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Abstract In the q−1-symmetric Askey scheme, namely the q−1-Askey–Wilson, continuous dual q−1-Hahn,
q−1-Al-Salam–Chihara, continuous big q−1-Hermite and continuous q−1-Hermite polynomials, we compute
bilateral discrete and continuous orthogonality relations. We also derive a q-beta integral which comes from
the continuous orthogonality relation for the q−1-Askey–Wilson polynomials. In the q → 1− limit, this q-beta
integral corresponds to a beta integral of Ramanujan-type which we present and provide two proofs for.

Mathematics Subject Classification 33D45 · 05A15 · 42C05 · 05E05 · 33D15

1 Preliminaries

Recall the notion of a multiset which extends the definition of a set where the multiplicity of elements is
allowed. This notion becomes important for basic hypergeometric functions, where numerator parameter
entries or denominator parameter entries may be identical. We adopt the following set notations: N0 :=
{0} ∪ N = {0, 1, 2, . . .}, and if C which represents the set of complex numbers, then C

∗ := C \ {0}, C† :=
{z ∈ C

∗ : |z| < 1}. We also need the q-shifted factorial (a; q)n = (1 − a)(1 − qa) · · · (1 − qn−1a), n ∈ N0
and one may define

(a; q)∞ :=
∞∏

n=0

(1 − aqn), (1)

where |q| < 1. Let x := {x1, . . . , xk}, k ∈ N, be a multiset. Then we will use the product convention

(x; q)b := (x1, . . . , xk; q)b := (x1; q)b · · · (xk; q)b,

where b ∈ N0 ∪ {∞} and k ∈ N. Define the multisets a := {a1, . . . , ar }, b := {b1, . . . , bs}. The basic
hypergeometric series, which we will often use, is defined for q, z ∈ C

∗ such that |q| < 1, s, r ∈ N0,
b j /∈ {q−m : m ∈ N0}, j = 1, . . . , s, as [12, (1.10.1)]
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rφs

(
a
b

; q, z

)
:= rφs(a;b; q, z) :=

∞∑

k=0

(a; q)k

(q,b; q)k

(
(−1)kq(k

2)
)1+s−r

zk . (2)

For s + 1 > r , rφs is an entire function of z, for s + 1 = r then rφs is convergent for |z| < 1, and for s + 1 < r
the series is divergent unless it is terminating (one of the numerator parameters is q−n for n ∈ N0).

2 Introduction

The main realization which occurred during the writing of this paper, was that the continuous weight func-
tion w2(x) in [6, Theorem 21.6.4] for continuous q−1-Hermite polynomials exactly matched (by replacing
the continuous variable of integration with a discrete variable for summation), the infinite discrete bilateral
orthogonality relation [10, (2.13)] for these same polynomials. See the discussion at the top of Sect. 4. It was
then expected that a correspondence like this would continue for the other q−1-symmetric families. Having
recently been informed of the techniques which were presented in Ismail & Rahman (1995) [9] for obtaining
continuous bilateral integrals from infinite discrete bilateral series, the rest of the results were simply the effect
of applying these methods to [10, (2.13)] to obtain alternative continuous bilateral orthogonality relations for
the q−1-symmetric families.
Herein, we study the following five systems of orthogonal polynomials in the q-symmetric family. The
q-Askey–Wilson (or more compactly, Askey–Wilson) polynomials pn(x; a, b, c, d|q) are defined by [12,
(14.1.1)]

pn(x; a, b, c, d|q) := a−n(ab, ac, ad; q)n 4φ3

(
q−n, abcdqn−1, aeiθ , ae−iθ

ab, ac, ad
; q, q

)
, (3)

where x = cos θ . The continuous dual q-Hahn polynomials pn(x; a, b, c|q) are defined by [12, (14.3.1)]

pn(x; a, b, c|q) := a−n(ab, ac; q)n 3φ2

(
q−n, aeiθ , ae−iθ

ab, ac
; q, q

)
. (4)

The Al-Salam–Chihara polynomials Qn(x; a, b|q) are defined by [12, (14.8.1)]

Qn(x; a, b|q) := a−n(ab; q)n 3φ2

(
q−n, aeiθ , ae−iθ

ab, 0
; q, q

)
. (5)

The continuous big q-Hermite polynomials Hn(x; a|q) are defined by [12, (14.18.1)]

Hn(x; a|q) := a−n
3φ2

(
q−n, aeiθ , ae−iθ

0, 0
; q, q

)
, (6)

where x = 1
2 (z + z−1). The continuous q-Hermite polynomials Hn(x |q) are defined by [12, (14.26.1)]

Hn(x |q) := einθ
2φ0

(
q−n, 0

− ; q, qne−2iθ
)

. (7)

The orthogonality relations over x ∈ (−1, 1) for the above q-symmetric polynomials is given, for instance, in
[12, (14.1.2), (14.3.2), (14.8.2), (14.18.1), (14.26.2)]. One can consider the above polynomials as a function of
z = eiθ , θ ∈ C, even though they are polynomials in x = cos θ . In this case, we adopt the following notation
to view the polynomials as a function of z, namely

pn[z; a, b, c, d|q] := pn(x; a, b, c, d|q),

pn[z; a, b, c|q] := pn(x; a, b, c|q),

Qn[z; a, b|q] := Qn(x; a, b|q),

Hn[z; a|q] := Hn(x; a|q),

Hn[z|q] := Hn(x |q).
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We are interested in the case that |q| > 1. To simplify notation, we set

pn(x; a, b, c, d|q) := pn[z; a, b, c, d|q] := i−n pn[i z; ia, ib, ic, id|q−1], (8)

pn(x; a, b, c|q) := pn[z; a, b, c|q] := i−n pn[i z; ia, ib, ic|q−1], (9)

Qn(x; a, b|q) := Qn[z; a, b|q] := i−n Qn[i z; ia, ib|q−1], (10)

Hn(x; a|q) := Hn[z; a|q] := i−n Hn[i z; ia|q−1], (11)

