.

4. Integral representations for products of Gegenbauer and associated Legendre functions

First we can obtain a double integral representation of a product of two associated Legendre functions
of the second kind.

Corollary 36. Let z1,22 € C\ (=00, 1], v, u € C*, such that R(v — u) > —1. Then

OM )@l (zg) = SVEL A B D) ()t
z z =
P D DL - p 1) (5 - 13— 1)
oo 22 Z2 Z:z— Mil
< sz>(ﬁ£;31_%) - (4.1)
R ) |
z122+

Proof. Start with Theorem 29, and in particular (3.15), and set 8 = «, then apply (2.78) to the Jacobi
functions of the second kind on the left-hand side and as well the Jacobi function of the second kind on the
right-hand side. Then make the transformation yi — +/(zx + 1)/2, for k = 1,2, 3. This maps the arguments
of the associated Legendre functions of the second kind to the original variables zj in (1.4). The associated
Legendre function QZ—l can be expressed as an algebraic function using Lemma 3. In order to obtain the
restriction on the parameters, perform an asymptotic analysis of the leading term as z3 — oo. Simplification
completes the proof. O
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We can also obtain an integral representation of a product of two Gegenbauer functions of the second kind.

Corollary 37. Let z1,2z9 € C\ (—00,1], v,u € C*, such that R(A + 2a) > 0. Then

o o e T(\ + 20)
D3 (21) D3 (22) = o1 2/ 2 1.2 _1
220710 (A + 1)[D(a) 2 (27 — 1) 72 (25 — 1)*72
X / DS (23) (z% + 22 + 25 — 2212923 — 1)0‘71 dzs. (4.2)

z122+/( %—1

Proof. Start with Theorem 29, (3.15), with 8 = «, make the change of variables yi, — /(2 + 1)/2, and use
(2.81) on both sides of the equation with appropriate substitutions of the parameter v — A. Alternatively,
start with (4.1) and replace the associated Legendre functions with Gegenbauer functions of the second
kind on both sides of the equation using (2.17) and making appropriate substitutions of the variables
{v,u} — {\ a}. An asymptotic analysis of the integrand as z3 — oo provides the restrictions on the
parameters. Simplification completes the proof. O

Remark 38. The result in (37) follows directly from Durand’s product formula for two Ds in (1.2) by
replacing the integration variable t by z3 = 2122 + t\/27 — 13/22 — 1. That product formula was derived
directly starting with the extension of Gegenbauer’s addition formula for C{ (2122 + t\/1 — 274/1 — 23) to
the corresponding formula for a D, and is independent of the double integral expressions considered above.

We also have an integral representation of a product of two Gegenbauer functions of the first kind in the
trigonometric context.

Corollary 39. Let 21,22 € C\ ((—00, —1] U [1,00)), A, € C*, such that (A + 2a) > 0, R\ < 4. Then

CX(21)CX (22)

B “22/AT(GA + o+ 3) [ la-3
SR et T | SR Ban, @

@) by
1+zqzo

where B is defined in (3.26), namely,

2 2 2 2,.2,.3
_ 2-—ux7 — x5 — a3+ xya30y

2T 231 —ad)

(4.4)

Proof. Start with (3.25) and set 3 = 3 and substitute (2.76). In order to obtain the restriction on the

parameters, perform Taylor expansion of the integrand about the singularity at x3 ~ 1. This completes the
proof. 0O

1
Note the interesting consequential formula if v = § using [6, (18.7.9)], Ci? (z) = P, (z), namely

1
—2°1(4 sA+1) 2 —x? — 23 — 22 + 232323
Prx(z1)Pa(z2) = =7 / Pa(z3)(1 —23) 7' Py 278 L1728 ) (g,
INCYINCIEE) 21— 22)(1—22)(1 — 22)

z1+xo
Tz 2o
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where Py is the Ferrers function of the first kind. This formula is a special case p = 0 of the following
integral representation of a product of two Ferrers functions of the first kind.

