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Abstract
In this paper we evaluate integrals of products of gamma functions of Ramanujan type
in terms of bilateral hypergeometric series. In caseswhere the bilateral hypergeometric
series are summable, then we evaluate these integral as beta integrals. In addition, we
obtain integral representations for bilateral hypergeometric series.
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1 Introduction

In 1920 Ramanujan [12, (7.1)] showed that

∫ ∞

−∞
dx

Γ (a + x)Γ (b + x)Γ (c − x)Γ (d − x)

= Γ (a + b + c + d − 3)

Γ (a + c − 1)Γ (a + d − 1)Γ (b + c − 1)Γ (b + d − 1)
(1)
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provided that �(a + b+ c+ d) > 3. This result is listed as Ramanujan’s beta integral
in the Digital Library of Mathematical Functions [5, (5.13.4)]. It may be compared to
Barnes’ beta integral [5, (5.13.3)]

1

2π

∫ ∞

−∞
Γ (a+i x)Γ (b+i x)Γ (c−i x)Γ (d−i x) dx = Γ (a + c)Γ (a + d)Γ (b + c)Γ (b + d)

Γ (a + b + c + d)
(2)

which holds for �a,�b,�c,�d > 0. We notice an obvious difference between these
integrals. The integrand in (1) is an entire function of x , while the integrand in (2)
is meromorphic on C having many poles. The integral (2) may be evaluated by the
residue theorem while this theorem is not applicable to obtain (1). In fact, Ramanujan
used the Fourier transform as the main tool in his proof of (1).

In this paper we will investigate more general integrals of Ramanujan’s type,
namely, ∫ ∞

−∞
e−i xt dx∏m

j=1 Γ (a j + 1 + x)Γ (b j + 1 − x)
, (3)

where t ∈ R, a1, . . . , am , b1, . . . , bm are given complex numbers such that the integral
exists. Note that m can be any positive integer. Of course, we cannot expect that
such integrals can always be evaluated explicitly in terms of Γ -functions as in (1) or
(2). However, applying the Poisson summation formula from the theory of Fourier
transforms we show in Theorem 4.2 that the integral (3) can always be expressed
in terms of a finite sum of bilateral hypergeometric series. For the definition of the
bilateral hypergeometric series and its basic properties we refer to Sect. 2. In some
cases we obtain hypergeometric series that can be evaluated in terms of Γ -functions.
In such cases we can also evaluate the integral explicitly. We study such cases in
Sect. 5.

As a second application of thePoisson summation formulaweobtain inTheorem4.4
an integral representation of any bilateral hypergeometric series in terms of integrals
of the type (3) (the numerator of the integrand will be a trigonometric polynomial).
In the final section 6 we discuss possible extensions of our results to bilateral basic
hypergeometric series. However, the results for basic bilateral series are not completely
parallel to those for bilateral hypergeometric series.

The referee has pointed out two interesting relevant references, namely [2, 8].

2 Preliminaries on bilateral hypergeometric series

2.1 Bilateral hypergeometric series

Recall the definition of the shifted factorial (Pochhammer symbol)

(a)n := Γ (a + n)

Γ (a)
for n ∈ Z.
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The bilateral hypergeometric series mHm [14, (6.1.1.2)] is defined by

mHm

(
a1, . . . , am
b1, . . . , bm

; z
)

=
∞∑

n=−∞

(a1)n . . . (am)n

(b1)n . . . (bm)n
zn, (4)

where m ∈ N0 and a1, . . . , am, b1, . . . , bm ∈ C are such that a1, . . . , am /∈ N and
b1, . . . , bm /∈ −N0. The inner and outer radius of this Laurent series is equal to 1
unless the series terminates (to the left or right). Using the ratio test we see that we
have absolute convergence on the unit circle |z| = 1 provided that

m∑
j=1

�(a j − b j ) < −1.

Alternatively, we may use that

(a j )n

(b j )n
= O

(
|n|�(a j−b j )

)
as |n| → ∞.

Using partial summation we see that we have conditional convergence for |z| = 1,
z �= 1, if

m∑
j=1

�(a j − b j ) < 0.

The unilateral hypergeometric series mFm−1 defined by [5, (16.2.1)]

mFm−1

(
a1, , . . . , am
b1, . . . , bm−1

; z
)

=
∞∑
n=0

(a1)n . . . (am)n

(b1)n . . . (bm−1)n

zn

n! ,

can be seen as a special case of the bilateral hypergeometric series. If bm = 1 in (4)
then

mHm

(
a1, . . . , am

b1, . . . , bm−1, 1
; z

)
= mFm−1

(
a1, . . . , am
b1, . . . , bm−1

; z
)

. (5)

Conversely, the bilateral hypergeometric series can be expressed in terms of the
unilateral hypergeometric series as follows:

mHm

(
a1, . . . , am
b1, . . . , bm

; z
)

= m+1Fm

(
1, a1, . . . , am
b1, . . . , bm

; z
)

+ m+1Fm

(
1, 1 − b1, . . . , 1 − bm
1 − a1, . . . , 1 − am

; 1
z

)

= m+1Fm

(
1, a1, . . . , am
b1, . . . , bm

; z
)

+ (1 − b1) · · · (1 − bm)

(1 − a1) · · · (1 − am)

1

z
m+1Fm

(
1, 2 − b1, . . . , 2 − bm
2 − a1, . . . , 2 − am

; 1
z

)
.
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The shifted factorials satisfy (a)n(1 − a)−n = (−1)n for n ∈ Z. This yields the
symmetry relation

mHm

(
a1, . . . , am
b1, . . . , bm

; z
)

= mHm

(
1 − b1, . . . , 1 − bm
1 − a1, . . . , 1 − am

; 1
z

)
. (6)

The bilateral hypergeometric series pHq can be defined for p �= q but it diverges
everywhere unless it terminates.