Hn(x |q) := Hn[z|q] := i−n Hn[i z|q−1], (12)

where |q| < 1 and x = 1
2 (z − z−1). We refer to the polynomials (8)–(12), as the q−1-symmetric family of

polynomials in the q-Askey scheme. In particular, we refer to them as the q−1-Askey–Wilson, continuous dual
q−1-Hahn, q−1-Al-Salam–Chihara, continuous big q−1-Hermite and continuous q−1-Hermite polynomials
respectively. These versions of the polynomials have the nice property that they remain symmetric in their
parameters and are very easy to compute directly from terminating basic hypergeometric representations of the
symmetric subfamilies of the Askey–Wilson polynomials using [12, (1.8.7)] (a; q−1)n = q−(n

2)(−a)n( 1a ; q)n ,
a �= 0. Furthermore in both the q-symmetric Askey scheme or in the q−1-symmetric Askey scheme, these
polynomials can be obtained simply by taking limits as d → c → b → a → 0. Note that it is easily verified
that the q−1-Askey–Wilson polynomials pn(x; a, b, c, d|q) which are simply renormalized Askey–Wilson
polynomials with parameters given by their reciprocals, are given by

pn(x; a, b, c, d|q) = q−3(n
2)(iabcd)n pn[i z;− i

a ,− i
b , − i

c , − i
d |q], (13)

where x = 1
2 (z − z−1).

For the q−1-Askey–Wilson polynomials, two terminating basic hypergeometric series representations are
given by

pn(x; a, b, c, d|q) = q−3(n
2)(−a2bcd)n

(
− 1

ab
, − 1

ac
, − 1

ad
; q

)

n
4φ3

(
q−n,

qn−1

abcd , z
a , − 1

az

− 1
ab , − 1

ac , − 1
ad

; q, q

)
(14)

= q−3(n
2)(−abcdz)n

(
− 1

ab
, − 1

cz
, − 1

dz
; q

)

n
4φ3

(
q−n, z

a , z
b , −q1−ncd

− 1
ab , −q1−ncz, −q1−ndz

; q, q

)
. (15)

Two basic hypergeometric series representations of the continuous dual q−1-Hahn polynomials are given by

pn(x; a, b, c|q) = q−(n
2)(−a)n( z

a , − 1
az ; q)n 3φ2

(
q−n, −q1−nab,−q1−nac

−q1−naz, q1−na
z

; q, q

)
(16)

= q−2(n
2)(−abc)n(− 1

ab , − 1
ac ; q)n 3φ2

(
q−n, z

a ,− 1
az

− 1
ab , − 1

ac

; q, −qn

bc

)
. (17)

A terminating basic hypergeometric representation of the q−1-Al-Salam–Chihara polynomials is given by

Qn(x; a, b|q) = q−(n
2)(−b)n(− 1

ab
; q)n 3φ1

(
q−n, z

a , − 1
az

− 1
ab

; q, qn a

b

)
. (18)

A terminating basic hypergeometric representation of the continuous big q−1-Hermite polynomials is given
by

Hn(x; a|q) = (− 1
a )n

3φ0

(
q−n, z

a , − 1
az

− ; q,−qna2
)

. (19)

A terminating basic hypergeometric representation of the continuous q−1-Hermite polynomials is given by

Hn(x |q) = zn
1φ1

(
q−n

0
; q,− q

z2

)
. (20)
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For comparison with similar polynomials which have been previously used in the literature, we note that

pn(x; a, b, c, d|q) = q−3(n
2)(−abcd)n pn(x, qa, qb, qc, qd), (21)

where pn is Ismail–Zhang–Zhou’s q−1-Askey–Wilson polynomials [11, (2.7)] defined by

pn(x, a) :=
(

a

q

)n (
−q2

ab
, −q2

ac
, − q2

ad
; q

)

n
4φ3

(
q−n,

qn+3

abcd ,
qz
a , − q

az

− q2

ab , − q2

ac , − q2

ad

; q, q

)
. (22)

Furthermore,
pn(x; a, b, c|q) = q−2(n

2)(−bc)n(− 1
ab , − 1

bc ; q)n Vn(x; qa, qb, qc|q), (23)

where Vn is Ismail–Zhang–Zhou’s continuous dual q−1-Hahn polynomials [11, (5.2)] defined by

Vn(x; a, b, c|q) :=
(

a

q

)n (− q2

ac ; q)n

(− q2

bc ; q)n
3φ2

(
q−n,

qz
a , − q

az

− q2

ab , − q2

ac

; q, −qn+2

bc

)
. (24)

Also,
Qn(x; a, b|q) = q−(n

2)(−1)n(q; q)n Qn(x; a, b), (25)

where Qn is Ismail’s q−1-Al-Salam–Chihara polynomials [7, (3.5)] defined by

Qn(x; a, b) := an ( z
a ; q)n

(q; q)n
2φ1

(
q−n, − 1

bz

q1−n a
z

; q,
qb

z

)
. (26)

Observe that Askey’s continuous q−1-Hermite polynomials are identical to ours

Hn(x |q) = hn(x |q), (27)

which was the motivation of our notation.
It will be helpful to discuss the state of the art in regards to orthogonality relations for the q−1-symmetric

families, namely the q−1-Askey–Wilson polynomials and their symmetric subfamilies. The orthogonality (and
biorthogonality) relations we discuss are all for a finite-family, namely there exists an N ∈ N0 such that the
orthogonality relation is only valid for all m, n ≤ N . However when one considers the limit as d → 0 of
the q−1-Askey–Wilson polynomials to the continuous dual q−1-Hahn polynomials, then the orthogonality
relations lead to an infinite family. However, for the remainder of this section, we restrict ourselves to the four
parameter finite family of orthogonal polynomials which correspond to the q−1-Askey–Wilson polynomials
(see [11, §2]). These polynomials represent a finite family of orthogonal polynomials because there always
exists some N ∈ N0 (which depends on the values of the parameters) over which the orthogonality relation is
valid only for degrees 0 ≤ n ≤ N .