Corollary 40. Let x1,29 € C\ ((—o0,—1] U [1,00)), v, u € C*, such that R(p +v) > =1, R(p —v) > —2.
Then

211 /7
L(3(u—v)T(5(v+p+1))

1
/ 1—a2)p, [ 22 ks Tk sk G W NN (4.6)
2/(1 —})(1 — 23)(1 — a3)

Pl (x1)P, " (22) =

z1+tzg
Tfzizo

Proof. Start with Corollary 39 and replace the Gegenbauer functions of the first kind in the trigonometric
context with Ferrers functions of the first kind using (2.38). By replacing parameters accordingly the result
follows. In order to obtain the restriction on the parameters, perform Taylor expansion of the integrand
about the singularity at X3 ~ 1. This completes the proof. O

Corollary 41. Let z1,20 € C \ (=00, 1], A, € C*, such that ®(\ + 2a) > 0. Then

cos(m(A+ a) )TN+ a+ 3)

Ca Ca 1 1 1 1
R Oi () = 202 /T T(A + DD(a)(z120) 02 (22 — 1)2973 (22 — 1)2% 3
z129+1
z1+z2 ( 9 1>lo¢—§
z&8 — 2 1
X / C;\X(Z:g)s/\_i_T%(C —-1)" “A-a—3 2 dzs, (4.7)
1 3

where C' = C(z1, 22, 23) is given by (3.28).

Proof. Start with Theorem 34, set 3 = —1 and utilize (2.73). This converts the product of two Jacobi
functions of the first kind on the left-hand side to products of Gegenbauer functions of the first kind and
the Jacobi function of the first kind in the integrand to a Gegenbauer function of the first kind using (2.75).
Now set {7, a} — {1, a—3}. The Gegenbauer function of the first kind with argument C' can be simplified
using Lemma 3.9. In order to obtain the restriction on the parameters, perform an asymptotic analysis of
the integrand about the singularity at z3 ~ 1. Simplifying completes the proof. O

By starting with Theorem 41 and replacing the Gegenbauer functions of the first kind with associated
Legendre functions of the first kind using (2.8), we obtain the following result.

Corollary 42. Let 21,29 € C \ (—00, 1], v,u € C*, such that R(v + u) > —3. Then

1+2zq929
z1+z2

sin(wu)l" v+1) / - 1)_”—1
F(l/ +u+1 2122 V+1

Py (z1) P M (22) =

1

where C is given by (3.28).

Proof. First start with Theorem 41 and then replace the Gegenbauer functions of the first kind on both
sides of the equation with associated Legendre functions of the first kind using (2.8). In order to obtain
the restriction on the parameters, perform an asymptotic analysis of the integrand about the singularity at
z3 ~ 1. This completes the proof. O
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5. Single function integral representations and Bateman-type expansions

One can derive a Laplace-type integral representation in the flavor of [14, (4.3)] for the Jacobi function
of the second kind by taking the asymptotic limit of both sides of (3.3) as y — oo.

Corollary 43. Let A\, u,v,a,8 € C*, z € C\ (—o0,1]. Then one has the following Laplace-type integral
representation of the Jacobi function of the second kind,
(2 — 1)/\+%u(2 + 1)%"@20‘_';2_)‘:“’[3“‘)(@
_ 2RI+ DE(p+ DE(a+y + DI (a+ B+ +1)
Tla=B8+NT 28+ l(y—A—p+ 1) (a+B8+7y+A+pu+1)

rr —p— 2,3+H+1 2 1 a—pB—1 2 1 B*l
X //P)(\a B 1,B+H)(2w2 _ 1)05($) w (w i ) (x ) p) duw da. (5.1)
11 (2 + V22 — Law + (2 — 1)(w? — 1))otB+r+1

Proof. Starting with (3.3), taking the asymptotic limit as y — oo of both sides using (2.52) and simplifying
completes the proof. 0O

The simpler case of the Laplace-type integral with A = u = 0 was give in [8, (2.15)].
Given this Laplace-type integral representation, we are able to obtain a Bateman-type sum for a product
of two Jacobi functions of the second kind.

Theorem 44. Let z,y € C*\ (—o0,1], A\, u, 0, 8 € C. Then

Q(a+2)‘+ﬂ76+ﬂ)( )Q(a+2)‘+ﬂ B+u) (y) _ F(a + Yy + A+ ].)F(B + vy — A+ 1) 2 a+B+y+A+p+1
YA YA 2T (a+B+2v+2) T+y
xi Y= A—p+ D@+ B+y+A+p+1) [ 2 ’“Q(QHHMMM) 1+ay 5.2
(a+ B+ 2y + 2) k! T+y YTA—ptk z+y ) ’

=0

Proof. First start with Durand’s integral representation for a product of two Jacobi functions of the second
kind (3.3) and then expanding the Jacobi function of the second kind as an infinite series over k € Ny using
its hypergeometric representation (2.51). One then is able to evaluate the double integral for each term of
the infinite series using the Laplace-type integral representation for the Jacobi function of the second kind
(5.1) which completes the proof. O

By starting with (5.2) we are able to derive a Bateman-type sum for a product of two Gegenbauer functions
of the second kind.