2.2 Basic hypergeometric series

For q ∈ C, |q| < 1, a ∈ C and n ∈ N0 the basic shifted factorials are defined by

(a; q)n :=
n−1∏
k=0

(1 − aqk) for n ∈ N,

and

(a; q)−n :=
n∏

k=1

1

1 − aq−k
= q

1
2 n(n+1)

(−a)n(qa−1; q)n
for n ∈ N, (7)

and

(a; q)∞ := lim
n→∞(a; q)n .

The q-gamma function is given by [5, (5.18.4)]

Γq(x) := (q; q)∞(1 − q)1−x

(qx ; q)∞
,

We know [5, (5.18.10)] that

lim
q→1− Γq(x) = Γ (x). (8)

Let q ∈ C, |q| < 1, and let a1, . . . , ar , b1, . . . , bs ∈ C, where r , s ∈ N0. Then the
bilateral basic hypergeometric series is defined by [5, (17.4.3)]

rψs

(
a1, . . . , ar
b1, . . . , bs

; q, z

)
:=

∞∑
n=−∞

( a1, . . . , ar ; q)n

( b1, . . . , bs; q)n

(
(−1)nq(n2)

)s−r
zn,

(9)

where we used the notation (a1, . . . , am; q)n = ∏m
j=1(a j ; q)n . The series (9) is well-

defined if b j /∈ {qk : k ∈ N0}, j = 1, . . . , s and a j /∈ {q−k : k ∈ N}, j = 1, . . . , r .

123



Evaluation of beta integrals of Ramanujan type… Page 5 of 32    28 

For s = r , the series converges absolutely when

|b1 · · · bs |
|a1 · · · ar | < |z| < 1,

and for s > r the series converges absolutely for

|b1 · · · bs |
|a1 · · · ar z| < 1.

For additional properties of bilateral basic hypergeometric series we refer to Chapter
5 of [6].

2.3 The limit q → 1−

Let m ∈ N0. We have

lim
q→1−

(qα; q)n

(qβ; q)n
= (α)n

(β)n
for n ∈ Z.

Therefore, as q → 1−, the basic bilateral hypergeometric series

mψm

(
qα1 , . . . , qαm

qβ1 , . . . , qβm
; q, z

)
(10)

converges termwise to the bilateral hypergeometric series

mHm

(
α1, . . . , αm

β1, . . . , βm
; z

)
. (11)

However, this does not imply that (10) converges to (11) for some z ∈ C. Actually,
this statement is meaningless because in the non-terminating case (11) is defined only
on the unit circle |z| = 1 while (10) is undefined there. In the following, we show in
what sense (11) is the limit of (10) as q → 1−. We start with some lemmas.

Lemma 2.1 Let α = s + i t with s > 0, t ∈ R. There is a constant K independent of
q and n such that

|(qα; q)n | ≤ K (qs; q)n for all q ∈ (0, 1) and n ∈ N0. (12)

Proof Set q = e−u , u > 0. Then we have

|1 − qα|2
(1 − qs)2

= 1 + e−2us − 2e−us cos(ut)

1 + e−2us − 2e−us
= 1 + sin2( 12ut)

sinh2( 12us)
.
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Therefore,

|1 − qα|2
(1 − qs)2

≤ 1 + t2

s2
.

If we apply this inequality with α + k in place of α for k = 0, . . . , n − 1 we get

|(qα; q)n|2
(qs; q)2n

≤
n−1∏
k=0

(
1 + t2

(s + k)2

)
≤ K 2 :=

∞∏
k=0

(
1 + t2

(s + k)2

)
.

This gives (12). �	
Lemma 2.2 Let 0 < β ≤ α. Then

(qα; q)n

(qβ; q)n
≤ (α)n

(β)n
for q ∈ (0, 1), n ∈ N0. (13)

In particular, there is a constant K independent of q and n such that

(qα; q)n

(qβ; q)n
≤ K (1 + n)α−β for q ∈ (0, 1), n ∈ N0.

Proof The inequalities 0 < β ≤ α imply that the function f (q) = 1−qα

1−qβ is non-
decreasing so (13) follows. �	

Note that the inequality sign in (13) must be reversed when 0 < α ≤ β.

Lemma 2.3 Let 0 < α < β and τ > 0. There is a constant K independent of q and n
such that

(qα; q)n

(qβ; q)n
qnτ ≤ K (1 + n)α−β for q ∈ (0, 1), n ∈ N0. (14)

Proof Let p be the smallest positive integer such that β ≤ α + p. For fixed n ≥ p and
q ∈ (0, 1) we introduce the function

f (z) := (qα; q)n

(qz; q)n
.

This function is analytic in the half-plane �z > 0. For x > 0 let

M(x) := max{| f (x + iy)| : y ∈ R} = f (x).

ByHadamard’s three lines theorem [4, Ch.VI, Thm3.7], log f (x) is a convex function.
Since f (α) = 1 we get

f (β) ≤ ( f (α + p))
β−α
p . (15)
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Now

f (α + p) =
∏p−1

j=0 (1 − qα+ j )∏p−1
j=0 (1 − qα+n+ j )

≤ (1 − qα+p−1)p

(1 − qα+n)p
.

Let q = e−u , u > 0. Then the inequality 1 − e−x ≤ x for x ∈ R implies

f (α + p) ≤
(

(α + p − 1)u

1 − e−u(α+n)

)p

. (16)

Set σ := pτ
β−α

. Then we have

u

1 − e−u(α+n)
e−unp−1σ ≤ K1

α + n
, (17)

where

K1 := max

{
v

1 − e−v
e− vσ

α+p : v > 0

}
.

Now (16), (17) give

f (α + p)qnσ ≤ (α + p − 1)pK p
1

1

(α + n)p
for q ∈ (0, 1), n ≥ p.

Using (15) we obtain (14). �	
Lemma 2.4 Let α, β ∈ C, −β /∈ N0. Let τ > 0. Then there is q0 ∈ (0, 1) independent
of n and a constant K independent of q and n such that

|(qα; q)n|
|(qβ; q)n |q

nτ ≤ K (1 + n)−�(β−α) for all q ∈ [q0, 1), n ∈ N0.