The first orthogonality relation found for this finite family is that which comes from the weight function
which Askey found for the continuous q−1-Hermite polynomials in [2]. According to Ismail & Masson [8,
(7.31)], Askey proved that these polynomials satisfy the following orthogonality relation in [1], which is given
as follows

∫ ∞

−∞
pm[qx ; a|q]pn[qx ; a|q] (−q1+xa, q1−xa; q)∞

(−q2x+1, −q1−2x ; q)∞
dx

= (q,−qab,−qac,−qad,−qbc,−qbd,−qcd; q)∞
(qabcd; q)∞

×q−6(n
2)(−a2b2c2d2)n

(q,− 1
ab , − 1

ac , − 1
ad , − 1

bc , − 1
bd , − 1

cd ; q)n(
1

qabcd ; q)2n

( 1
qabcd ; q)n(

1
abcd ; q)2n

δm,n . (28)

This orthogonality relation is explicitly given in [11, (2.9)]. The total mass of this orthogonality relation
corresponding to the m = n = 0 case is the famous Askey q-beta integral [1]. This orthogonality relation, by
taking limits d → c → b → a → 0, leads to orthogonality relations for the symmetric subfamilies of the
q−1-Askey–Wilson polynomials. There also exists, in the literature, an infinite discrete bilateral orthogonality
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relation for the q−1-Askey–Wilson polynomials. This orthogonality relation is given in [11, (2.13)] with
typographical errors (in the original version submitted on Wed, May 11, 2022) and the corrected version is
given in Theorem 3.1 below.

There exists a q-beta integral due to Ismail–Masson [8, (7.30)] (see also cf. [9, (3.13)]). It is given by

∫ ∞

0

(iaz,− ia
z , ibz,− ib

z , icz,− ic
z , idz,− id

z ; q)∞
( f z, gz, − qz

f , − qz
g , − f

z , − g
z ,

q
f z ,

q
gz ; q)∞

(
1 + 1

z2

)
dz = 2π i( ab

q , ac
q , ad

q , bc
q , bd

q , cd
q ; q)∞

(q,
g
f ,

q f
g , − f g, − q

f g , abcd
q3 ; q)∞

,

(29)

where 	 f , 	g and 	( f/g) are not 0(mod 2π) and 	( f g) �= π(mod 2π). This q-beta integral leads to an
orthogonality relation for continuous q−1-Hermite polynomials, but it leads to a biorthogonality relation in
the 4-parameter case, see Ismail & Masson [8].

In this paper, we obtain a new continuous orthogonality relation in the 4-parameter case by starting with
the infinite discrete bilateral orthogonality relation for the q−1-Askey–Wilson polynomials given in Theorem
3.1 below and using the methods described in [9] in order to obtain a continuous analogue. It is given in
Theorem 4.4 below. The weight function for this orthogonality relation in the d → c → b → a → 0 case of
the continuous q−1-Hermite polynomials is given in [6, Theorem 21.6.4] for w2(x). We derive orthogonality
relations for the q−1-symmetric subfamilies which can be obtained by taking the d → c → b → a → 0
limits of the 4-parameter q−1-Askey–Wilson polynomials.

This paper is organized as follows. In Sect. 3 we present in Theorem 3.1, the infinite discrete bilateral
orthogonality relation for q−1-Askey–Wilson polynomials given in [11, (2.13)]. We then obtained the corre-
sponding infinite discrete orthogonality relations for all q−1-symmetric subfamilies. In Sect. 4, we show how
one can obtain infinite continuous bilateral orthogonality relations for the q−1-symmetric families by start-
ing with Theorem 3.1 and exploiting the methods presented in Ismail & Rahman (1995) [9]. One interesting
consequence of the results presented in Sect. 4 is the derivation of a q-beta integral given in Theorem 4.5
representing the total mass of the infinite continuous bilateral orthogonality relation and it’s q → 1 limit in
Theorem 4.6 which is of Ramanujan type. Both of these integrals appear to be new. See the companion paper
[3] for a powerful extension of these results.

3 Infinite discrete bilateral orthogonality relations

Theq−1-symmetric families in theq-Askey scheme satisfy the following infinite discrete bilateral orthogonality
relations.

Theorem 3.1 Let m, n, N ∈ N0, q ∈ C
†, α, a, b, c, d ∈ C

∗, m, n ≤ N such that |qabcd| < |q|2N . Then the
q−1-Askey–Wilson polynomials satisfy the following infinite discrete bilateral orthogonality relation:

∞∑

k=−∞
(1 + q2kα2)pm[qkα; a|q]pn[qkα; a|q] (α

a ; q)k

(−qαa; q)k
(qabcd)k

= (q, −α2, − q
α2 , −qab,−qac,−qad,−qbc,−qbd,−qcd; q)∞

(−qαa, qa
α

, qabcd; q)∞

×q−6(n
2)(a2b2c2d2)n

(q,− 1
ab , − 1

ac , − 1
ad , − 1

bc , − 1
bd , − 1

cd ; q)n(
1

qabcd ; q)2n

( 1
qabcd ; q)n(

1
abcd ; q)2n

δm,n . (30)

Proof Using [11, (2.13)] and applying (21) derives the infinite discrete bilateral orthogonality relation. Now
define the left-hand side of (30) as

∞∑

k=−∞
Ak,m,n(α; a, b, c, d|q). (31)

Then using (15), one can see that as k → ±∞, one has

Ak,n,n(α; a|q) ∼ B±
n (α; a|q)(q1−2nabcd)|k|, (32)
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where the constants B±
n (α; a|q) given by

B+
n (α; a|q) := ϑ(α

a ; q)q−2(n
2)

(
q1−nabcd

α

)2n ( 1
qabcd , 1

qabcd ; q)2n

( 1
qabcd , 1

qabcd ; q)n
, (33)

B−
n (α; a|q) := α2ϑ(−qαa; q)q−6(n

2)(abcdα)2n
( 1

qabcd , 1
qabcd ; q)2n

( 1
qabcd , 1

qabcd ; q)n
, (34)

are independent of k. Therefore the bilateral series is convergent for some N ∈ N0 such that |qabcd| < |q|2N .
This completes the proof. ��
Choosing (m, n) = (0, 0) provides the following infinite discrete summation which provides the total mass
for the above infinite discrete orthogonality relation.

