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Multi-integral representations for Jacobi functions of the first and second
kind
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ABSTRACT
One may consider the generalization of Jacobi polynomials and the Jacobi function of the second
kind to a general function where the degree is allowed to be a complex number instead of a
non-negative integer. These functions are referred to as Jacobi functions. In a similar fashion as
associated Legendre functions, these break into two categories, functions which are analytically
continued from the real line segment ð−1, 1Þ and those analytically continued from the real ray
ð1,1Þ: Using properties of Gauss hypergeometric functions, we derive multi-derivative and multi-
integral representations for the Jacobi functions of the first and second kind.
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1. Preliminaries

Throughout this paper we adopt the following set nota-
tions: N0 :¼ f0g [ N ¼ f0, 1, 2, 3, . . .g, and C repre-
sents the complex numbers. The rising factorial
(Pochhammer symbol) for a 2 C, n 2 N0 is given by
(DLMF, (5.2.4), (5.2.5)) ðaÞn :¼ ðaÞðaþ 1Þ � � � ðaþ n − 1Þ:
The gamma function (DLMF, Chapter 5) is related to the
rising factorial, namely for a 2 Cn − N0, one has

ðaÞn ¼
Cðaþ nÞ
CðaÞ , (1)

which allows one to extend the definition to non-posi-
tive integer values of n. Some other properties of rising
factorials which we will use are (n, k 2 N0, n � k)

Cða − nÞ ¼ ð−1ÞnCðaÞ
ð1 − aÞn

, (2)

ð−nÞk ¼
ð−1Þkn!
ðn − kÞ! : (3)

One also has the following expression for the generalized
binomial coefficient for z 2 C, n 2 N0 (DLMF, (1.2.6))

z
n

� �
¼ ð−1Þnð−zÞn

n!
: (4)

We will also use the common notational product
conventions, al 2 C, l 2 N, r 2 N0, e.g.,

ða1, . . . , arÞk :¼ ða1Þkða2Þk � � � ðarÞk, (5)

Cða1, . . . , arÞ :¼ Cða1Þ � � �CðarÞ: (6)

The generalized hypergeometric function (DLMF,
Chapter 16) is defined by the infinite series (DLMF,
(16.2.1))

rFs
a1, . . . , ar
b1, . . . , bs

; z

� �
:¼
X1
k¼0

ða1, . . . , arÞk
ðb1, . . . , bsÞk

zk

k!
, (7)

where bj =2 − N0, for j 2 f1, . . . , sg; and elsewhere
by analytic continuation. Further define Olver’s
(scaled or regularized) generalized hypergeometric
series

rFs
a1, . . . , ar
b1, . . . , bs

; z

 !
:¼ 1

Cðb1, . . . , bsÞ rFs
a1, . . . , ar
b1, . . . , bs

; z

 !
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¼
X1
k¼0

ða1, . . . , arÞk
Cðb1 þ k, . . . , bs þ kÞ

zk

k!
, (8)

which is entire for all al, bj 2 C, l 2 f1, . . . , rg,
j 2 f1, . . . , sg: Both the generalized and Olver’s gen-
eralized hypergeometric series, if nonterminating, are
entire if r � s, convergent for jzj < 1 if r ¼ sþ 1 and
divergent if r � sþ 1:

The Gauss hypergeometric function 2F1 has many
useful and interesting properties. For instance it sat-
isfies several useful derivative relations which we will
rely upon. These are given by cf. (DLMF, (15.5.2),
(15.5.4), (15.5.6), and (15.5.9))

dn

dwn 2F1
a, b
c

;w

� �
¼ ðaÞnðbÞn 2F1

aþ n, bþ n
cþ n

;w

� �
,

(9)
dn

dwn
wc−1

2F1
a, b
c

;w

� �
¼ wc−n−1

2F1
a, b
c − n

;w

� �
,

(10)

dn

dwn
ð1 − wÞaþb−c

2F1
a, b
c

;w

� �

¼ ðc − aÞnðc − bÞnð1 − wÞaþb−c−n
2F1

a, b
cþ n

;w

� �
,

(11)
dn

dwn
wc−1ð1 − wÞaþb−c

2F1
a, b
c

;w

� �

¼ wc−n−1ð1 − wÞaþb−c−n
2F1

a�n, b�n
c�n

;w

� �
: (12)

The Jacobi polynomial and many of the other
special functions which we will study in this paper
are given in terms of a terminating Gauss hypergeo-
metric function. In particular, one of the most impor-
tant classical orthogonal polynomials, the Jacobi
polynomial, is defined as (DLMF, (18.5.7))

Pða,bÞn ðxÞ :¼ ðaþ 1Þn
n! 2F1

−n, nþ aþ bþ 1

aþ 1
;
1�x
2

0
@

1
A:

(13)

2. Definitions and properties of the Jacobi
functions

Jacobi functions are complex solutions w ¼ wðzÞ ¼
wða,bÞ

c ðzÞ to the Jacobi differential equation (DLMF,
Table 18.8.1)

ð1 − z2Þ d
2w
dz2

þ b − a − zðaþ bþ 2Þð Þ dw
dz

þ cðaþ bþ cþ 1Þw ¼ 0,

(14)

which is a second order linear homogeneous differen-
tial equation. Jacobi functions of the first and second
kind are solutions to the Jacobi differential Equation
(14) which are regular as jzj ! 1 and jzj ! 1,

respectively. There are several important references for
Jacobi functions such as (Erd�elyi, Magnus,
Oberhettinger, & Tricomi, 1981, Section 10.8), and
(Durand, 1978; Durand, 1979; Flensted-Jensen &
Koornwinder, 1973; Koornwinder, 1984; Kuijlaars,
Martinez-Finkelshtein, & Orive, 2005; Szeg}o, 1975;
Wimp, McCabe, & Connor, 1997).