Corollary 45. Let v,a,u € C, x,y € C\ (—o0,1]. Then one has the following Bateman-type sum for
Gegenbauer functions of the second kind, namely

oI (20 4 + p)
2WFH AT (o + @) (a+ 7 + 1)

xi TR T CH_ﬁH_l)k 9 2a+"/+ﬂ+kDa+# 1+a2y (5.3)
pars (200 + 2y + 1) k! Tty vtk g4y )7 ’

DY (@)D (y) =

Proof. Start with (5.2) and set A = 0 followed by 3, + o — 5. Then utilizing (2.81) three times completes
the proof. O
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Therefore, one also has a Bateman-type sum for associated Legendre functions of the second kind using
(2.15),

e te) ST T (v 4 p+ 20 + 1)

pto p-o —
@t (@)Quialy) = 2202 (y + o + 2)
Z(v—p+ (v +a+1) 2 \Vtetktl st 1+zy
x> ] Aol —— . (5.4)
= (2v + 2a + 2) k! Tty T+y

By examining the behavior of Theorem 29 near the singularity at zo ~ 1, we can obtain the following
integral representation of a Jacobi function of the second kind.

Theorem 46. Let z € C \ (—00,1], a, 8,7 € C*, such that Ra > 0, Ry, R(y+B8) > -1, B# -1, a+v,a+
B+~ ¢&—N. Then

efiw(ﬁ+%)2a+ﬁ+1\/7_rr(ﬁ+%)F(a+7+1)F(a+ﬂ+,y+1)za7ﬁfl
T(@T(y + DT+ BL(B + 7 + D=2 — 1)

QLA (227 — 1) =

o0
(e, ) 2 a+p3 2 s(a=B-1) B+3 E
X /Q7 (2w — Nw*? (E? —1)2 D, % 4 T dw, (5.5)
4
2o I (a+ v+ Dl (a+ B+ y + 1)z 71
Fa)(vy+ D)(a+B)T(B+v+1)(22 - 1)
T Lia— E
« /ngaﬁ) (2’(1)2 o 1)wa+ﬁ (E2 _ 1) é( 1) ngl (ﬁ) dw, (56)
where
22 4+ w?
FE:=F = . 5.7
() = S50 (57)

Proof. Start with Theorem 29 and examine the behavior of both sides if z5 is near the singularity at unity,
namely let zo = 1 + ¢ with € < 1 and utilize (2.53), noting that then 222 — 1 ~ 1 + 4e. This asymptotic
analysis requires S > 0. Let y3 = w. As € — 07 then A(yi,y2,w) ~ E(z,w) and the lower bound of
integration becomes z; := z. Then from (3.14) we obtain (5.5) and from (3.15) we obtain (5.6), where
we have used (2.11). Performing an asymptotic analysis as w — oo of the integrand and removing the
singularities of the gamma functions in the pre-factor completes the proof. O

Remark 47. The integral representation for the Jacobi function of the second kind given in Theorem 46
(taking into account the restriction on parameters), exists for v € Ny as long as o > 0 and 5 < —1.

By examining the behavior of the product of two Jacobi functions of the first kind as zo — oo we can obtain
an integral representation of a Jacobi function of the first kind.

Theorem 48. Let z € C\(—o0,1], o, 8,7 € C*, such that R(a+7v) > 0, R(a+L+7) > 0, R(—a—F-2y—1) >
0, a+2y+2,a+28+2y+2¢ —Ny. Then
a,f 2
Pleof) (222 — 1)

_ msin(m(a + 28 4+ 29))['(a + 2y + 2)T(a + 26 + 27 + 2)
220428+ 2 gin (1) sin(7(B + ) T(y + DIN(a +v+ DI(B+~y+ DI (a+ B+ + 1)
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1 i (w? — 1)%(0472)
(a,8) 2 _
% ZOT26+27+2 (52 1)%(1 /P’Y (2w 1) wet2v+1
1

(w? 1) RO T W) de,

(5.8)

where

222w2 — 22 —w?

wi=u(zw) = 22w/ (22 = 1)(w? — 1)

. (5.9)
Proof. Start with Theorem 34 and set z = z1. Then examine the asymptotic behavior as |z2] — oo on both
sides of the equation. Using (2.47) on the left-hand side requires that ®(—a —  — 2y — 1) > 0. On the
right-hand side as z — oo, C' +— u and all terms proportional to zo cancel. The remaining restrictions on
parameters come from performing an asymptotic analysis of the integrand near the singularity at w = 1 and
removing the singularities of the numerator gamma functions in the prefactor. This completes the proof. O

Remark 49. Due to the restriction on parameters, note that the integral representation of the Jacobi function
of the first kind given in Theorem 48, does not exist for v = n € Ny. So this integral representation does

not correspond to an integral representation for Jacobi polynomials.