Theorem 3.2 Let q ∈ C
†, α, a, b, c, d ∈ C

∗. Then one has the following infinite discrete bilateral summation
which is equivalent to Bailey’s bilateral 6ψ6 summation [14, (17.8.7)], namely

∞∑

k=−∞
(1 + q2kα2)

(α
a ; q)k

(−qαa; q)k
(qabcd)k = (q, −α2, − q

α2 , −qab,−qac,−qad,−qbc,−qbd,−qcd; q)∞
(−qαa, qa

α
, qabcd; q)∞

.

(35)

Proof Setting (m, n) = (0, 0) in Theorem 3.1 completes the proof. ��
Theorem 3.3 Let m, n ∈ N0, q ∈ C

†, α, a, b, c ∈ C
∗. Then the continuous dual q−1-Hahn polynomials

satisfy the following infinite discrete bilateral orthogonality relation:
∞∑

k=−∞
(1 + q2kα2)pm[qkα; a|q]pn[qkα; a|q] (α

a ; q)k

(−qαa; q)k
q(k

2)(−qαabc)k

= (q,−α2, − q
α2 , −qab,−qac,−qbc; q)∞
(−qαa, qa

α
; q)∞

q−4(n
2)

(
a2b2c2

q

)n

(q,− 1

ab
, − 1

ac
, − 1

bc
; q)nδm,n . (36)

Proof Start with (30) and taking the limit as d → 0 completes the proof. ��
Theorem 3.4 Let m, n ∈ N0, q ∈ C

†, α, a, b ∈ C
∗. Then the q−1-Al-Salam–Chihara polynomials satisfy the

following infinite discrete bilateral orthogonality relation:
∞∑

k=−∞
(1 + q2kα2)Qm[qkα; a|q]Qn[qkα; a|q] (α

a ; q)k

(−qαa; q)k
q2(k

2)(qα2ab)k

= (q, −α2, − q
α2 , −qab; q)∞

(−qαa, qa
α

; q)∞
q−2(n

2)
(

ab

q

)n

(q, − 1

ab
; q)nδm,n. (37)

Proof Start with (36) and taking the limit as c → 0 completes the proof. ��
Theorem 3.5 Let m, n ∈ N0, q ∈ C

†, α, a ∈ C
∗. Then the continuous big q−1-Hermite polynomials satisfy

the following infinite discrete bilateral orthogonality relation:
∞∑

k=−∞
(1 + q2kα2)Hm[qkα; a|q]Hn[qkα; a|q] (α

a ; q)k

(−qαa; q)k
q3(k

2)(−qα3a)k

= (q, −α2, − q
α2 ; q)∞

(−qαa,
qa
α

; q)∞
q−(n

2)(q; q)n

qn
δm,n . (38)

Proof Start with (37) and taking the limit as b → 0 completes the proof. ��
Theorem 3.6 Let m, n ∈ N0, q ∈ C

†, α ∈ C
∗. Then the continuous q−1-Hermite polynomials satisfy the

following infinite discrete bilateral orthogonality relation:
∞∑

k=−∞
(1 + q2kα2)Hm[qkα|q]Hn[qkα|q]q4(k

2)(qα4)k = (q, −α2, − q

α2 ; q)∞
q−(n

2)(q; q)n

qn
δm,n. (39)

Proof Start with (38) and taking the limit as a → 0 completes the proof. ��
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4 Infinite continuous bilateral orthogonality relations

In this section our aim is to extend [6, Theorem 21.6.4] forw2(x) to all the q−1-symmetric families with param-
eters a, b, c, d . Recall the definition of the orthogonality measure for continuous q−1-Hermite polynomials
w2(x) [6, (21.6.4)], namely

w2(x) = exp

(
− 2

log q−1

[
log(x +

√
x2 + 1)

]2)
. (40)

If you choose x = 1
2 (z − z−1), then the above definition reduces to

w2(x) = exp

(
−2 (log z)2

log q−1

)
, (41)

for the polynomials hn(x |q) which are defined in [6, (21.2.5)]. These polynomials are related to the standard
continuous q−1-Hermite polynomials using [6, (21.2.1)]

hn(x |q) = Hn(x |q) = i−n Hn[i z|q−1], (42)

where x = 1
2 (z − 1/z). In terms of the polynomials Hn[z|q], the equivalent orthogonality relation is [6,

(21.7.7)]

∫ ∞

−∞
(qx + q−x )Hm[qx |q]Hn[qx |q] exp (−2x2 log q−1) dx = q−(n

2)
(q; q)n

qn+ 1
8

√
2π

log q−1 δm,n, (43)

which has a positive definite measure of orthogonality for q ∈ (0, 1). Define

ω2(x) := exp
(−2x2 log q−1) = q2x2 , (44)

which follows using the laws of logarithms. Pulling out a factor of q−x in the prefactor of (43), one obtains
the following equivalent expression for the continuous orthogonality relation for continuous q−1-Hermite
polynomials, namely

∫ ∞

−∞
(1 + q2x )Hm[qx |q]Hn[qx |q]q2x2−x dx = q−(n

2)
(q; q)n

qn+ 1
8

√
2π

log q−1 δm,n . (45)

Cursory observation identifies the corresponding infinite discrete bilateral orthogonality relation given by

∞∑

k=−∞
(1 − q2kα2)Hm[qkα|q−1]Hn[qkα|q−1]q2k2−kα4 = (q, α2,

q

α2 ; q)∞
q−(n

2)(q; q)n

(−q)n
δm,n, (46)

which after the replacement α 
→ iα, one obtains

∞∑

k=−∞
(1 + q2kα2)Hm[qkα|q]Hn[qkα|q]q2k2−kα4 = (q, −α2, − q

α2 ; q)∞
q−(n

2)(q; q)n

qn
δm,n. (47)

This is the infinite discrete bilateral analogue of (45) for α = 1 which corresponds to a positive definite
orthogonality measure for q ∈ (0, 1). This can be seen after replacing α 
→ 1, k 
→ x and replacing the
infinite bilateral sum over k ∈ Z with a continuous integral over x ∈ R, or otherwise, using the methods
described in [9].