2.1. The Jacobi function of the first kind

The Jacobi function of the first kind is a generaliza-
tion of the Jacobi polynomial where the degree is
no longer restricted to be an integer. In the follow-
ing section we provide some important properties
for the Jacobi function of the first kind.

2.1.1. Single Gauss hypergeometric representations
In the following result we present the four single
Gauss hypergeometric function representations of
the Jacobi function of the first kind.

Theorem 2.1. Let a, b, c 2 C such that aþ c =2 − N.
Then the Jacobi function of the first kind Pða,bÞc :

Cnð−1, − 1� ! C has the following single Gauss
hypergeometric function representations

Pða, bÞc ðzÞ ¼ Cðaþ cþ 1Þ
Cðcþ 1Þ 2F1

−c,aþ bþ cþ 1
aþ 1

;
1 − z
2

� �
(15)

¼ Cðaþ cþ 1Þ
Cðcþ 1Þ

2
z þ 1

� �b

2F1
−b − c,aþ cþ 1

aþ 1
;
1 − z
2

� �
(16)

¼ Cðaþ cþ 1Þ
Cðcþ 1Þ

z þ 1
2

� �c

2F1
−c, − b − c

aþ 1
;
z − 1
z þ 1

� �
(17)

¼ Cðaþ cþ 1Þ
Cðcþ 1Þ

2
z þ 1

� �aþbþcþ1

� 2F1
aþ cþ 1,aþ bþ cþ 1

aþ 1
;
z − 1
z þ 1

 !
:

(18)

Proof. Start with (13) and replace the rising factorial
by a ratio of gamma functions using (1) and the fac-
torial n! ¼ Cðnþ 1Þ and substitute n 7! c 2 C,
x 7! z: Application of Pfaff’s and Euler’s transforma-
tions (DLMF, (15.8.1)) provides the other three repre-
sentations. This completes the proof. w

One of the consequences of the definition of the
Jacobi function of the first kind is the following spe-
cial value:

Pða,bÞc ð1Þ ¼ Cðaþ cþ 1Þ
Cðaþ 1ÞCðcþ 1Þ , (19)

where aþ c =2 − N:
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2.2. The Jacobi function of the second kind

Studies of the Jacobi function of the second kind
Qða,bÞ
c traditionally used a degree c which was inte-

ger valued (see for instance Szeg}o, 1975, §4.61).
However, in this paper we treat the Jacobi function
of the second kind where c is not necessarily
restricted to be an integer. In the following material
we provide some important properties for the Jacobi
function of the second kind.

2.2.1. Single Gauss hypergeometric representations
Below we give the four single Gauss hypergeometric
function representations of the Jacobi function of
the second kind.

Theorem 2.2. Let c, a,b, z 2 C such that
aþ c, bþ c =2 − N. Then, the Jacobi function of the
second kind Qða, bÞ

c : Cn½−1, 1� ! C has the following
single Gauss hypergeometric function representations

Qða,bÞ
c ðzÞ :¼ 2aþbþcCðaþ cþ 1ÞCðbþ cþ 1Þ

ðz − 1Þaþcþ1ðz þ 1Þb

� 2F1
cþ 1, aþ cþ 1

aþ bþ 2cþ 2
;

2
1 − z

 ! (20)

¼ 2aþbþcCðaþ cþ 1ÞCðbþ cþ 1Þ
ðz − 1Þaþbþcþ1

� 2F1
bþ cþ 1,aþ bþ cþ 1

aþ bþ 2cþ 2
;

2
1 − z

 !

(21)

¼ 2aþbþcCðaþ cþ 1ÞCðbþ cþ 1Þ
ðz − 1Þaðz þ 1Þbþcþ1

� 2F1
cþ 1, bþ cþ 1

aþ bþ 2cþ 2
;

2
1þ z

 ! (22)

¼ 2aþbþcCðaþ cþ 1ÞCðbþ cþ 1Þ
ðz þ 1Þaþbþcþ1

� 2F1
aþ cþ 1,aþ bþ cþ 1

aþ bþ 2cþ 2
;

2
1þ z

 !
:

(23)

Proof. Start with (Erd�elyi et al., 1981, (10.8.18)) and let
n 7! c 2 C and x 7! z: Application of Pfaff’s and
Euler’s transformations (DLMF, (15.8.1)) provides the
other three representations. This completes the proof. w

The Jacobi function of the second kind Qða,bÞ
c :

Cn½−1, 1� ! C has the following integral representa-
tion (Szeg}o, 1975, (4.61.1))

Qða,bÞ
c ðzÞ ¼ 1

2cþ1ðz − 1Þaðz þ 1Þb

�
ð1
−1

ð1 − tÞaþcð1þ tÞbþc

ðz − tÞcþ1 dt,

(24)

provided Rðaþ cÞ,Rðbþ cÞ > −1 (Wimp et al.,
1997, (2.5)). We will use this integral representation
to derive an alternative integral representation for
the Jacobi function of the second kind.

Theorem 2.3. Let k 2 N0, a,b, c, z 2 C such that
z =2 ½−1, 1�. Decompose c ¼ dþ k, where d ¼ c − k.
Then, the Jacobi function of the second kind Qða,bÞ

c :

Cn½−1, 1� ! C has the following integral representa-
tion

Qða,bÞ
c ðzÞ ¼ ð−1Þkk!