We can also obtain an integral representation of a Jacobi function of the first kind in the trigonometric
context by examining the asymptotic behavior of Theorem 32 as s ~ —1.

Theorem 50. Let a, 3,7 € C*, 2 € C\ ((—o0, —1]U (1,00)), BB >0, R(B+~) <0, R(a+~) > —1. Then

2% sin(w(8+ )T (a+2y+ 2T (B+y+ D@+ B+v+1)
sin(ry)0(y + DT (a + v + DT (a + 28 + 2y + 1)228 (1 — 22) 2@

a, 2 —
Pg 2% —1) =
1
—1
x / P22 — 1)i(1 - 1332 (62 -1)"72 ¢f, 1, (G) dt, (5.10)

where

2 — 2 —t?
G :=G(z,t) = Nl (5.11)

Proof. Start with Theorem 32 and examine the asymptotic behavior near the singularity at x5 ~ —1. Take
xo ~ —1++/¢, and use (2.64). On the right-hand side B — G and all the factors of € cancel. The restrictions
on the parameters comes from performing an asymptotic analysis at the endpoints of the integral and from
removing the singularities of the gamma function. Simplification completes the proof. 0O

Remark 51. Due to the restriction on parameters, note that the integral representation of the Jacobi function
of the first kind given in Theorem 50, does not exist for v = n € Ny. So this integral representation cannot
correspond to an integral representation for Jacobi polynomials.

By analyzing the asymptotic behavior as zo ~ 1 in (4.1), we can obtain an integral representation of an
associated Legendre function of the second kind.
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Theorem 52. Let z € C \ (—o0,1], v,u € C*, such that Ru > 0, R(v — u) > —1. Then

B Fv+pu+1) )2“ 1
Q(z) = F@AT it (2 1)k /Q“ w0 Dk dw. (5.12)

Proof. Start with (4.1) and perform an asymptotic analysis of Q¥ (z2) as z2 ~ 1 + € using (2.21). Simplifi-
cation completes the proof. O

Theorem 53. Let z € C \ (—o0, 1], A\, a € C*, such that R(A + 2a) > 0, R(2A + 2a) < 0. Then

sin(2m(A 4+ a))L(2A + 2a + 1)(z% — 1)3A+D)

CS(z) =
3() sin(rA)C(A + DT(A + 20)
z X (w2 . 1)%()\4»20472)
x/C’A (w) - ~I@rarD) dw. (5.13)
1 (2z2w2 — 22 —w? —2zw(z2 —1)2 (w? — 1)5)

Proof. Start with Theorem 48 and set 3 = —3. Then use (2.75) to write the Jacobi functions of the first
kind in terms of Gegenbauer functions of the first kind. The constraints on the parameters are inherited
from Theorem 41. Simplification completes the proof. 0O

Theorem 54. Let z € C \ (—o00,1], v, € C*, such that Rv < —1, R(v + p) > —2. Then

PrH(z) =

v

dw.

sin(270)T(2v + 2) (22 — 1)50+D) /Z P (w)(w? — 1) 4+
sin(m(p—v)I'(v+p+T'(v—p+1) (( . 2 v+l
1 (2w — (2= 1)k (w —1)) —1)

Proof. Start with Theorem 53 and replace the Gegenbauer functions of the first kind with associated

=

(5.14)

Legendre functions of the first kind. Rearranging parameters and inheriting parameter constraints from
Corollary 48 completes the proof. O

Theorem 55. Let \,a € C*, x € C\ ((—o00,—1] U (1,00)), RA < 0, R(A+ 2a) > 0. Then

1
Co () = —2tan(37ANL(EN+ a+ HT(EA+1) /C D1 —2) la-ip 2 — % —t? d
> LA+ a3 <A+1 Memr e/ -1 - &)

(5.15)