Nowwe can use themethods in [9] to obtain precisely the correspondence between the infinite discrete bilateral
orthogonality relation (47) and the infinite continuous orthogonality relation given in (45). Both orthogonality
relations having already been established in [6] and [11]. This leads us to the following theorem.
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Theorem 4.1 For m, n ∈ N0, q ∈ C
†, α ∈ C

∗, we have the discrete orthogonality relation


m,n(α|q) :=
∞∑

k=−∞
(1 + q2kα2)Hn[qkα|q]Hm[qkα|q]q2k2−kα4k

= (q,−α2, − q

α2 ; q)∞
q−(n

2)(q; q)n

qn
δm,n . (48)

This relation implies the continuous orthogonality relation

Km,n(α|q) :=
∫ ∞

−∞
(1 + q2xα2)Hn[qxα|q]Hm[qxα|q]q2x2−xα4x dx

=
∫ 1

0

m,n(q

xα|q)q2x2−xα4x dx

= (q; q)∞
q−(n

2)(q; q)nδm,n

qn
J(α|q), (49)

where

J(α|q) =
∫ 1

0
(−q2xα2, −q1−2x

α2 ; q)∞q2x2−xα4x dx

= 1

(q; q)∞

∫ ∞

−∞
(1 + q2xα2)q2x2−xα4x dx =

√
2π α exp

(
2(logα)2

log q−1

)

q
1
8
√
log q−1(q; q)∞

. (50)

Proof The infinite discrete bilateral orthogonality relation for continuous q−1-Hermite polynomials (48) is
known, namely (39), with the finite q-shifted factorials rewritten as infinite q-shifted factorials. Using the
methods in [9] one has

∫ ∞

−∞
(1 + q2xα2)Hn[qxα|q]Hm[qxα|q]q2x2−xα4xω(x; q) dx

=
∫ 1

0

m,n(q

xα|q)q2x2−xα4xω(x; q) dx

= (q; q)∞
q−(n

2)(q; q)n

qn
δm,n

∫ 1

0
(−q2xα2, −q1−2x

α2 ; q)∞q2x2−xα4xω(x; q) dx, (51)

where ω(x; q) is unit-periodic on x ∈ R. Choosing ω(x; q) ≡ 1 provides correspondence (49). The integral
J(α|q) and its relation with K0,0(α|q), namely

K0,0(α|q) = (q; q)∞J(α|q), (52)

is clear by setting (m, n) = (0, 0) in (49). This gives

(q; q)∞J(α|q) =
∫ ∞

−∞
q2x2−xα4x dx +

∫ ∞

−∞
q2t2+tα4t+2 dt = 2

∫ ∞

−∞
q2x2−xα4x dx

setting t = x − 1
2 . Now the substitution y = (x − 1

4 )
√
2 log q−1 leads to

(q; q)∞J(α|q) =
√
2α

q
1
8
√
log q−1

∫ ∞

−∞
e−y2αcy dy with c := 4√

2 log q−1
.

Using the integral ∫ ∞

−∞
e−x2αcx dx = √

π exp( 14c2(logα)2), (53)

if �c logα < 0, which is just a re-written form of the Gaussian integral, completes the proof. ��
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An important special case of this integral is given by

J(1|q) =
∫ 1

0
(−q2x , −q1−2x ; q)∞q2x2−x dx = 1

(q; q)∞

∫ ∞

−∞
(1 + q2x )q2x2−x dx = q− 1

8

(q; q)∞

√
2π

log q−1 .

(54)

However, we already know the continuous orthogonality relation corresponding to the left-hand side of (49)
with α = 1, namely (45). Therefore we are able to solve for the α = 1 special case of the following integrals

K0,0(1|q) =
∫ ∞

−∞
(1 + q2x )q2x2−x dx = q− 1

8

√
2π

log q−1 , (55)

J(1|q) =
∫ 1

0
(−q2x , −q1−2x ; q)∞q2x2−x dx = q− 1

8

(q; q)∞

√
2π

log q−1 . (56)

Since we know J(1|q), we can use it to derive several items for the continuous big q−1-Hermite polynomials.

Theorem 4.2 For m, n ∈ N0, q ∈ C
†, α, a ∈ C

∗, we have the discrete orthogonality relation


m,n(α; a|q) =
∞∑

k=−∞
(1 + q2kα2)Hn[qkα; a|q]Hm[qkα; a|q](−qk+1αa,

q1−ka

α
; q)∞q2k2−kα4k

= (q, −α2, − q
α2 ; q)∞

(−qαa,
qa
α

; q)∞
q−(n

2)(q; q)n

qn
δm,n . (57)

This relation implies the continuous orthogonality relation

Km,n(α; a|q) :=
∫ ∞

−∞
(1 + q2xα2)Hn[qxα; a|q]Hm[qxα; a|q](−qx+1αa,

q1−x a

α
; q)∞q2x2−xα4x dx

=
∫ 1

0

m,n(qxα; a|q)q2x2−xα4x dx

= (q; q)∞
q−(n

2)(q; q)n δm,n

qn

∫ 1

0
(−q2xα2, −q1−2x

α2 ; q)∞q2x2−xα4x dx

=
√
2π α exp

(
2(logα)2

log q−1

)

q

1
8 √

log q−1 q−(n
2)(q; q)nδm,n

qn
. (58)

Proof The infinite discrete bilateral orthogonality relation for continuous big q−1-Hermite polynomials (57)
is known, namely (38) with the finite q-shifted factorials rewritten as infinite q-shifted factorials. Using the
methods in [9] one has

∫ ∞

−∞
(1 + q2xα2)Hn[qxα; a|q]Hm[qxα; a|q](−qx+1αa,

q1−x a

α
; q)∞q2x2−xα4xω(x; q) dx

=
∫ 1

0

m,n(q

xα; a|q)q2x2−xα4xω(x; q) dx

= (q; q)∞
q−(n

2)(q; q)n

qn
δm,n

∫ 1

0
(−q2xα2,−q1−2x

α2 ; q)∞q2x2−xα4xω(x; q) dx, (59)

where ω(x; q) is unit-periodic on x ∈ R. Choosing ω(x; q) ≡ 1 and evaluating the integral (50) completes
the proof. ��
Second is a continuous analogue of the infinite discrete bilateral orthogonality relation for continuous big
q−1-Hermite polynomials. Note that the reason we are able to obtain this is because the norm of orthogonality
is independent of the parameter a.
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Theorem 4.3 For m, n ∈ N0, q ∈ C
†, a ∈ C

†, we have the continuous orthogonality relation

∫ ∞

−∞
(1 + q2x )Hn[qx ; a|q]Hm[qx ; a|q](−qx+1a, q1−x a; q)∞q2x2−x dx = q−(n

2)(q; q)n

qn+ 1
8

√
2π

log q−1 δm,n .