2cþ1−kð−cÞkðz�1Þaðz þ 1Þb

�
ð1
−1

ð1�tÞaþc−kð1þ tÞbþc−k

ðz�tÞc−kþ1 Pðaþc−k,bþc−kÞ
k ðtÞ dt:

(25)

Proof. Start with (24) and decompose c such that it
is written as some complex number d added to a
non-negative integer k, c ¼ dþ k with k 2 N0, this
produces

Qða,bÞ
c ðzÞ ¼ 1

2dþkþ1ðz − 1Þaðz þ 1Þb

�
ð1
−1

ð1 − tÞaþdþkð1þ tÞbþdþk

ðz − tÞdþkþ1 dt: (26)

Along the lines of the derivation of (Szeg}o, 1975,
(4.61.4))

Qða,bÞ
n ðzÞ ¼ 1

2ðz − 1Þaðz þ 1Þb

�
ð1
−1

ð1 − tÞað1þ tÞb
z − t

Pða,bÞn ðtÞ dt, (27)

proceed by integrating (26) by parts k-times with the
boundary terms vanishing and utilizing the
Rodrigues-type formula for Jacobi polynomials
(Koekoek, Lesky, & Swarttouw, 2010, (9.8.10))

dk

dtk
ð1 − tÞaþkð1þ tÞbþk

¼ ð−1Þk2kk!ð1 − tÞað1þ tÞbPða, bÞk ðtÞ,
(28)

with a ¼ aþ d, b ¼ bþ d: This completes the
proof. w

The Jacobi function of the second kind has the
following raising and lowering operators (Ismail &
Mansour, 2014, Theorem 3.1).

Theorem 2.4. Let c, a, b 2 C. Then

d
dz

Qða, bÞ
c ðzÞ ¼ b − a − zðaþ bÞð Þ

z2 − 1
Qða,bÞ
c ðzÞ

−
2ðcþ 1Þ
z2 − 1

Qða−1,b−1Þ
cþ1 ðzÞ (29)
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¼ −
aþ bþ cþ 1

2
Qðaþ1,bþ1Þ
c−1 ðzÞ: (30)

Proof. We extend the proof given in (Ismail &
Mansour, 2014, Theorem 3.1) by replacing integer n
by complex c for the Jacobi functions of the second
kind. w

Theorem 2.5. Let n 2 N0, a,b, c, z 2 C. Then

dn

dzn
ðz − 1Það1þ zÞbQða,bÞ

c ðzÞ

¼ ð−2Þnðcþ 1Þnðz − 1Þa−nð1þ zÞb−nQða−n,b−nÞ
cþn ðzÞ:

(31)

Proof. Start with the n¼ 1 case. Taking into account
(30) and (29) one obtains

ð1 − zÞ−aþ1ð1þ zÞ−bþ1 d
dz

ð1 − zÞað1þ zÞbQða,bÞ
c ðzÞ

¼ ð1 − z2Þ d
dz

Qða,bÞ
c ðzÞ þ ðb − a − ðaþ bÞzÞQða, bÞ

c ðzÞ

¼ 2ðcþ 1ÞQða−1,b−1Þ
cþ1 ðzÞ:

From the above expression, a straightforward calcu-
lation allows us to obtain the general n integral
case. w

Starting from Theorem 2.5 we can obtain a multi-
derivative representation of the Jacobi function of
the second kind.

Corollary 2.6. Let n 2 N0, a, b, c 2 C such that
aþ c, bþ c =2 − N. Then

Qða,bÞ
c ðzÞ ¼ 1

2nð−cÞnðz − 1Þaðz þ 1Þb

� dn

dzn
ðz − 1Þaþnðz þ 1ÞbþnQðaþn,bþnÞ

c−n ðzÞ:
(32)

Proof. Starting with Theorem 2.5 and mapping
ðc, a, bÞ 7! ðc − n, aþ n, bþ nÞ completes the
proof. w

3. Multi-integral representations for the
Jacobi functions

In this section we derive multi-integral representa-
tions for the Jacobi functions of the first and second
kind. First we will derive a useful lemma.

Lemma 3.1. Let n, r 2 N0, a, x 2 C, l! 2 C
r , and let

f l
!

be a function such that

d
dz

f l
!ðzÞ ¼ k l!f l

!
6 1
!

ðzÞ, (33)

where k l! 2 C
�. Then the following identity holds:

ðx
a
� � �
ðx
a
flðwÞðdwÞn ¼ 1

k
l!7 1

! � � �k
l!7n 1

!

�
X1
k¼n

k
l!7n 1

! � � � k
l!7n 1

!
6ðk−1Þ 1

!f l
!

7n 1
!

6k 1
!

ðaÞðx − aÞk

k!
,

where 1
! ¼ ð1, 1, . . . , 1Þ 2 C

r:

The proof of this result is analogous to the one
given in (Cohl & Costas-Santos, 2020, Lemma 2.3).

3.1. The Jacobi functions of the first kind

Theorem 3.2. Let n 2 N0, a, b, c 2 C, such that
aþ c =2 − N, Ra,Rb > −1, ð−cÞn 6¼ 0,
z 2 Cnð−1, − 1�. Thenð1
z
� � �
ð1
z
ð1 − wÞað1þ wÞbPða,bÞc ðwÞ ðdwÞn

¼ ð−1Þn
2nð−cÞn

ð1 − zÞaþnð1þ zÞbþnPðaþn, bþnÞ
c−n ðzÞ: (34)

Proof. Considering the n¼ 1 case of (35) and then inte-
grating produces the following definite integralð1
z
ð1 − wÞað1þ wÞbPða,bÞc ðwÞ dw

¼ 1
2c

ð1 − zÞaþ1ð1þ zÞbþ1Pðaþ1,bþ1Þ
c−1 ðzÞ:

Iterating the above expression n-times completes
the proof. w

The Jacobi function of the first kind obeys the fol-
lowing multi-derivative identity.