Proof Choose k ∈ N so large that�(α+k) > 0 and�(β+k) > 0. There is q0 ∈ (0, 1)
and a constant L independent of q and n such that

|(qα; q)n|
|(qβ; q)n |q

nτ ≤ Lqnτ
n−1∏
j=k

|1 − qα+ j |
|1 − qβ+ j | for q ∈ [q0, 1), n ≥ k.

By Lemma 2.1,

|(qα; q)n|
|(qβ; q)n |q

nτ ≤ K1Lq
nτ

n−1∏
j=k

1 − q�(α+ j)

1 − q�(β+ j)
for q ∈ [q0, 1), n ≥ k.

We complete the proof by using Lemma 2.2 if�α ≥ �β and Lemma 2.3 if�α < �β.
�	
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We now establish the following convergence theorem connecting (10) with (11).

Theorem 2.5 Let α j , β j ∈ C for j = 1, . . . ,m, where m ∈ N0. Suppose that α j /∈ N

and −β j /∈ N0 for all j = 1, . . . ,m, and that �σ > 1, where σ := ∑m
j=1(β j − α j ).

Let 0 < τ < �σ . Then

lim
q→1− mψm

(
qα1 , . . . , qαm

qβ1 , . . . , qβm
; q, qτ z

)
= mHm

(
α1, . . . , αm

β1, . . . , βm
; z

)
(18)

uniformly on the unit circle |z| = 1.

Proof We have termwise convergence of the series. By Lemma 2.4, there is a constant
K independent of q and n such that

qnτ
m∏
j=1

|(qα j ; q)n |
|(qβ j ; q)n | ≤ K (1 + |n|)−�σ for q ∈ [q0, 1), n ∈ N0. (19)

Using (7) we find, for n ∈ N,

q−nτ
m∏
j=1

(qα j ; q)−n

(qβ j ; q)−n
= qn(σ−τ)

m∏
j=1

(q1−β j ; q)n

(q1−α j ; q)n
.

Applying Lemma 2.4 a second time we show that (19) holds for all n ∈ Z. Since
�σ > 1, Tannery’s theorem implies (18). �	

3 The Poisson summation formula

Let f : R → C be integrable, and let

F(t) :=
∫ ∞

−∞
f (x) e−i xt dx, t ∈ R,

be its Fourier transform. The functions f (x) and F(t) are connected through the
Poisson summation formula [7, Thm 3.2.8] that we will apply in the following form.

Theorem 3.1 Let f : R → C be a continuous function which satisfies

| f (x)| ≤ K (1 + |x |)−1−ε for all x ∈ R, (20)

for some positive constants K , ε. Let F(t) be the Fourier transform of f (x). Letω > 0
and t ∈ R be such that

∑
n∈Z |F(t + nω)| < ∞. Then

∑
n∈Z

F(t + nω) = 2π

ω

∑
n∈Z

f

(
2πn

ω

)
e−i 2πn

ω
t . (21)
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Proof In [7, Def. 2.2.8] the Fourier transform is defined in a slightly different way:

F̃(s) =
∫ ∞

−∞
f (x) e−2π i xs dx .

Then the Poisson summation formula in its simplest form [7, Thm 3.2.8] is

∑
n∈Z

F̃(n) =
∑
n∈Z

f (n).

Replacing f (x) by f ( 2πx
ω

)e−2π i xt
ω gives (21). �	

4 Main results

Let a1, . . . , am , b1, . . . , bm be complex numbers for some m ∈ N. We define entire
functions

f j (x) := 1

Γ (a j + 1 + x)Γ (b j + 1 − x)
for j = 1, 2, . . . ,m,

and consider their product

f (x) :=
m∏
j=1

f j (x) = 1∏m
j=1 Γ (1 + a j + x)Γ (1 + b j − x)

. (22)

We have f j (x) = O(|x |−�(a j+b j )−1) as x ∈ R, |x | → ∞. We assume that �(a j +
b j ) > 0 for all j = 1, . . . ,m so that f j ∈ L1(R) for all j . Let

Fj (t) :=
∫ ∞

−∞
f j (x) e

−i xt dx

be the Fourier transform of f j (x). To compute it Ramanujan [12, (1.1)] starts with
Cauchy’s integral [11, p. 158, (5)] stating that

∫ 1
2π

− 1
2π

(cos t)γ eiδt dt = πΓ (γ + 1)

2γ Γ
(
1 + 1

2 (γ + δ)x
)
Γ

(
1 + 1

2 (γ − δ)
) for �γ > −1.

(23)
It follows from (23) with γ = a j + b j , δ = a j − b j + 2x and Fourier inversion [7,
Thm 2.2.14] that

Fj (t) =

⎧⎪⎨
⎪⎩

(
2 cos

( 1
2 t

))a j+b j

Γ (a j + b j + 1)
e− 1

2 i t(b j−a j ) if t ∈ R, |t | ≤ π,

0 if t ∈ R, |t | > π.

(24)
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Let F(t) be the Fourier transform of f (x):

F(t) :=
∫ ∞

−∞
f (x) e−i t x dx .

Then
F(t) = (2π)1−m(F1 ∗ F2 ∗ · · · ∗ Fm)(t), (25)

where the convolution is defined by

(F ∗ G)(t) =
∫ ∞

−∞
F(s)G(t − s) ds.

Lemma 4.1 Let
∑m

j=1 �(a j + b j + 1) > 1. Then F(t) = 0 for t ∈ R with |t | ≥ mπ .

