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ERRATUM: PRODUCT FORMULAS AND NICHOLSON-TYPE
INTEGRALS FOR JACOBI FUNCTIONS*

HOWARD S. COHL' AND LOYAL DURAND#

Abstract. There are several errors in [SIAM J. Math. Anal., 9, 1, (1978), pp. 76-86]. In
particular, the kernel form for the integral representation of the product for two Jacobi functions of
the second kind in (2.10) has an incorrect lower-bound of integration and an incorrect multiplicative

1
factor of 27 2. There are also several typographical errors in the Nicholson-type formula for Jacobi
functions and Laguerre functions in the trigonometric context. In this erratum we explain what these
errors are and how they should be fixed.
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1. Errata. Durand (1978) [2] derived an integral representation in kernel form
for the product of two Jacobi functions of the second kind [2, (2.10)], where the def-
inition of the Jacobi function of the second kind can be found in [2, (2.2)]. Here
a kernel form for an integral representation of the product of two identical special
functions with different fixed arguments means that the integral is over a third iden-
tical special function with argument being the integration variable (e.g., [3], [4]).
In Durand’s kernel form, the left-hand side of the integral representation is

gla’ﬂ)(Cosh(2t1))Q£,,o"B)(cosh(2t2)) and the integral is over a third Jacobi function
of the second kind given by () (cosh(2t3)), where ®n > —1 and —3 < RB < Rov.
Since n need not be integer, we will make the replacement n + v in the following as
this seems more natural. The correct form of Durand’s kernel form is given by
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(1.1) QY (cosh(2t1))Q\) (cosh(2ts))

X (COSh t3)a+ﬁ sinh t3 dtg,
where [2, (2.11)]

h?¢ h?¢ h?ts —1
B.— B(tl,tg,tg) — coS 1+ cos 2 + cos 3
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The hypergeometric function given in (1.1) for |(1— B)/2| <1 is defined elsewhere by
analytic continuation in B.

The two errors which can be found in [2, (2.10)] are (1) the multiplicative factor
2%=2 should be removed, and (2) the lower limit of integration should be ¢1+t5 instead
of 0. The latter may be seen by noting that the minimum value Zi, := (coshs)min
which is attained from [2, (2.6)], namely,

1

Z:=Z(z1,20,7,t) = 2129 + (22 — 1)(22 — 1)}%7’t+ 5(21 —1)(z2 — 1)(r* = 1),

where z; = coshty, zo = coshty, Z =coshts, for r=1, t =1. This gives

Zmin = Z(coshty, coshts, 1,1) = (cosht3)min
= cosh ¢y coshty + sinh ¢y sinh to = cosh (¢1 + t2)

in terms of the hyperbolic variables. Another way to resolve the issue with respect
to the lower bound of integratlion is to integrate over t3 € (0,00) and instead replace
(B2 —1)**z with (B? — 1)i+5, where ¢ :=2*H(z) [1, (1.6.19)], where H(x) is the
Heaviside step function [1, (1.6.13)].

With regard to the Jacobi functions in the trigonometric context = € (—1,1)
[2, (2.3), (2.4)], in the Nicholson-type formula [2, (2.13)] one should replace: (1)
[Q%a’ﬂ)P with [ %a’m(x)]2 and (2) in the integrand on the right-hand side one should
replace r2/~1 with r2%+1 as in [2, (2.8)]. With regard to Laguerre functions of the
second kind [2, (4.2)], for the product formula [2, (4.10)] (1) one should replace
(VZ2++/22)? with (y/Z1 +/22)2, and (2) the argument (,/z1 +/22)? +4/Z1 22 sinh”
can be simplified to be z1 + 22 + 2,/21 22 cosht. With regard to Laguerre functions of
the first and second kind “on the cut” = € [0, 00) [2, (4.5), (4.6)], in the Nicholson-type
formula [2, (4.12)] the argument —4z sinh? L can be simplified to be 2z(1 — cosht).
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