Proof. Start with Theorem 50 and set 3 = 1. Then use (2.76) to write the Jacobi functions of the first kind
in the trigonometric context on both sides of the equation in terms of Gegenbauer functions of the first
kind in the trigonometric context. Then make the replacements (v, @) — (§A — 3, — 3). To determine the
restrictions on the parameters perform an asymptotic analysis as the integration variable approaches the

endpoints of integration and removing the singularities of the numerator gamma functions. O

Theorem 56. Let v,u € C*, z € C\ ((—o0,—1] U (1,00)), R(p+v) > =3, R(uw —v) > 0. Then

PL¥ (@) =

1
2(v — p)L ()0 () / 1
11—

— 2 — 2?2 2
(1/ — - 1)F(M—g+2)r(u+g+1) PV (t)Py <2 (1 — $2)(1 = t2)> dt. (516)
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Proof. Start with Theorem 55 and use the identity (2.38) to convert the Gegenbauer functions of the first
kind on both sides of the equation in terms of Ferrers functions of the first kind. The restrictions on the
parameter values comes from performing an asymptotic analysis of the integrand as the integration variable
approaches the endpoints. Simplification completes the proof. O

6. Nicholson-type formulas

Nicholson-type formulas generalize the relation e*®e~* = sin2x + cos?z for trigonometric functions to
other special functions. The original such formula, derived by J. W. Nicholson in 1910 for the case of Bessel
functions [24,25], has been used to investigate a number of properties of those functions [28, §§13.73-13.75].
In 1971 Durand [7] obtained Nicholson-type expressions for Gegenbauer and Legendre function which led
through a confluent limit to a generalization of Nicholson’s formula for Bessel functions, and in a different
limit, to corresponding results for Hermite functions. The results on Legendre functions were used in [7]
to derive various monotonicity properties of, and bounds on, those functions as well as some asymptotic
results. However, the analysis is clearly not complete compared to that of the Bessel functions, and the
Gegenbauer and Hermite functions were not considered in detail. Durand extended his results in 1978 to
the case of Jacobi functions in a double-integral form [8, (2.13), (2.14)], and to the case of Laguerre functions
using a confluent limit of his kernel expression for the product of two Jacobi functions of the second kind
8, (4.12)].

In this section we will derive a single-integral Nicholson-type formula for Jacobi functions from the
corrected kernel form of the Q@ product formula for Jacobi functions of the second kind in Theorem 29.
This leads directly to similar Nicholson-type formulas for Legendre and Gegenbauer functions which were
derived originally from the DD product formula for two Gegenbauer functions of the second kind, [7, (13)].
We then use an appropriate confluent limit on the Q@ formula to obtain the Nicholson-type expression for
Laguerre functions. Since the error in Durand’s kernel formula was in the lower limit of integration in the
z1, 29 version of Theorem 29 which he gave as 1 instead of z125 + \/zf — 1«/25 —1 (0 instead of 1 + to
in the hyperbolic variables used in [8]), and the confluent limit drives z; — 1, z, — 1, the results for the
Laguerre functions given in [8, (4.10), (4.12)] are unchanged.

6.1. Nicholson-type results for Jacobi functions

Our preceding analysis leads to the following Nicholson-type formula for Jacobi functions in the trigono-
metric context which is in kernel form and involves an integral over a Jacobi function of the second kind
multiplied by either a Gegenbauer or associated Legendre function of the second kind.

Theorem 57. Let y,a, 8 € C, x € C\ ((—00,1]U[1,00)]). Then

, e D) /r 2ot 4 T+ + 1)
B T(y+ DI (a+ B)(1 —z)2

Q@)+ P )

x”/cﬁﬂﬁkuouu_1>wf‘1@u+1ﬂ%1—2x2+wwa‘5*£€i5_1(
1

1422 +w dw
Vw—=1)(1—222 +w)
(6.1)

e"i™20H ST (o + v + 1)
Iy + DI (a+ B)(1 —z)?*(1 + z)”

Vw—1)(1 =222+ w)> dw. (6.2)

B
2

X/Qymmww_n%ﬂw+w<L4f+wf*Qil<
1
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Proof. The key result which provides Nicholson-type relations for Jacobi functions in the trigonometric
context is [8, (2.12)], namely

Q) (o +10)Q0 (2 — i0) = (@D (@) + TP @) (63)

We can directly apply this to Theorem 29. First make the replacement 2y? — 1, 2y2 — 1 + z1, 2o, then make
the change of integration 2y3 — 1 — w. Using these replacements, the lower bound of integration becomes
unity and the upper bound of integration remains the same. Then making the replacements z; — x + 40,
29 — x — 10 and using the rules (2.34) completes the proof. O

By starting with (6.2), and setting S = « in the above theorem and taking advantage of Lemma 3, we
can easily obtain a Nicholson-type formula for Ferrers functions. This leads to the following result.