Proof Assume first that �(a j + b j ) > 0 for all j = 1, . . . ,m. By (24), Fj (t) = 0
for t ∈ R, |t | ≥ π . Now F(t) = 0 for t ∈ R with |t | ≥ mπ follows from (25). By
analytic continuation, the statement of the lemma is also true under the assumption∑m

j=1 �(a j + b j + 1) > 1. �	

Theorem 4.2 Let
∑m

j=1 �(a j + b j + 1) > 1. Suppose that p ∈ N, p ≥ m and t ∈ R

with |t | ≤ pπ . Then we have

F(t) =
∫ ∞

−∞
f (x) e−i xt dx =

p∑
k=0

Sk(t), (26)

where f (x) is defined in (22),

Sk(t) := 1

p

∞∑

=−∞

f
(

 + k

p

)
e
−i

(

+ k

p

)
t

= 1

p
Cke

−i kp t m Hm

(
−b1 + k

p , . . . ,−bm + k
p

a1 + 1 + k
p , . . . , am + 1 + k

p
; (−1)me−i t

)
, (27)

and

Ck := 1∏m
j=1 Γ

(
a j + 1 + k

p

)
Γ

(
b j + 1 − k

p

) . (28)

Proof Theorem 3.1 with ω = 2π p gives

∑
n∈Z

F(t + 2π pn) = 1

p

∑
n∈Z

f

(
n

p

)
e−i np t .
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By Lemma 4.1, the left-hand sum reduces to F(t). By setting n = p
 + k, k =
0, . . . , p − 1, we find

F(t) = 1

p

∑
n∈Z

f

(
n

p

)
e−i np t =

p−1∑
k=0

Sk(t).

We note that

f j
(

 + k

p

)
= 1

Γ
(
a j + 1 + 
 + k

p

)
Γ

(
b j + 1 − 
 − k

p

)

= (−1)


Γ
(
a j + 1 + k

p

)
Γ

(
b j + 1 − k

p

)
(
k
p − b j

)

(

a j + 1 + k
p

)



.

If we multiply theses identities for j = 1, . . . ,m, multiply by e−i(
+ k
p )t and then add

for 
 ∈ Z we obtain the second formula for Sk(t). �	
Lemma 4.3 We have Sk(t) = Sk+p(t). If a j = b j for all j = 1, . . . ,m then Sk(t) =
S−k(−t) = Sp−k(−t).

Proof Change 
 to 
 + 1 or −
 in the definition of Sk . �	

Note that the sum
∑p−1

k=0 Sk(t) appearing on the right hand side of (26) is just a
Riemann sum with step size 1/p for the integral on the left-hand side. Usually, these
Riemann sums are only approximations of the integral but in our case they are equal to
the integral. The Poisson summation formula also gives us an integral representation
of bilateral hypergeometric functions as follows.

Theorem 4.4 Let
∑m

j=1 �(a j + b j + 1) > 1. If t ∈ [−π, π ] then

C0 mHm

( −b1, . . . ,−bm
a1 + 1, . . . , am + 1

;− e−i t
)

=
∫ ∞

−∞
f (x) e−i xt gm(x) dx, (29)

where

C0 := 1∏m
j=1 Γ (a j + 1)Γ (b j + 1)

(30)

and

gm(x) := sin(mπx)

sin(πx)
=

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

1 + 2

1
2 (m−1)∑
n=1

cos(2nπx) if m is odd,

2

1
2m∑
n=1

cos((2n − 1)πx) if m is even.

(31)
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Proof This time we apply Theorem 3.1 with ω = 2π . Suppose first that t ∈ [−π, π ]
andm is odd. Then the points t +2nπ lie outside (−mπ,mπ) and so F(t +2nπ) = 0
unless n = − 1

2 (m − 1), . . . , 1
2 (m − 1). So we find

∑
n∈Z

f (n)e−int =
∑
n∈Z

F(t + 2πn) =
1
2 (m−1)∑

n=− 1
2 (m−1)

F(t + 2πn) =
∫ ∞
−∞

f (x) e−i t x gm(x) dx .

As in the proof of Theorem 4.2 we see that

∑
n∈Z

f (n)e−int = mS0(t)

and the desired statement follows.
Now let s ∈ [0, 2π ], and let m be even. Then the points s + 2nπ lie outside

(−mπ,mπ) unless n = − 1
2m, . . . , 1

2m − 1. Now Theorem 3.1 yields

∑
n∈Z

f (n)e−ins =
1
2m−1∑

n=− 1
2m

F(s + 2πn) =
∫ ∞

−∞
f (x) e−isxeiπx gm(x) dx

and this is the claimed equation after substitution s = t + π . �	
Theorem 4.5 Let

∑m
j=1 �(a j + b j + 1) > 1. Then

∫ ∞

−∞
f (x)

sin((m − 1)πx)

sin(πx)
dx = C0 mHm

( −b1, . . . ,−bm
a1 + 1, . . . , am + 1

; 1
)

, (32)

∫ ∞

−∞
f (x)

sin(mπx)

sin(πx)
dx = C0 mHm

( −b1, . . . ,−bm
a1 + 1, . . . , am + 1

;−1

)
. (33)

Proof This follows from Theorem 4.4 with t = π and t = 0. If t = π we are also
using Lemma 4.1. �	

5 Special cases

5.1 The casem = 1

If we combine (24) with Theorem 4.2 for p = m = 1 then we find

1H1

( −b
a + 1

; − e−i t
)

= Γ (a + 1)Γ (b + 1)

Γ (a + b + 1)

(
2 cos 1

2 t
)a+b

e−
1
2 i t(b−a) for t ∈ [−π, π ].