Theorem3.3. Let n 2 N0, a,b,c 2 C, z 2 Cnð−1, − 1�.
Then

dn

dzn
ð1− zÞað1þ zÞbPða,bÞc ðzÞ
¼ ð−2Þnðcþ 1Þnð1− zÞa−nð1þ zÞb−nPða−n,b−nÞcþn ðzÞ:

(35)

Proof. Starting with (12), (15), one has

w ¼ 1 − z
2

,
d
dw

¼ −2
d
dz

, (36)

and from this, we derive

dn

dzn
ð1 − zÞc−1ð1þ zÞaþb−c

2F1
a, b

c
;
1 − z
2

 !

¼ ð−2Þnð1 − zÞc−n−1ð1þ zÞaþb−c−n

� 2F1
a�n, b�n

c�n
;
1 − z
2

 !
:

(37)

Substituting the Gauss hypergeometric function (15)
into the above expression completes the proof. w
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Theorem 3.4. Let n 2 N0, a, b, c 2 C, such that
aþ c =2 − N, Rðaþ bþ cÞ < −n, Rc > n − 1,
z 2 Cnð−1, − 1�. Thenð1
z
� � �
ð1
z
ð1 − wÞað1þ wÞbPða,bÞc ðwÞ ðdwÞn

¼ 1
2nð−cÞn

ð1 − zÞaþnð1þ zÞbþnPðaþn,bþnÞ
c−n ðzÞ: (38)

Proof. Considering the n¼ 1 case of (35), taking into
account the constraints considered in the statement and
then integrating produces the following improper inte-
gral:ð1
z
ð1 − wÞað1þ wÞbPða,bÞc ðwÞ dw

¼ 1
2c

ð1 − zÞaþ1ð1þ zÞbþ1Pðaþ1,bþ1Þ
c−1 ðzÞ:

Iterating the above expression n-times completes
the proof. w

Theorem 3.5. Let n2N0, a,b,c2C, z2Cnð−1,−1�.
Then

dn

dzn
ð1−zÞaPða,bÞc ðzÞ¼ð−a−cÞnð1−zÞa−nPða−n,bþnÞ

c ðzÞ:
(39)

Proof. Adopting (37) and utilizing the Gauss hyper-
geometric representation (16) completes the proof. w

Theorem 3.6. Let n 2 N0, a, b, c 2 C, with Ra > −1,
z 2 Cnð−1, − 1�. Thenð1
z
� � �
ð1
z
ð1 − wÞaPða,bÞc ðwÞ ðdwÞn

¼ ð1 − zÞaþn

ðaþ cþ 1Þn
Pðaþn, b−nÞ
c ðzÞ:

(40)

Proof. Considering the n¼ 1 case of (39) and then
integrating produces the following definite integralð1

z
ð1 − wÞaPða,bÞc ðwÞ dw ¼ ð1 − zÞaþ1

aþ cþ 1
Pðaþ1,b−1Þ
c ðzÞ:

Iterating the above expression n-times completes
the proof. w

Theorem 3.7. Let n 2 N0, a,b, c 2 C, with
Rðaþ cÞ < −n, Rðbþ cÞ > n − 1, z 2 Cnð−1, − 1�.
Thenð1
z
� � �
ð1
z
ð1 − wÞaPða,bÞc ðwÞ ðdwÞn

¼ ð1 − zÞaþn

ðaþ cþ 1Þn
Pðaþn,b−nÞ
c ðzÞ:

(41)

Proof. Considering the n¼ 1 case of (39), taking into
account the constraints considered in the statement
and then integrating produces the following
improper integral:ð1

z
ð1 − wÞaPða,bÞc ðwÞ dw ¼ ð1 − zÞaþ1

aþ cþ 1
Pðaþ1, b−1Þ
c ðzÞ:

Iterating the above expression n-times completes
the proof. w

Theorem 3.8. Let n2N0, a,b,c2C, z2Cnð−1,−1�.
Then

dn

dzn
ð1þzÞbPða,bÞc ðzÞ
¼ð−1Þnð−b−cÞnð1þzÞb−nPðaþn,b−nÞ

c ðzÞ:
(42)

Proof. Adopting (37) and utilizing the Gauss hyper-
geometric representation (16) completes the proof. w

Theorem 3.9. Let n 2 N0, a, b, c 2 C, with
Rðbþ cÞ < −n, Rðaþ cÞ > n − 1, z 2 Cnð−1, − 1�.
Thenð1
z
� � �
ð1
z
ð1þ wÞbPða,bÞc ðwÞ ðdwÞn

¼ ð−1Þnð1þ zÞbþn

ðbþ cþ 1Þn
Pða−n,bþnÞ
c ðzÞ:

(43)

Proof. Considering the n¼ 1 case of (42), taking into
account the constraints considered in the statement
and then integrating produces the following
improper integral:ð1

z
ð1þ wÞbPða,bÞc ðwÞ dw ¼ −ð1þ zÞbþ1

bþ cþ 1
Pða−1, bþ1Þ
c ðzÞ:

Iterating the above expression n-times completes
the proof. w

Theorem 3.10. Let n 2 N0, a, b, c 2 C,
z 2 Cnð−1, − 1�. Then

dn

dzn
Pða,bÞc ðzÞ ¼ 2−nðaþ bþ cþ 1ÞnPðaþn,bþnÞ

c−n ðzÞ: (44)