(60)

Proof Set α = 1 in Theorem 4.2. ��
Now we proceed directly to the correspondence theorem for the q−1-Askey–Wilson polynomials.

Theorem 4.4 Let m, n, N ∈ N0, q ∈ C
†, α, a, b, c, d ∈ C

∗, a be the multiset given by {a, b, c, d}, m, n ≤
N such that |abcd| < |q|2N−1. Then we have the discrete orthogonality relation for q−1-Askey–Wilson
polynomials:


m,n(α; a|q) :=
∞∑

k=−∞
(1 + q2kα2)pn[qkα; a|q]pm[qkα; a|q](−qk+1αa,

q1−k

α
a; q)∞q2k2−kα4k

= (q, −α2, − q
α2 , −qab,−qac,−qad,−qbc,−qbd,−qcd; q)∞

(qabcd; q)∞

×q−6(n
2)(−a2b2c2d2)n(q,− 1

ab , − 1
ac ,− 1

ad , − 1
bc ,− 1

bd , − 1
cd ; q)n(

1
qabcd ; q)2n

( 1
qabcd ; q)n(

1
abcd ; q)2n

δm,n .

(61)

This relation implies the continuous orthogonality relation

Km,n(α; a|q) :=
∫ ∞

−∞
(1 + q2xα2)pn[qxα; a|q]pm[qxα; a|q](−qx+1αa,

q1−x

α
a; q)∞q2x2−xα4x dx

=
∫ 1

0

m,n(q

xα; a|q)q2x2−xα4x dx

=
√
2π α exp

(
2(logα)2

log q−1

)
(−qab,−qac,−qad,−qbc,−qbd,−qcd; q)∞

q
1
8
√
log q−1(qabcd; q)∞

×q−6(n
2)(−a2b2c2d2)n(q, − 1

ab , − 1
ac , − 1

ad , − 1
bc , − 1

bd , − 1
cd ; q)n(

1
qabcd ; q)2n

( 1
qabcd ; q)n(

1
abcd ; q)2n

δm,n .

(62)

Proof The infinite discrete bilateral orthogonality relation for q−1-Askey–Wilson polynomials (61) is known,
namely (30) with the finite q-shifted factorials rewritten as infinite q-shifted factorials. Then using the methods
in [9] one has

∫ ∞

−∞
(1 + q2xα2)pn[qxα; a|q]pm[qxα; a|q](−qx+1αa,

q1−x

α
a; q)∞q2x2−xα4xω(x; q) dx

=
∫ 1

0

m,n(q

xα; a|q)q2x2−xα4xω(x; q) dx

= q−(n
2)

(q; q)n

qn

(q, −q1−nab,−q1−nac,−q1−nad,−q1−nbc,−q1−nbd,−q1−ncd, q2−2nabcd; q)∞
(q1−2nabcd, q2−nabcd; q)∞

×
∫ 1

0
(−q2xα2, −q1−2x

α2 ; q)∞q2x2−xα4xω(α; q) dx,

(63)
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where ω(x; q) is unit-periodic on x ∈ R. Choosing ω(x; q) ≡ 1 and evaluating the integral (50) provides the
result. Now define the first integral on the left-hand side of (62) as

∫ ∞

−∞
Cm,n(x;α; a|q) dx . (64)

Then using (15), one can see that as x → ±∞, one has

Cn,n(x;α; a|q) ∼

⎧
⎪⎨

⎪⎩
D+

n (α; a|q) q2x2−(2n+1)xα4x
(

q1−x a
α

; q

)

∞
, as x → ∞

D−
n (α; a|q) q2x2+(2n+1)xα4x (−qx+1αa; q

)
∞ , as x → −∞,

where the constants D±
n (α; a|q) given by

D+
n (α; a|q) := q−6(n

2)
(

abcd

α

)2n ( 1
qabcd , 1

qabcd ; q)2n

( 1
qabcd , 1

qabcd ; q)n
, (65)

D−
n (α; a|q) := α2q−6(n

2)(abcdα)2n
( 1

qabcd , 1
qabcd ; q)2n

( 1
qabcd , 1

qabcd ; q)n
, (66)

are independent of x . Now for x → ±∞, set x = ±(m + ε) with |ε| < 1, m ∈ N0, m → ∞. After
simplification we see that convergence as x → ∞ requires |q2n−1abcd| < 1 and convergence as x → −∞
requires that |q1−2nabcd| < 1. Therefore convergence of the integral is guaranteed for m, n ≤ N where
|qabcd| < |q|2N . This completes the proof. ��
This leads us to a new q-beta integral which arises by selecting the K0,0(α; a|q) term in (62).

Theorem 4.5 Let q ∈ C
†, α, a, b, c, d ∈ C

∗, a be the multiset given by {a, b, c, d}. Then one has the following
q-beta integral and |abcd| < |q|−1, namely

∫ ∞

−∞
(1 + q2xα2)(−qx+1αa,

q1−x

α
a; q)∞q2x2−xα4x dx

=
√
2π α exp

(
2(logα)2

log q−1

)
(−qab,−qac,−qad,−qbc,−qbd,−qcd; q)∞

q
1
8
√
log q−1(qabcd; q)∞

. (67)

Proof Setting (m, n) = (0, 0) in (62) and the requirement for convergence corresponds to Theorem 4.4 with
N = 0. This completes the proof. ��
We are also able to compute the q → 1− limit of the above q-beta integral. This is accomplished by converting
all the infinite q-shifted factorials in Theorem 4.5 into q-gamma functions which are defined by [5, (I.35)]

�q(x) := (q; q)∞(1 − q)1−x

(qx ; q)∞
, (68)

and then computing the limit as q → 1− since limq→1− �q(x) = �(x).