The above equation is equivalent to

1H1

(
a
b

;− e−i t
)

= Γ (1 − a)Γ (b)

Γ (b − a)
e
1
2 i t(a+b−1) (

2 cos
( 1
2 t

))b−a−1
,
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where t ∈ [−π, π ], a /∈ N, b /∈ −N0. One is able to derive the above equation and
the following related equation

1H1

(
a
b

; ei t
)

= Γ (1 − a)Γ (b)

Γ (b − a)
e
1
2 i(π−t)(a+b−1) (

2 sin
( 1
2 t

))b−a−1
for t ∈ [0, 2π ],

with the same constraints on t by starting with Ramanujan’s formula [5, (17.8.2)]

1ψ1

(
qa

qb
; q, z

)
= (q, qb−a, qaz, q1−a/z; q)∞

(qb, q1−a, z, qb−a/z; q)∞
= Γq (b)Γq (1 − a)

Γq (b − a)

(qaz, q1−a/z; q)∞
(z, qb−a/z; q)∞

,

(34)
where q�(b−a) < |z| < 1. We choose 0 < τ < �(b − a), set z = −qτ e−i t and
z = qτ ei t in (34), respectively, and let q → 1−. On the left-hand side we apply
Theorem 2.5. On the right-hand side we use (8) and the limit

lim
q→1−

(qαz; q)∞
(qβ z; q)∞

= (1 − z)β−α for 0 < |z| ≤ 1. (35)

The limit (35) can be derived from the q-binomial theorem [5, (17.2.37)]; see also [1,
Theorem 10.2.4]. Two consequences of the above results are

1H1

(
a
b

;−1

)
= 2b−a−1Γ (1 − a)Γ (b)

Γ (b − a)
,

and 1H1(a; b; 1) = 0.

5.2 The casem = 2

It follows from Theorem 4.5 that

∫ ∞

−∞
dx∏2

j=1 Γ (a j + 1 + x)Γ (b j + 1 − x)
= C0 2H2

( −b1,−b2
a1 + 1, a2 + 1

; 1
)

, (36)

where

C0 = 1∏2
j=1 Γ (a j + 1)Γ (b j + 1)

.

We have the generalized Gauss theorem [13, (6.1.2.1)]

2H2

(
a, b
c, d

; 1
)

= Γ

[
c, d, 1 − a, 1 − b, c + d − a − b − 1

c − a, d − a, c − b, d − b

]
(37)

:= Γ (c)Γ (d)Γ (1 − a)Γ (1 − b)Γ (c + d − a − b − 1)

Γ (c − a)Γ (d − a)Γ (c − b)Γ (d − b)
, (38)
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valid for�(c+d−a−b−1) > 0. Note that the above formula generalizes the Gauss
formula [5, (15.4.20)] with a choice of d = 1 using (5). Using (37) in (36) we find
Ramanujan’s integral [12, (7.1)]

∫ ∞

−∞
dx∏2

j=1 Γ (a j +1+x)Γ (b j +1−x)

= Γ (a1 + b1 + a2 + b2 + 1)

Γ (a1 + b1 + 1)Γ (a1 + b2 + 1)Γ (a2 + b1 + 1)Γ (a2 + b2 + 1)
. (39)

It is interesting to note that Ramanujan obtained (39) directly from (24), (25) so
we have a proof of (37).

It follows from Theorem 4.5 that
∫ ∞

−∞
2 cos(πx) dx∏2

j=1 Γ (a j + 1 + x)Γ (b j + 1 − x)
= C0 2H2

( −b1,−b2
a1 + 1, a2 + 1

;−1

)
.

(40)
In general, this equation cannot be simplified further because we do not have a sum-
mation formula for the 2H2 series at z = −1. However, Ramanujan [12, (7.2)] used
(24), (25) to show that under the assumption

a1 − b1 = a2 − b2 (41)

we have

∫ ∞

−∞
e−iπx dx∏2

j=1 Γ (a j + 1 + x)Γ (b j + 1 − x)

= e− 1
2 iπ(b1−a1)

2Γ
( 1
2 (a1 + b1) + 1

)
Γ

( 1
2 (a2 + b2) + 1

)
Γ (a1 + b2 + 1)

.

By comparing this result with (40) we obtain

2H2

( −b1,−b2
a1 + 1, a2 + 1

;−1

)
= cos

( 1
2 (b1 − a1)π

)

× Γ (a1 + 1)Γ (b1 + 1)Γ (a2 + 1)Γ (b2 + 1)

Γ
( 1
2 (a1 + b1) + 1

)
Γ

( 1
2 (a2 + b2) + 1

)
Γ (a1 + b2 + 1)

provided (41) holds.

5.3 The casem = 3

It follows from Theorem 4.5 that
∫ ∞

−∞
2 cos(πx) dx∏3

j=1 Γ (1 + a j + x)Γ (1 + b j − x)
= C0 3H3

( −b1,−b2,−b3
a1 + 1, a2 + 1, a3 + 1

; 1
)

,
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where

C0 = 1∏3
j=1 Γ (a j + 1)Γ (b j + 1)

.

According to [13, (6.1.2.6)] we have the following formula for a well-poised 3H3(1),

3H3

(
b, c, d

1 + a − b, 1 + a − c, 1 + a − d
; 1

)

= Γ

[
1 − b, 1 − c, 1 − d, 1 + a − b, 1 + a − c, 1 + a − d, 1 + 1

2 a, 1 − 1
2 a, 1 + 3

2 a − b − c − d
1 + a − c − d, 1 + a − b − d, 1 + a − b − c, 1 + 1

2 a − b, 1 + 1
2 a − c, 1 + 1

2 a − d, 1 + a, 1 − a

]
,

(42)

for �(1+ 3
2a − b − c − d) > 0. Therefore, setting b1 = −b, b2 = −c, b3 = −d, we

obtain the following result.

Theorem 5.1 Let �(1 + 3
2a + b1 + b2 + b3) > 0. Then

∫ ∞

−∞
2 cos(πx) dx∏3

j=1 Γ (b j + 1 + a + x)Γ (b j + 1 − x)

= cos
( 1
2πa

)
Γ

(
1 + 3

2a + b1 + b2 + b3
)

∏3
j=1 Γ

(
1 + 1

2a + b j
) ∏

1≤i< j≤3 Γ (1 + a + bi + b j )
. (43)

At this point an interesting question arises. Can we prove Theorem 5.1 based on
(24), (25) without using (42)? If this is possible we have a new proof of (42). We
can prove Theorem 5.1 with a = 0 without using (42) if we can show the following
equation:

∫ π

−π

∫ π

−s1

(
2 cos 1

2 s1
)2b1 (

2 cos 1
2 s2

)2b2
(2 sin

(
1
2 (s1 + s2)

)2b3
ds2 ds1

= 2π2Γ (2b1 + 1)Γ (2b2 + 1)Γ (2b3 + 1)Γ (b1 + b2 + b3 + 1)

Γ (b1 + 1)Γ (b2 + 1)Γ (b3 + 1)Γ (b2 + b2 + 1)Γ (b1 + b3 + 1)Γ (b2 + b3 + 1)
.