Theorem 58. Let v, € C, z € C\ ((—o0,1] U[1,00)). Then

\/—eZﬂ'N I l)uTil 1
B 20T (e + (1 —a?)m Q" (w+ 1)% (1- 2a% + w)" 7 dw. (6.4)
1

Proof. Start with (6.2) and set 8 = «. Then the associated Legendre function of the second kind in the
integrand becomes an elementary function using Lemma 3. The Jacobi functions of the first and second
kind in the trigonometric context on the left-hand side become Ferrers functions of the first and second
kind using (2.70), (2.90). Combining common terms on the left-hand side and simplifying completes the
proof. 0O

An obvious consequence of the Theorem 58 by setting u — 0 is the following Nicholson-type formula for
Legendre functions in the trigonometric context:

[Qu(2)) + / Qu(w)1= Zx_;f)z dw (6.5)

where the integral is over the Legendre function of the second kind in the hyperbolic context. This Nicholson-
type formula was derived in [7, p.153, (18a)] and [8, 3.12:)], and is included in [6, (18.17.7)] along with the
corresponding result for Hermite functions from [7, (52)] in [6, (18.17.8)]. The degrees in those formulas are
not required to be integer. By using the relations between Ferrers functions and Gegenbauer functions in
the trigonometric context (2.38), (2.39), we can obtain from Theorem 58 a Nicholson-type integral formula
for Gegenbauer functions in the trigonometric context, the form in which the results were originally derived
in [7].

Theorem 59. Let \,a € C, z € C\ ((—o0,1] U [1,00)). Then

[C(@))* + DS ()]

oo
e (X + 2a) 1 9 1
= . - /D —1)* (1 =22 + w)* " dw. (6.6)
1

22030 (a)2T(A + 1)(1 — 22)20—
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Proof. Start with Theorem 58 and convert the Ferrers functions on the left-hand side to Gegenbauer func-
tions in the trigonometric context using Theorem 6. Shifting parameters and simplifying completes the
proof. O

This result is a form of the Nicholson-type formula for Gegenbauer functions derived directly from the DD
product formula for the Gegenbauer function of the second kind [7, (18a)].

6.2. Nicholson-type results for Laguerre functions

As described in [8, §4], one can obtain Laguerre functions as a confluent limit of Jacobi functions. As
with Jacobi functions, there are Laguerre functions in the hyperbolic context of the first and second kind,
LS, N5, which are well-defined for 2z € C \ [0, 00) with L5 (z) entire and N5 (2) cut along the positive 2z axis
with z taking its principal phase arg z € (0, 27). These are defined as [8, (4.1), (4.2)]

o Tla+~+1) B _ Tla+vy+1) -y
L5 (z) == F(7+1)F(a+1)M( v,a+1,z) = F('y+1)I‘(a+l)1F1 at1'?) (6.7)
NS (z) = 3T (a+v+ DefU(a+v+ 1,0+ 1,—2), (6.8)
where —z := e~z and [6, (13.2.42)]
. T(1-b) a r'b-—1) 1, a—b+1
U(a,b,z).—F(a_b+1)1F1(b,z)+ ra 7 Bl ) (6.9)

is the Kummer confluent hypergeometric function of the second kind. These correspond to confluent limits
of the Jacobi functions, namely [8, (4.3), (4.4)]

i 2% 2z
a — 1i (0475)( —um ) « — 1 (a,ﬁ)( —im )
L5() = Jim PO (14 m2) Ni() = Jim @ (14 7). (6.10)

where the phase of —22/8 = =22/ is chosen to map values of z = x +i0, z = xe*™*

—im

, on the upper (lower)
sides of the cut in N9(z) to points z — 1 = ze™ "™ and z — 1 = ze'™ on the cut in Q(f"ﬁ)(z) from 1 to —oo.
Finally, the Laguerre functions of the first and second kind on the positive real axis are defined for = € [0, o),

as [8, (4.5), (4.6)]

LS (2) := — ("N (z — i0) — e "N (z 4 i0)) (6.11)