Proof. Starting with (9) and using (15), (36) com-
pletes the proof. w

Theorem 3.11. Let n 2 N0, a, b, c 2 C, with
aþ c =2 − N, z 2 Cnð−1, − 1�. Then
ð1
z
� � �
ð1
z
Pða, bÞc ðwÞ ðdwÞn

¼ 2n

ð−a�b�cÞn
Pða−n, b−nÞcþn ðzÞ þ 2Cðaþ cþ 1Þð1 − zÞn−1

ðn − 1Þ!ðaþ bþ cÞCðaÞCðcþ 2Þ

ARAB JOURNAL OF BASIC AND APPLIED SCIENCES 587



� 3F2
�n, 1�a, 1

cþ 2, 1�a�b�c
;

2
1 − z

� �
(45)

¼ Cðaþ cþ 1Þð1 − zÞn
Cðaþ 1ÞCðcþ 1Þn! 3F2

−c,aþ bþ cþ 1, 1

aþ 1, nþ 1
;
1 − z
2

 !
:

(46)

Proof. Considering the n¼ 1 case of (44) and then inte-
grating using (19) produces the following definite inte-
gralð1
z
Pða,bÞc ðwÞ dw

¼ 2
aþ bþ c

Cðaþ cþ 1Þ
CðaÞCðcþ 2Þ − Pða−1,b−1Þcþ1 ðzÞ
� �

:

Iterating the above expression n-times, reversing the
order of the sum and utilizing standard properties of
rising factorials such as (1)–(3) results in the term
involving the terminating generalized hypergeomet-
ric 3F2 series. The term involving the Jacobi function
of the first kind is clear. The second identity is a dir-
ect consequence of Lemma 3.1. This completes the
proof. w

Remark 3.12. Taking into account Lemma 3.1 as
well as the previous result and then setting
ða, b, cÞ 7! ðaþ n, bþ n, c − nÞ, one obtains the fol-
lowing identity for the Taylor series of the Jacobi
function of the first kind of order n – 1 at z¼ 1:Xn−1
k¼0

d k

dz k
Pða,bÞc ðzÞjz¼1

ðz − 1Þk
k!

¼ Cðaþ cþ 1ÞCð−a − b − cÞ
Cðaþ nÞðn − 1Þ!

z − 1
2

� �n−1

� 3F2
1 − n, 1 − a − n, 1

c − nþ 2, 1 − a − b − c − n
;

2
1 − z

� �
: (47)

Theorem 3.13. Let n 2 N0, a,b, c 2 C, with Rc < −n,
Rðaþ bþ cÞ > n − 1, z 2 Cnð−1, − 1�. Thenð1
z
� � �
ð1
z
ð1þ wÞbPða,bÞc ðwÞ ðdwÞn

¼ 2n

ð−a�b�cÞn
Pða−n,b−nÞcþn ðzÞ:

(48)

Proof. Considering the n¼ 1 case of (44), taking into
account the constraints considered in the statement
and then integrating produces the following improper
integral:ð1

z
Pða, bÞc ðwÞ dw ¼ −2

aþ bþ c
Pða−1,b−1Þcþ1 ðzÞ:

Iterating the above expression n-times completes
the proof. w

If we consider the different hypergeometric rep-
resentations for the Jacobi function of the first
kind (15)–(18) and applying the derivative relations
(9)–(12) one obtains the following alternative
result.

Theorem 3.14. Let n 2 N0, a, b, c 2 C, with
aþ c =2 − N, z 2 Cnð−1, − 1�. Then

ðz − 1Þ2 d
dz

� �n
ðz − 1Þaþbþcþ1Pða,bÞc ðzÞ

¼ ðaþ bþ cþ 1Þnðz − 1Þaþbþcþ1þnPða,bþnÞ
c ðzÞ,

(49)

ðz − 1Þ2 d
dz

� �n
1

ðz − 1Þc P
ða, bÞ
c ðzÞ ¼ ð−a − cÞn

ðz − 1Þc−n P
ða,bþnÞ
c−n ðzÞ,

(50)

ðz − 1Þ2 d
dz

� �n
ðz þ 1Þbðz − 1Þaþcþ1Pða,bÞc ðzÞ

¼ 2nðcþ 1Þnðz þ 1Þb−nðz − 1Þaþcþ1þnPða,b−nÞcþn ðzÞ,
(51)

ðz − 1Þ2 d
dz

� �n ðz þ 1Þb
ðz − 1Þbþc P

ða,bÞ
c ðzÞ

¼ 2nð−b − cÞn
ðz þ 1Þb−n
ðz − 1Þb−nþc P

ða, b−nÞ
c ðzÞ:

(52)

Proof. First consider the n¼ 1 case. Start with the
representation (15) multiply it by ðz − 1Þaþbþcþ1 and
apply the derivative relation (9), to obtain

d
dz

ðz − 1Þaþbþcþ1Pða, bÞc ðzÞ
¼ ðaþ bþ cþ 1Þðz − 1ÞaþbþcPða,bþ1Þ

c ðzÞ:

Multiplying the expression by ðz − 1Þ2 and iterating the
identity produces (49). By repeating an analogous pro-
cess for the expressions (16)–(18), the result follows. w

As a consequence of this result, we have the fol-
lowing derivative relations.