It follows from Theorem 4.5 that

∫ ∞

−∞
(1 + 2 cos(2πx)) dx∏3

j=1 Γ (1 + a j + x)Γ (1 + b j − x)
= C0 3H3

( −b1,−b2,−b3
a1 + 1, a2 + 1, a3 + 1

;−1

)
,

where

C0 = 1∏3
j=1 Γ (a j + 1)Γ (b j + 1)

.
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Set a j = c j + 1
4 , b j = c j − 1

4 and substitute x = y − 1
4 . Then

1 + 2 cos(2πx)∏3
j=1 Γ (1 + a j + x)Γ (1 + b j − x)

= 1 + 2 sin(2π y)∏3
j=1 Γ (1 + c j + y)Γ (1 + c j − y)

,

so we obtain the following result using the observation that
∫ ∞
−∞ f (x) dx = 0 when

f (x) is an odd function.

Theorem 5.2 Let �(1 + c1 + c2 + c3) > 0. Then

∫ ∞

−∞
dy∏3

j=1 Γ (1 + c j + y)Γ (1 + c j − y)
= C 3H3

(
1
4 − c1,

1
4 − c2,

1
4 − c3

5
4 + c1,

5
4 + c2,

5
4 + c3

;−1

)
,

(44)
where

C = 1∏3
j=1 Γ

(
c j + 5

4

)
Γ

(
c j + 3

4

) . (45)

5.4 The casem = 4

It follows from Theorem 4.5 that

∫ ∞

−∞
(1 + 2 cos(2πx)) dx∏4

j=1 Γ (1 + a j + x)Γ (1 + b j − x)
= C0 4H4

( −b1, . . . ,−b4
a1 + 1, . . . , a4 + 1

; 1
)

,

where

C0 = 1∏4
j=1 Γ (a j + 1)Γ (b j + 1)

.

When we set a j = c j + 1
4 , b j = c j − 1

4 and substitute x = y− 1
4 we find the following

result.

Theorem 5.3 Let �(c1 + c2 + c3 + c4) > − 3
2 . Then

∫ ∞

−∞
dy∏4

j=1 Γ (1 + c j + y)Γ (1 + c j − y)
= C 4H4

( 1
4 − c1, . . . ,

1
4 − c4

c1 + 5
4 , . . . , c4 + 5

4
; 1

)
,

(46)
where

C = 1∏4
j=1 Γ

(
c j + 5

4

)
Γ

(
c j + 3

4

) . (47)
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Consider Bailey’s bilateral very-well-poised 6ψ6 summation [5, (17.8.7)]

6ψ6

(
±qa

1
2 , b, c, d, e

±a
1
2 ,

qa
b ,

qa
c ,

qa
d ,

qa
e

; q,
qa2

bcde

)
=

(
q, qa,

q
a ,

qa
bc ,

qa
bd ,

qa
be ,

qa
cd ,

qa
ce ,

qa
de ; q)

∞(
q
b ,

q
c ,

q
d ,

q
e ,

qa
b ,

qa
c ,

qa
d ,

qa
e ,

qa2
bcde ; q

)
∞

,

(48)
where |qa2| < |bcde|. Setting e = −a1/2 and replacing a, b, c, d by qa, qb, qc, qd ,
respectively, and taking the limit q → 1− using Theorem 2.5, (8) and (35), we obtain
the following summation formula for a very-well-poised 4H4(−1), namely

4H4

(
1+ 1

2a, b, c, d
1
2a, 1+a−b, 1+a−c, 1+a−d

;−1

)

= Γ

[
1 − b, 1 − c, 1 − d, 1 + a − b, 1 + a − c, 1 + a − d

1 − a, 1 + a, 1 + a − b − c, 1 + a − b − d, 1 + a − c − d

]
. (49)

If we combine this with Theorem 4.5, we obtain the following result.

Theorem 5.4 Let �(3a + 2b1 + 2b2 + 2b3) > −1. Then

∫ ∞
−∞

(2 cos(πx) + 2 cos(3πx)) dx

Γ
(
1
2 a + x

)
Γ

(
− 1

2 a − x
)∏3

j=1 Γ (1 + a + b j + x)Γ (1 + b j − x)

= 1

Γ
(
1
2 a

)
Γ

(
− 1

2 a
)

Γ (1 − a)Γ (1 + a)Γ (1 + a + b1 + b2)Γ (1 + a + b1 + b3)Γ (1 + a + b2 + b3)
.

(50)

In (50) we substitute x = y − 1
2a, b j = c j − 1

2a. Then we obtain

∫ ∞
−∞

(
2 cos(π y) cos

(
1
2πa

)
+ 2 cos(3π y) cos

(
3
2πa

))
dy

Γ (y)Γ (−y)
∏3

j=1(1 + c j + y)Γ (1 + c j − y)

= 1

Γ
(
1
2a

)
Γ

(
− 1

2a
)

Γ (1 − a)Γ (1 + a)Γ (1 + c1 + c2)Γ (1 + c1 + c3)Γ (1 + c2 + c3)

(51)

valid for �(c1 + c2 + c3) > − 1
2 .

5.5 The casem = 5

It follows from Theorem 4.5 that

∫ ∞

−∞
(2 cos(πx) + 2 cos(3πx)) dx∏5
j=1 Γ (1 + a j + x)Γ (1 + b j − x)

= C0 5H5

( −b1, . . . ,−b5
a1 + 1, . . . , a5 + 1

; 1
)

,
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where

C0 = 1∏5
j=1 Γ (a j + 1)Γ (b j + 1)

.