NS (z) =

o= 3 | s

(N (x — i0) + e~ TN (x + i0)) . (6.12)
We now derive a product formula for Laguerre functions of the second kind.
Theorem 60. Let v, € C, Ra > 0, Ny > —1, 21,20 € C\ [0,00), arg z1,arg z5 € (0,27). Then

w2l a4y 4+ 1)

N ()N (z2) Ly + 1)(2122)%_i

Y Y

X /Nﬁj‘(zl + 29 + 24/Z122 cosh t)e " V*1#2 COShtIa,% (Vz1zzsinht) (sinht)*T2 dt.  (6.13)
0

Proof. This follows by making the replacements and change of variables in (3.15) as described in [8, §4.2],
namely {2y — 1,2y3 — 1,2y3 — 1} + {cosh 2t;, cosh 2t5, cosh 2¢; cosh 2¢5 + sinh 2¢; sinh 2¢5 cosh ¢}. Upon
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making these replacements and change of integration variable from z3 — ¢, the lower-limit of integration
vanishes. This leads to the following result

Qa—ge—”ﬁf(a + 7+ 1) (cotht; cothtz)”
I'(v+1)'(ew+B)  (cosht;coshty?

Qﬁf"m (cosh 2t1)Q(f"5) (cosh 2ty) =

X / QE/O"B) (cosh 2t; cosh 2t5 + sinh 2¢; sinh 2¢5 cosh t) (sinh ¢)®
0

cotht; cothts + cosht
sinh ¢

X (1 4 cosh 2t1 cosh 2t9 + sinh 2t1 sinh 2¢5 cosh ) g thl ( ) dt.  (6.14)

Then we proceed as in [8, §4.2], namely replacing {cosh 2t;,cosh 2to} +— {1 + 27721 /3,1 + 2~ 25/ 3},
and taking the limit as § — oo. It is useful to write the associated Legendre function of the second kind
in the integrand as a hypergeometric function using [6, (14.3.7)] and then we can use the confluent limit
[18, (1.4.3)] to write the Gauss hypergeometric function as a ¢F; and then convert it to a modified Bessel
function of the first kind using [6, (10.25.2)]. Alternatively and more directly, one can use the initial form of
Lemma 27 in (3.6); the confluent limit of the hypergeometric function in that expression gives the modified
Bessel function directly. Simplification completes the proof. O

Remark 61. The result in Theorem 60 was given in a somewhat different form in [8, (4.10)] in which the
argument of the Laguerre function inside the integral was written as (,/z1 + \/Z2)? + 4,/z125 sinh?(t/2)
to emphasize that there is a term that vanishes across the cut for z; = z, 2o = xe?™*. The present form
is simpler. We note also that I,_1(y/z122sinht) / (2122)% 7 is an even function of ,/z123 so is continuous
across the cut.

The Nicholson-type formula given for Laguerre functions on the positive real axis as given in [8, (4.12)]
follows from Theorem 60 and the definitions (6.11) and (6.12) of the Laguerre functions on the cut by

taking z; = ze®® and zp = xe®™ giving
a 2 7T2 « 2 « . a .
NS @))? + - LS )2 = NS (o + )N (2 — i0)
(o)
/ (22(1 — cosht))e xCOShtIa_%(:c sinh ) (sinh t)o‘+% dt, (6.15)
0

_ Val(a +7+1
L(y+1)

where z € (0,00) and R(y + 1) > 0, Ra > 0 in agreement with [8, (4.10)-(4.12)]. We note that
N 27971 for z — oo [6, (13.2.6)] so that the apparent exponential divergence in the factor

a:cosht]
«

e _1(wsinht) is canceled by the behavior of NY. The integral converges for (v +1) > 0.

6.3. Remark

The above results can be extended to Bessel and Hermite functions by considering appropriate conformal
limits. The results for Gegenbauer functions are described in [7]. We will not present those results here, but
please note that they are also unaffected by the error in the lower limit of integration in the kernel form
of the Jacobi QQ product formula in that reference. Some applications of the Nicholson-type formulas for
Legendre and Gegenbauer functions are given in that reference, but the analysis there is clearly incomplete.
We are not aware of any use of the results on Jacobi and Laguerre functions to obtain results on those
functions analogous to those obtained on Legendre and Gegenbauer [7, §5] or Bessel [28, §§13.73-13.75],
where we note that the direct proof of the basic formula without the product formula is quite difficult.
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7. Concluding remarks and discussion