Corollary 3.15. Let n 2 N0, a,b, c, z 2 C. The follow-
ing identities hold:

ðz þ 1Þ2 d
dz

� �n
ðz þ 1Þaþbþcþ1Pða,bÞc ðzÞ

¼ ðaþ bþ cþ 1Þnðz þ 1Þaþbþcþ1þnPðaþn,bÞ
c ðzÞ,

(53)

ðz þ 1Þ2 d
dz

� �n
1

ðz þ 1Þc P
ða,bÞ
c ðzÞ

¼ ð1þ bþ c − nÞn
ðz þ 1Þc−n Pðaþn,bÞ

c−n ðzÞ, (54)
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ðz þ 1Þ2 d
dz

� �n
ðz − 1Þaðz þ 1Þbþcþ1Pða,bÞc ðzÞ

¼ 2nðcþ 1Þnðz − 1Þa−nðz þ 1ÞbþcþnPða−n,bÞcþn ðzÞ,
(55)

ðz þ 1Þ2 d
dz

� �n ðz − 1Þa
ðz þ 1Þaþc P

ða,bÞ
c ðzÞ

¼ ð−2Þnð−a − cÞn
ðz − 1Þa−n
ðz þ 1Þa−nþc P

ða−n,bÞ
c ðzÞ: (56)

Proof. By starting with (12) using

w ¼ z − 1
z þ 1

,
d
dw

¼ ðz þ 1Þ2
2

d
dz

, (57)

and substituting in (15)–(17) and (18) in an as we
did in the Theorem 3.14, one obtains the above
expressions which completes the proof. w

We are also able to obtain some interesting
Rodrigues-type relations for Jacobi polynomials.

Corollary 3.16 (Rodrigues-type formula). Let
n 2 N0, a, b, z 2 C. The Jacobi polynomial admits the
following Rodrigues-type relation:

Pða,bÞn ðzÞ ¼ 1
2nn!

1

ðz − 1Þaðz þ 1Þbþnþ1

� ðz þ 1Þ2 d
dz

� �n
ðz − 1Þaþnðz þ 1Þbþ1

(58)

¼ 1
2nn!

1

ðz − 1Þaþnþ1ðz þ 1Þb

� ðz − 1Þ2 d
dz

� �n
ðz − 1Þaðz þ 1Þbþnþ1:

(59)

Proof. Setting c 7! 0 and b 7! bþ n in (51) the
first identity follows. Setting c 7! 0 and a 7! bþ n
in (55), the second identity follows. w

Theorem 3.17. Let n 2 N0, a, b, c 2 C, with
aþ c =2 − N, z 2 Cnð−1, − 1�. Then one has the fol-
lowing multi-integral representations for the Jacobi
function of the first kind:ðz
1
� � �
ðz
1
ðw − 1Þaþbþcþ1Pða,bÞc ðwÞ ðw − 1Þ−2 dw

h in
¼ ðz − 1Þaþbþcþ1−n

ðaþ bþ c − nþ 1Þn
Pða,b−nÞc ðzÞ,

(60)ðz
1
� � �
ðz
1
ðw þ 1Þbðw − 1Þaþcþ1Pða, bÞc ðwÞ ðw − 1Þ−2 dw

h in
¼ ðz þ 1Þbþnðz − 1Þaþc−nþ1

2nðc − nþ 1Þn
Pða,bþnÞ
c−n ðzÞ,

(61)ðz
1
� � �
ðz
1
ðw − 1Þaðw þ 1Þbþcþ1Pða, bÞc ðwÞ ðw þ 1Þ−2 dw

h in
¼ ðz − 1Þaþnðz þ 1Þbþc−nþ1

2nðc − nþ 1Þn
Pðaþn,bÞ
c−n ðzÞ,

(62)

ðz
1
� � �
ðz
1

ðw − 1Þa
ðw þ 1Þaþc P

ða, bÞ
c ðwÞ ðw þ 1Þ−2 dw

h in
¼ ðz − 1Þaþn

2nð1þ aþ cÞnðz þ 1Þaþnþc P
ðaþn, bÞ
c ðzÞ,

(63)

where Rðaþ bþ cþ 1Þ > n, Rðaþ cþ 1Þ > n,
Rðaþ nÞ > 0,Rðaþ nÞ > 0, respectively.

Proof. Consider the n¼ 1 case of (49) and then inte-
grate both sides using the fundamental theorem of
calculus. This produces the following definite inte-
gralðz
1
ðw − 1Þaþbþcþ1Pða,bÞc ðwÞ ðw − 1Þ−2 dw

¼ ðz − 1Þaþbþcþ1

aþ bþ c
Pða, b−1Þc ðzÞ:

Iterating the above expression n-times completes
the proof. The process for the remaining cases, i.e.,
for the cases starting with (51), (55), and (56), is simi-
lar and we will omit their proofs. This completes the
proof. w

Theorem 3.18. Let n 2 N0, a, b, c 2 C, such that
aþ c =2 − N, z 2 Cnð−1, − 1�. Then one has the fol-
lowing multi-integral representations for the Jacobi
function of the first kind:ðz
1
� � �
ðz
1

Pða,bÞc ðwÞ
ðw − 1Þc ðw − 1Þ−2 dw

h in

¼ ð−1Þn
ðaþ cþ 1Þn

Pða,b−nÞcþn ðzÞ
ðz − 1Þcþn ,

(64)

ðz
1
� � �
ðz
1

ðw þ 1Þb
ðw − 1Þcþb P

ða,bÞ
c ðwÞ ðw − 1Þ−2 dw

h in

¼ ð−1Þn
2nðbþ cþ 1Þn

ðz þ 1Þbþn

ðz − 1Þcþb P
ða,bÞ
c ðzÞ,

(65)

where Rc < −n, Rðcþ bÞ < 0, respectively.

The proof is analogous to those carried out previ-
ously, and we leave this to the reader.