According to [13, (6.1.2.5)] one has the following evaluation of a very-well-poised
5H5(1), namely

5H5

(
1 + 1

2a, b, c, d, e
1
2a, 1 + a − b, 1 + a − c, 1 + a − d, 1 + a − e

; 1
)

=

Γ

[
1 − b, 1 − c, 1 − d, 1 − e, 1 + a − b, 1 + a − c, 1 + a − d, 1 + a − e, 1 + 2a − b − c − d − e

1 + a, 1 − a, 1 + a − b − c, 1 + a − b − d, 1 + a − b − e, 1 + a − c − d, 1 + a − c − e, 1 + a − d − e

]

for�(1+2a−b−c−d−e) > 0. If we combine these results we obtain the following
theorem.

Theorem 5.5 Let �(1 + 2a + b1 + b2 + b3 + b4) > 0. Then

∫ ∞

−∞
(2 cos(πx) + 2 cos(3πx)) dx

Γ
( 1
2a + x

)
Γ

(− 1
2a − x

) ∏4
j=1 Γ (1 + a + b j + x)Γ (1 + b j − x)

= Γ (1 + 2a + b1 + b2 + b3 + b4)

Γ
( 1
2a

)
Γ

(− 1
2a

)
Γ (1 − a)Γ (1 + a)

∏
1≤i< j≤4 Γ (1 + a + bi + b j )

. (52)

If we substitute x = y − 1
2a, b j = c j − 1

2a in (52), then we obtain

∫ ∞

−∞

(
2 cos(π y) cos

( 1
2πa

) + 2 cos(3π y) cos
( 3
2πa

))
dy

Γ (y)Γ (−y)
∏4

j=1 Γ (1 + c j + y)Γ (1 + c j − y)

= Γ (1 + c1 + c2 + c3 + c4)

Γ
( 1
2a

)
Γ

(− 1
2a

)
Γ (1 − a)Γ (1 + a)

∏
1≤i< j≤4 Γ

(
1 + ci + c j

) (53)

valid for �(1 + c1 + c2 + c3 + c4) > 0. Taking a = 1
3 gives us the following result.

Theorem 5.6 Let �(1 + c1 + c2 + c3 + c4) > 0. Then

∫ ∞

−∞
cos(π y) dy

Γ (y)Γ (−y)
∏4

j=1 Γ (1 + c j + y)Γ (1 + c j − y)

= − 1

8π2

Γ (1 + c1 + c2 + c3 + c4)∏
1≤i< j≤4 Γ (1 + ci + c j )

. (54)

Note that

4 cos(π y)

Γ (y)Γ (−y)
= 1

Γ (2y)Γ (−2y)

so that Theorem 5.6 agrees with [3, Thm 4.6].
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5.6 The casem = 6

Theorem 5.7 Let �(a1 + a2 + a3 + a4 + a5 + a6) > − 5
2 . Then

∫ ∞

−∞
dx∏6

j=1 Γ (1 + a j + x)Γ (1 + a j − x)
= 2S0(0) + 4S2(0) = 2S3(0) + 4S1(0),

(55)
where Sk is defined as in Theorem 4.2 for m = p = 6 and a j = b j for j = 1, . . . , 6.

Proof By Theorem 4.2 we have

F(t) :=
∫ ∞

−∞
e−i xt dx∏6

j=1 Γ (1 + a j + x)Γ (1 + a j − x)
=

5∑
j=0

S j (t)

for t ∈ [−6π, 6π ]. Since F(6π) = 0 we get

S0(0) + S2(0) + S4(0) = S1(0) + S3(0) + S5(0).

Moreover, by Lemma 4.3, S2(0) = S4(0) and S1(0) = S5(0). This completes the
proof. �	

Let�(a1 +a2 +a3 +a4) > −1 and set a5 := −1, a6 := − 1
2 . By the special choice

of a5, a6, we have S0(0) = S3(0) = 0. Since

1

Γ (2x)Γ (−2x)
= 4π

Γ (x)Γ (−x)Γ
( 1
2 + x

)
Γ

( 1
2 − x

) ,

Theorem 5.7 implies

∫ ∞

−∞
dx

Γ (2x)Γ (−2x)
∏4

j=1 Γ (a j + 1 + x)Γ (a j + 1 − x)
= 16π S2(0).

By Theorem 4.2,

S2(0) = 1
6C2 6H6

(
1
3 − a1,

1
3 − a2,

1
3 − a3,

1
3 − a4,

4
3 ,

5
6

a1 + 4
3 , a2 + 4

3 , a3 + 4
3 , a4 + 4

3 ,
1
3 ,

5
6

; 1
)

.

This 6H6-series reduces to a 5H5-series.We evaluate the 5H5-series by (52) and obtain
again [3, Thm 4.6].
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6 A Fourier transform and q-extensions

6.1 A generalization of Ramanujan’s Fourier transform

Ramanujan [12] used the Fourier transform

∫ ∞

−∞
e−i xt dx

Γ (α + x)Γ (β − x)
=

⎧⎪⎨
⎪⎩

(
2 cos

( 1
2 t

))α+β−2

Γ (α + β − 1)
e− 1

2 i t(β−α) if t ∈ R, |t | ≤ π,

0 if t ∈ R, |t | > π,

(56)
where α, β are complex parameters such that �(α + β) > 2 (one can also allow
�(α + β) > 1 but then the integrand might not be in L1(R) anymore). Our goal is to
derive an analogue of this Fourier transform in the q-world.