We have been concerned in this paper with the derivation and application of a kernel-type integral
representation for the product of two Jacobi functions nya,ﬁ )(z) of the second kind. The group-theoretical
background of product formulas of this type for the functions of the first kind, and their importance in the
theory of Jacobi series was sketched in Section 1, where we also reviewed Durand’s derivation of the product
formula for Gegenbauer functions of the second kind. Koornwinder’s original derivation of the product
formula for two Jacobi functions of the first kind, subsequently reformulated purely analytically in single-
integral kernel form in [14, §4], was based on the representation theory for Lie groups. Group-theoretical
arguments based on unitary representations of Lie groups do not apply directly to the functions of the
second kind. However, the functions of the first and second kinds satisfy the same differential recurrence
relations corresponding to the Lie algebras of the associated groups, implying that their product formulas
must have the same structure and coefficients; this was established in [8]. This similarity appears throughout
the paper.

In Section 2 of the paper, we collected a number of results on the Jacobi, Gegenbauer, Legendre, and
Ferrers functions of the first and second kinds and their interrelations which are needed in the following
sections. These include the properties of the functions in both the hyperbolic and trigonometric contexts
for their arguments, their limiting behaviors, and some specializations of the functions.

Section 3 of the paper begins with Durand’s double-integral representation for the product of two Jacobi
functions of the second kind, Theorem 25. Following the proof of the necessary Lemma 27, we put the result
in single-integral kernel form in Theorem 29. We give the derivation of this result in detail using algebraic
variables rather than the hyperbolic variables used in [8, (2.10)]; see Remark 31. The result in Theorem 29
differs from that in [8, (2.5)] in the lower limit of integration in the remaining integral and an extraneous
factor 2°~2 in the latter. We give alternative versions of the kernel obtained using the results in Lemma 27
expressed in terms of Gegenbauer or Legendre functions of the second kind rather than the original hy-
pergeometric function, making the analytic continuation required in the original expression explicit. This
continuation was not discussed in [8]. Section 3 concludes with the use of the unusual transformations be-
tween Jacobi functions of the second and first kinds established in Theorems 13 and 14 to derive unexpected
PP product formulas for functions of the first kind in both the trigonometric context, Theorem 32, and the
hyperbolic context, Theorem 34.

We extend the results on the QQ and PP products of Jacobi functions of the second and first kinds in
Section 3 to the cases of Legendre and Gegenbauer functions in Corollary 36 and Corollary 37, in Section 4.
Single-integral product formulas for these functions of the second kind were derived earlier and exploited
in [7] using a quite different method. Those formulas are easily converted to kernel form. The results
agree with those obtained here, a useful check. Durand’s results [7] are extended here using the results in
Theorems 13 and 14 to obtain product formulas for Gegenbauer and Legendre functions of the first kind
in the trigonometric and hyperbolic contexts, Corollaries 39 and 41, with similar results for the Legendre
functions, Corollaries 40 and 42.

We use these results in Section 5 to obtain a Laplace-type integral representation for the Jacobi functions
of the second kind in Corollary 43. Expansion of that result leads to the Bateman-type series for the product
of two Jacobi functions of the second kind in Theorem 44, extended to Gegenbauer and Legendre functions
in Corollary 45. By considering the limiting behavior of these results for one of the variables approaching oo
or £1, we then obtain a number of new integral representations for the Jacobi, Legendre, and Gegenbauer
functions of the first and second kinds for variables in both the hyperbolic and trigonometric contexts,
Theorems 46 to 5H6.

In Section 6 we derive Nicholson-type relations for the Jacobi, Gegenbauer, Legendre and Laguerre func-
—1T

tions. As discussed above, these relations generalize the relation e?e~* = sin 2z + cos 2z for trigonometric

functions to those special functions. The results for the Jacobi functions were obtained in [8, (2.13)] in
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double-integral form. They are derived here in single-integral form in Theorem 53 from the kernel form of
the QQ product formula. The relations for the Legendre and Gegenbauer functions [7] in Theorems 54 and
55 follow for special choices of the parameters.

Nicholson’s integral for Bessel functions follows as a confluent limit of Theorem 55 [8, §5.1]. This integral
has played an important role in the theory of Bessel function as discussed in [28, §§13.73-13.75]. Other
than limited results on Gegenbauer, Legendre, and Hermite functions in [7], no applications have yet been
made of the results presented here. Applications to Jacobi functions would be of particular interest. Other
implications of the Jacobi Q@ product formula and the properties of the corresponding kernel have clearly
not been investigated in full. The connection of that product formula relation to the underlying Lie group
structure should also be clarified.
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