Theorem 3.19. Let n 2 N0, a, b, c 2 C, such that
aþ c =2 − N, z 2 Cnð−1, − 1�. Then one has the fol-
lowing multi-integral representations for the Jacobi
function of the first kind:ðz

1
� � �

ðz
1
ðw þ 1Þaþbþcþ1Pða,bÞc ðwÞ ðw þ 1Þ−2 dw

h in

¼ ðz þ 1Þaþbþcþ1−nPða−n, bÞc ðzÞ
ðaþ bþ cþ 1 − nÞn

−
2aþbþcþ1−nCðaþ cÞ

ðaþ bþ cÞCða, cþ 1, nÞ
z − 1
z þ 1

� �n−1

�3F2
−nþ 1, 1 − a, 1

1 − a − c, 1 − a − b − c
;
z þ 1
z − 1

 !
,

(66)
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ðz
1
� � �
ðz
1

1
ðw þ 1Þc P

ða,bÞ
c ðwÞ ðw þ 1Þ−2 dw

h in

¼ Pða−n,bÞcþn ðzÞ
ðbþ cþ 1Þnðz þ 1Þcþn

−
Cðaþ cþ 1Þ

2cþnðbþ cþ 1ÞCða, cþ 2, nÞ
z − 1
z þ 1

� �n−1

� 3F2
−nþ 1, 1 − a, 1

2þ c, 2þ bþ c
;
z þ 1
z − 1

 !
:

(67)

Proof. Considering the n¼ 1 case of (54) and then
integrating produces the definite integralðz
1
ðw þ 1Þaþbþcþ1Pða,bÞc ðwÞ dw

ðw þ 1Þ2

¼ ðw þ 1ÞaþbþcPða−1,bÞc ðzÞ − 2aþbþcPða−1,bÞc ð1Þ
bþ cþ 1

,

which is due to (19). Iterating the above expression
n-times completes the proof of the first identity.
Using (1), (2), (19), taking into accountðz

1

w − 1
w þ 1

� �k dw

ðw þ 1Þ2 ¼
1

2ðk þ 1Þ
z − 1
z þ 1

� �kþ1

,

where k = 0, 1, . . . , and reversing the finite series,
i.e., for any non-negative integer m,

Xm
k¼0

ða1, . . . , arþ1Þk
ðb1, . . . , brÞk

zk

k!
¼ ða1, . . . , arþ1Þm

ðb1, . . . , brÞm
zm

m!

� rþ2Frþ1
−m, 1 −m − b1, . . . , 1 −m − br , 1
1 −m − a1, . . . , 1 −m − arþ1

;
1
z

� �
,

the result follows. w

3.2. The Jacobi functions of the second kind

In this section we derive multi-integral representa-
tions for the Jacobi function of the second kind.
Since both the Jacobi function of the first kind and
the Jacobi function of the second kind are strongly
connected (27), we expect to obtain similar multi-
integrals to those obtained in the previous section.

Theorem 3.20. Let n 2 N0, a, b, c 2 C, z 2 Cn½−1, 1�,
with Ra, Rb > −1,Rc > n. Thenð1
z
� � �
ð1
z
ðw − 1Það1þ wÞbQða,bÞ

c ðwÞ ðdwÞn

¼ ðz − 1Þaþnð1þ zÞbþn

2nðc − nþ 1Þn
Qðaþn, bþnÞ
c−n ðzÞ:

(68)

Proof. Considering the n¼ 1 case of (31) and then
integrating produces the following definite integralð1
z
ðw − 1Það1þ wÞbQða,bÞ

c ðwÞdw

¼ 1
2c

lim
w!1 ðz − 1Þaþ1ð1þ zÞbþ1Qðaþ1, bþ1Þ

cþ1 ðzÞ
�

−ðw − 1Þaþ1ð1þ wÞbþ1Qðaþ1, bþ1Þ
cþ1 ðwÞ

�

¼ ðz − 1Þaþ1ð1þ zÞbþ1

2c
Qðaþ1,bþ1Þ
cþ1 ðzÞ:

Iterating the above expression n-times completes
the proof. w

Theorem 3.21. Let n 2 N0, a,b, c, z 2 C. Then

dn

dzn
ðz − 1ÞaQða,bÞ

c ðzÞ ¼ ð−a − cÞnðz − 1Þa−nQða−n,bþnÞ
c ðzÞ:

(69)

Proof. First we prove the n¼ 1 case. Consider (22),
multiply this expression by ðz − 1Þa and differentiate
with respect to z. This obtains

d
dz

ðz − 1ÞaQða,bÞ
c ðzÞ

¼ d
dz

2aþbþcCðaþ cþ 1ÞCðbþ cþ 1Þ
ðz þ 1Þbþcþ1

� 2F1
cþ 1,bþ cþ 1

aþ bþ 2cþ 2
;

2
1þ z

 !

¼ −
2aþbþcCðaþ cþ 1ÞCðbþ cþ 2Þ
Cðaþ bþ 2cþ 2Þðz þ 1Þbþcþ2

�
X1
k¼0

ðcþ 1, bþ cþ 2Þk
ðaþ bþ 2cþ 2Þkk!

2
1þ z

� �k

¼ 2aþbþcCðaþ cþ 1ÞCðbþ cþ 2Þ
ðz þ 1Þbþcþ1

� 2F1
cþ 1,bþ cþ 2

aþ bþ 2cþ 2
;

2
1þ z

 !