Theorem 4.6 Let a, b, c, d ∈ C
∗, �(a+b+c+d) > −1. Then one has the following symmetric beta integral

∫ ∞

−∞
dx

�(2x,−2x, 1+a+x, 1+a−x, 1+b+x, 1+b−x, 1+c+x, 1+c−x, 1+d+x, 1+d−x)

= − 1

2π2

�(a + b + c + d + 1)

�(a + b + 1, a + c + 1, a + d + 1, b + c + 1, b + d + 1, c + d + 1)
, (69)

where we are using the convention that a comma delineated list of argument to the gamma function represents
multiplication by separate gamma functions with their corresponding arguments.
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Proof We obtain this result in two different ways. The first proof is a direct proof of the result by expressing
it as bilateral hypergeometric series and then summing it. The second proof is by starting with Theorem 4.5
and taking the q → 1− limit.

First Proof: Let a := {a1, a2, a3, a4} := {a, b, c, d}, a j > 0, j ∈ {1, 2, 3, 4}. We define functions

f j (x; a j ) := 1

�(1 + a j + x)�(1 + a j − x)
.

We adopt the definition for the Fourier transform given in Erdélyi et al. [4, Chapter III]. The Fourier transform

Fj (t; a j ) := F( f j )(t) :=
∫ ∞

−∞
e−i xt f j (x; a j ) dx,

is known [15, (1.2)] (see also [4, (3.3.5)])

Fj (t; a j ) =
⎧
⎨

⎩

(
2 cos( 12 t)

)2a j

�(2a j +1) if − π < t < π,

0 otherwise.

Note that

F( f g) = 1

2π
F( f ) ∗ F(g),

where F ∗ G denotes convolution

(F ∗ G)(t) =
∫ ∞

−∞
F(s)G(t − s) ds.

Set
f (x) := f1(x) f2(x) f3(x) f4(x).

Then

F := F( f ) = 1

8π3 F1 ∗ F2 ∗ F3 ∗ F4.

It follows from the definition of the convolution that F1 ∗ F2 and F3 ∗ F4 vanish outside [−2π, 2π]. Therefore,
the even function F(t) vanishes outside [−4π, 4π]. We expand F(t) in a Fourier cosine series

F(t) = 1

2

∞∑

k=0

εkwk cos( 14kt),

where ε0 = 1, εk = 2 for k ∈ N is the Neumann factor, and

wk := 1

4π

∫ 4π

−4π
F(s) cos( 14ks) ds = 1

4π

∫ ∞

−∞
F(s) cos( 14ks) ds.

For every real ω we have ∫ ∞

−∞
F(s) eiωs ds = 2π f (ω).

Therefore,

wk = 1
2 f ( 14k) = 1

2

4∏

j=1

1

�(1 + a j + 1
4k)�(1 + a j − 1

4k)
.

Consider the integral
∫ ∞

−∞
f (x) cos(xt) dx = F(t) = 1

2

∞∑

k=0

εkwk cos( 14kt). (70)
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In particular, if t = 0 then ∫ ∞

−∞
f (x) dx = 1

2

∞∑

k=0

εkwk .

If we differentiate (70) with respect to t we find
∫ ∞

−∞
f (x)x sin(xt) dx = −F ′(t) = 1

4

∞∑

k=0

εkkwk sin( 14kt).

If t = 2π one obtains
∫ ∞

−∞
f (x)

�(2x)�(−2x)
dx = − 2

π

∫ ∞

−∞
x sin(2πx) f (x) dx = J := − 1

2π

∞∑

k=0

εkkwk sin( 12kπ).

Setting k = 4n + 1, k = 4m + 3 for m, n ∈ N0 we find

J = − 1

4π

∞∑

n=0

(4n + 1) f (n + 1
4 ) + 1

4π

∞∑

m=0

(4m + 3) f (m + 3
4 ).

If we replace m by −n − 1 and note that f is an even function, then this represents J as a bilateral sum

J = − 1

4π

∞∑

n=−∞
(4n + 1) f (n + 1

4 ).

Using the bilateral hypergeometric function 5H5 [14, (16.4.16)] this becomes

J = − 1

4π
5H5

(
5
4 ,

1
4 − a1,

1
4 − a2,

1
4 − a3,

1
4 − a4

1
4 , a1 + 5

4 , a2 + 5
4 , a3 + 5

4 , a4 + 5
4

; 1
)

4∏

j=1

1

�(a j + 5
4 )�(a j + 3

4 )
.

The bilateral hypergeometric function can be evaluated using Dougall’s formula [16, (6.1.2.5)], and we obtain

J = − 1

2π2

�(a1 + a2 + a3 + a4 + 1)∏
1≤i< j≤4 �(1 + ai + a j )

.

This completes the first proof.

Second proof: First start with Theorem 4.5 and replace (α, a, b, c, d) 
→ i(qα, qa, qb, qc, qd). Then re-writing
it in terms of q-gamma functions using (68) leads to

∫ ∞

−∞
�q(2α + 2x + 1) q2x2+(4α−1)x e2iπx dx

�q(2α + 2x, 1+a± (x + α), 1+b± (x + α), 1+c± (x + α), 1+d± (x + α))

=
iqα− 1

8
√
2π exp

(
2(log(iqα))2

log q−1

)

(q; q)3∞(1 − q)
√
log q−1

�q(a+b+c+d+1)

�q(a+b+1, a+c+1, a+d+1, b+c+1, b+d+1, c+d+1)
.