¼ −ðaþ bÞðz − 1Þa−1Qða−1,bþ1Þ
c ðzÞ:

The nth derivative case is obtained by iterating the
above procedure. w

Theorem 3.22. Let n 2 N0, a,b, c 2 C, z 2 Cn½−1, 1�,
with Ra > −1, Rb > n − 1, Rðbþ cþ 1Þ > n. Thenð1
z
� � �
ð1
z
ðw − 1ÞaQða, bÞ

c ðwÞ ðdwÞn

¼ ðz − 1Þaþn

ðaþ cþ 1Þn
Qðaþn,b−nÞ
c ðzÞ: (70)

Proof. Considering the n¼ 1 case of (69) and then
integrating produces the following definite integralð1
z
ðw − 1ÞaQða,bÞ

c ðwÞ dw
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¼ 1
aþ cþ 1

ðz − 1Þaþ1Qðaþ1, b−1Þ
c ðzÞ:

Iterating the above expression n-times completes
the proof. w

Theorem 3.23. Let n 2 N0, a, b, c, z 2 C. Then

dn

dzn
Qða,bÞ
c ðzÞ ¼ ð−2Þ−nðaþ bþ cþ 1ÞnQðaþn, bþnÞ

c−n ðzÞ:
(71)

Proof. The n¼ 1 case follows from (30) and for n> 1, the
result is obtained by iterating the above procedure. w

Theorem 3.24. Let n 2 N0, a, b, c 2 C, z 2 Cn½−1, 1�,
with Ra > n − 1, Rb > n − 1, Rðaþ bþ cþ 1Þ > n.
Thenð1
z
� � �
ð1
z
Qða,bÞ
c ðwÞ ðdwÞn

¼ 2n

ðaþ bþ c − nþ 1Þn
Qða−n,b−nÞ
cþn ðzÞ:

(72)

Proof. Considering the n¼ 1 case of (71) and then
integrating produces the following definite integralð1

z
Qða,bÞ
c ðwÞ dw ¼ 2

aþ bþ c
Qða−1,b−1Þ
cþ1 ðzÞ:

Iterating the above expression n-times completes
the proof. w

If we consider, as we did in the case of the
Jacobi functions of the first kind, the different
hypergeometric representations for the Jacobi
function of the second kind (20)–(23) and applying
the derivative relations (9)–(12) one obtains the
following result.

Theorem 3.25. Let n 2 N0, a, b, c 2 C, with
aþ c =2 − N, z 2 Cn½−1, 1�. Then

ðz − 1Þ2 d
dz

� �n
ðz − 1Þaþbþcþ1Qða, bÞ

c ðzÞ

¼ ðaþ bþ cþ 1Þnðz − 1Þaþbþcþ1þnQða,bþnÞ
c ðzÞ,

(73)

ðz − 1Þ2 d
dz

� �n
1

ðz − 1Þc Q
ða, bÞ
c ðzÞ ¼ ð−a − cÞn

ðz − 1Þc−n Q
ða, bþnÞ
c−n ðzÞ,

(74)

ðz − 1Þ2 d
dz

� �n
ðz þ 1Þbðz − 1Þaþcþ1Qða,bÞ

c ðzÞ

¼ 2nðcþ 1Þnðz þ 1Þb−nðz − 1Þaþcþ1þnQða,b−nÞ
cþn ðzÞ,

(75)

ðz − 1Þ2 d
dz

� �n ðz þ 1Þb
ðz − 1Þbþc Q

ða,bÞ
c ðzÞ

¼ 2nð−b − cÞn
ðz þ 1Þb−n
ðz − 1Þb−nþc Q

ða,b−nÞ
c ðzÞ: (76)

Proof. The proof of these results are analogous to
the proof of Theorem 3.14 and we will leave this to
the reader. w

Corollary 3.26. Let n 2 N0, a, b, c, z 2 C. Then

ðz þ 1Þ2 d
dz

� �n
ðz þ 1Þaþbþcþ1Qða,bÞ

c ðzÞ

¼ ðaþ bþ cþ 1Þnðz þ 1Þaþbþcþ1þnQðaþn,bÞ
c ðzÞ,

(77)

ðz þ 1Þ2 d
dz

� �n
1

ðz þ 1Þc Q
ða,bÞ
c ðzÞ

¼ ð1þ bþ c − nÞn
ðz þ 1Þc−n Qðaþn,bÞ

c−n ðzÞ, (78)

ðz þ 1Þ2 d
dz

� �n
ðz − 1Þaðz þ 1Þbþcþ1Qða,bÞ

c ðzÞ

¼ 2nðcþ1Þnðz−1Þa−nðzþ1ÞbþcþnQða−n,bÞ
cþn ðzÞ,

(79)

ðz þ 1Þ2 d
dz

� �n ðz − 1Þa
ðz þ 1Þaþc Q

ða, bÞ
c ðzÞ

¼ ð−2Þnð−a − cÞn
ðz − 1Þa−n
ðz þ 1Þa−nþc Q

ða−n,bÞ
c ðzÞ: (80)

Proof. The proof is analogous to the proof of
Corollary 3.15 and we leave this to the reader. w

Remark 3.27. One should note the interesting work
by Loyal Durand which was recently presented in
(Durand, 2022). In that paper, the author derives
many of the multi-integral representations appearing
in (Cohl & Costas-Santos, 2020) for associated
Legendre and Ferrers functions from more general
relations involving non-integer changes in the order
obtained using fractional Lie group operator meth-
ods developed earlier for SO(1,2), E(1,2), and its con-
formal extension SO(3). It is therefore probable that
similar Lie group theoretic methods could be used
to derive the multi-integral representations con-
tained within the present paper for Jacobi functions
of the first and second kind. This could potentially
shed some interesting light on the Lie groups which
are associated with general Jacobi functions of the
first and second kind, as well as these functions.
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