Taking the q → 1− with justification of interchanging the limit and the integral being provided by the first
proof above. In the limit as q → 1− of the above expression, we see that all the q-gamma functions become
gamma functions, powers of q become unity and one has

lim
q→1−

iqα− 1
8
√
2π exp

(
2(log(iqα))2

log q−1

)

(q; q)3∞(1 − q)
√
log q−1

= √
2π ie−2iπαT.

since
√
log q−1 ∼ √

1 − q,

exp
(
2(log(iqα))2

log q−1

)
∼ e−2π iα exp

(
π2

2 log q

)
, where T := limq→1−

exp
(
− π2

2 log q−1

)

(q;q)3∞(1−q)
3
2

.
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Then one obtains
∫ ∞

−∞
(α+x) e2π i x dx

�(1+a±(α+x), 1+b±(α+x), 1+c±(α+x), 1+d±(α+x))

=
i
√

π
2 e

−2iπαT�(a + b + c + d + 1)

�(a + b + 1, a + c + 1, a + d + 1, b + c + 1, b + d + 1, c + d + 1)
.

Then making the substitution y = x + α and then replacing y 
→ x obtains the expression in terms of T. If
one takes the limit as a, b, c, d, α → 0 of the beta integral, then using the reflection formula for the gamma
function [14, (5.5.3)], the beta integral becomes

∫ ∞

−∞
e2iπx sin4(πx)

x3
dx = iπ3

4
.

In fact, the similar case where a, b, c, d → 0 (α �= 0) is equivalent to the same integral. We now see that

the value of T is given by T = 1/(2π)
3
2 . Note that one can also see the value of the limit T by examining

[13, (3.13)]. Then we write the complex exponential using Euler’s formula and only the sin term contributes.
Finally we use the reflection formula for gamma functions to write the sine function as a product of two gamma
functions. The limit of the constraint |qabcd| 
→ |qa+b+c+d+1| < 1 provides the updated constraint. This
completes the second proof. ��
Remark 4.7 Since the beta integral (69) is negative, one cannot use it to build a set of orthogonal polynomials
with a positive measure.

Now we present the correspondence theorem for the continuous dual q−1-Hahn polynomials.

Theorem 4.8 Let m, n ∈ N0, q ∈ C
†, α, a, b, c ∈ C

∗, a be the multiset given by {a, b, c}. Then we have the
discrete orthogonality relation for continuous dual q−1-Hahn polynomials:


m,n(α; a|q) :=
∞∑

k=−∞
(1 + q2kα2)pn[qkα; a|q]pm[qkα; a|q](−qk+1αa,

q1−k

α
a; q)∞q2k2−kα4k

= (q, −α2, − q

α2 , −qab,−qac,−qbc; q)∞q−4(n
2)

(
a2b2c2

q

)n (
q, − 1

ab
, − 1

ac
, − 1

bc
; q

)

n
δm,n. (71)

This relation implies the continuous orthogonality relation

Km,n(α; a|q) :=
∫ ∞

−∞
(1 + q2xα2)pn[qxα; a|q]pm[qxα; a|q](−qx+1αa,

q1−x

α
a; q)∞q2x2−xα4x dx

=
∫ 1

0

m,n(q

xα; a|q)q2x2−xα4x dx

=
√
2π α exp

(
2(logα)2

log q−1

)
(−qab,−qac,−qbc; q)∞

q
1
8
√
log q−1

q−4(n
2)

(
a2b2c2

q

)n (
q, − 1

ab
, − 1

ac
, − 1

bc
; q

)

n
δm,n .

(72)

Proof The infinite discrete bilateral orthogonality relation for continuous dual q−1-Hahn polynomials (71) is
known, namely (36) with the finite q-shifted factorials rewritten as infinite q-shifted factorials. Then using the
methods in [9] one has

∫ ∞

−∞
(1 + q2xα2)pn[qxα; a|q]pm[qxα; a|q](−qx+1αa,

q1−x

α
a; q)∞q2x2−xα4xω(x; q) dx

=
∫ 1

0

m,n(qxα; a|q)q2x2−xα4xω(x; q) dx

= q−(n
2)

(q; q)n

qn
(q,−q1−nab,−q1−nac,−q1−nbc; q)∞δm,n

×
∫ 1

0
(−q2xα2,−q1−2x

α2 ; q)∞q2x2−xα4xω(α; q) dx, (73)
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where ω(x; q) is unit-periodic on x ∈ R. Choosing ω(x; q) ≡ 1 and evaluating the integral (50) completes
the proof. ��
Theorem 4.9 Let m, n ∈ N0, q ∈ C

†, α, a, b ∈ C
∗, a be the multiset given by {a, b}. Then we have the

discrete orthogonality relation


m,n(α; a|q) :=
∞∑

k=−∞
(1 + q2kα2)Qn[qkα; a|q]Qm[qkα; a|q](−qk+1αa,

q1−k

α
a; q)∞q2k2−kα4k

= (q, −α2, − q

α2 , −qab; q)∞q−2(n
2)

(
ab

q

)n (
q, − 1

ab
; q

)

n
δm,n . (74)

This relation implies the continuous orthogonality relation

Km,n(α; a|q) :=
∫ ∞

−∞
(1 + q2xα2)Qn[qxα; a|q]Qm[qxα; a|q](−qx+1αa,

q1−x

α
a; q)∞q2x2−xα4x dx

=
∫ 1

0

m,n(q

xα; a|q)q2x2−xα4x dx

=
√
2π α exp

(
2(logα)2

log q−1

)
(−qab; q)∞

q
1
8
√
log q−1

q−(n
2)

(
ab

q

)n (
q, − 1

ab
; q

)

n
δm,n . (75)

Proof The infinite discrete bilateral orthogonality relation for q−1-Al-Salam–Chihara polynomials (74) is
known, namely (37) with the finite q-shifted factorials rewritten as infinite q-shifted factorials. Then using the
methods in [9] one has

∫ ∞

−∞
(1 + q2xα2)Qn[qxα; a|q]Qm[qxα; a|q](−qx+1αa,

q1−x

α
a; q)∞q2x2−xα4xω(x; q) dx

=
∫ 1

0

m,n(q

xα; a|q)q2x2−xα4xω(x; q) dx

= q−(n
2)

(q; q)n

qn
(q, −q1−nab; q)∞δm,n

∫ 1

0
(−q2xα2,−q1−2x

α2 ; q)∞q2x2−xα4xω(α; q) dx, (76)

where ω(x; q) is unit-periodic on x ∈ R. Choosing ω(x; q) ≡ 1 and evaluating the integral (50) completes
the proof. ��
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