Lemma 6.1 For q ∈ C, 0 < |q| < 1, c ∈ C, c �= 0, define the entire function

g(x) := (cq−x ; q)∞q
1
2 x(x+1)c−x ,

where the powers denote their principal values. Then g(x) is bounded for x ≥ 0, and

lim
n→∞(−1)ng(s + n) = g(s)(c−1q1+s; q)∞ for s ∈ C. (57)

Proof Let s ∈ C and n ∈ N0. Then

g(s + n) = (cq−s−n; q)∞q
1
2 (s+n)(s+n+1)c−s−n

= (cq−s; q)∞
(cq−s; q)−n

q
1
2 (s+n)(s+n+1)c−s−n

= (cq−s; q)∞(c−1q1+s; q)nq
− 1

2 n(n+1)q
1
2 (s+n)(s+n+1)(−cq−s)nc−s−n

= (−1)ng(s)(c−1q1+s; q)n .

This establishes (57). The function g(x) is bounded for x ≥ 0 because g(s) is bounded
on [0, 1] and (c−1q1+s; q)n is bounded for s ∈ [0, 1] and n ∈ N0. �	

Let q ∈ C, 0 < |q| < 1, and a, b, w ∈ C, a, b, w �= 0. We define the entire
function

f (x;w; q) := (bqx ; q)∞(a−1q1−x ; q)∞q
1
2 x(x−1)wx .

Lemma 6.2 There are constants K , L (independent of x) such that

| f (x;w; q)| ≤ K
∣∣∣w
a

∣∣∣x for x ≥ 0,

| f (x;w; q)| ≤ L
∣∣∣w
b

∣∣∣x for x ≤ 0.
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Proof This follows from Lemma 6.1. �	
Lemma 6.2 shows that f ∈ L1(R) when

|b| < |w| < |a|. (58)

Theorem 6.3 Under assumption (58) we have

∫ ∞

−∞
f (x;w; q) dx =

( b
a ; q)

∞(−w
a ,− b

w
; q)

∞

√
2πw exp

(
(logw)2

2 log q−1

)

q1/8
√
log q−1

. (59)

Proof Similar to [9, §3] we find

∫ ∞

−∞
f (x;w; q) dx =

∫ 1

0

∞∑
k=−∞

f (x + k;w; q) dx

= (q, b
a ; q)∞(−w

a ,− b
w

; q)
∞

∫ 1

0
(−wqx , w−1q1−x ; q)∞q

1
2 x(x−1)wx dx . (60)

To prove this equation Ramanujan’s summation formula (34) is used. If we apply (60)
with b → 0 and a → ∞ we obtain

∫ ∞

−∞
q

1
2 x(x−1)wx dx = (q; q)∞

∫ 1

0
(−wqx ,−w−1q1−x ; q)∞q

1
2 x(x−1)wx dx . (61)

Note that (61) can also be derived from

∫ ∞

−∞
h(x) dx =

∫ 1

0

∞∑
k=−∞

h(x + k) dx

for h(x) = q
1
2 x(x−1)wx and Jacobi’s triple product identity [1, Thm 10.4.1]. The

integral on the left-hand side of (61) can be evaluated:

∫ ∞

−∞
q

1
2 x(x−1)wx dx =

√
2πw exp

(
(logw)2

2 log q−1

)

q1/8
√
log q−1

. (62)

Combining (60), (61), (62) we obtain (59). �	
Theorem 6.4 Under assumption (58) we have the Fourier transform

∫ ∞

−∞
f (x;w; q) e−i xt dx =

( b
a ; q)

∞(−w
a e

−i t ,− b
w
ei t ; q)

∞

√
2πwe− 1

2 i t exp
(

(logw−i t)2

2 log q−1

)

q1/8
√
log q−1

(63)
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valid for t in the strip

log
|b|
|w| < 
t < log

|a|
|w| .

Proof Replace w by we−i t in (59). �	

We notice a crucial difference comparing (56) with (63). In (56) the Fourier trans-
form is only defined for t ∈ R and it has compact support. In (63) the Fourier transform
is defined in a strip parallel to the real axis and it is an analytic function there. Therefore,
it cannot have compact support.

6.2 The limit q → 1−

In this sectionwe demonstrate that (56) can be obtained from (63) in the limit q → 1−.
The notation f (q) ∼ g(q) means that f (q)/g(q) → 1 as q → 1−. We also use the
notation q = e−u for u > 0.

Lemma 6.5 Let a ∈ C \ [1,∞). Then

(a; q)∞ ∼ (1 − a)1/2 exp(−u−1 Li2(a)),

where Li2 denotes the dilogarithm function [5, § 25.12].

Proof Define the function

f (x) = log(1 − ae−xu) for x ≥ 0.

By the Euler-Maclaurin formula [10, p. 524], we have

n∑
k=0

f (k) =
∫ n

0
f (x) dx + 1

2 ( f (0) + f (n))

− 1
12 ( f

′(0) − f ′(n)) +
∫ n

0
P3(x) f

′′′(x) dx,

where P3(x) is the function with period 1 determined by

P3(x) = 1
6 x

3 − 1
4 x

2 + 1
12 x for x ∈ [0, 1].

We note that

f ′(x) = aue−xu

1 − ae−xu
, f ′′′(x) = au3e−xu(1 + ae−xu)

(1 − ae−xu)3
.
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We let n → ∞, and get

∞∑
k=0

f (k) =
∫ ∞

0
f (x) dx + 1

2 f (0) − 1
12 f ′(0) +

∫ ∞

0
P3(x) f

′′′(x) dx .

Now

log(a; q)∞ =
∞∑
k=0

f (k),
∫ ∞

0
f (x) dx = −u−1 Li2(a),

and

f (0) = log(1 − a), f ′(0) = au

1 − a
.

Since |P3(x)| ≤
√
3

216 and | f ′′′(x)| ≤ |a|(1 + |a|)M−3u3e−xu , where

M = min{|1 − ta| : t ∈ [0, 1]},

we estimate

∣∣∣∣
∫ ∞

0
P3(x) f

′′′(x) dx
∣∣∣∣ ≤

√
3

216
|a|(1 + |a|)M−3u2 =: Ku2.

Therefore, we find

∣∣∣∣log(a; q)∞ + u−1 Li2(a) − 1
2 log(1 − a) + 1

12

au

1 − a

∣∣∣∣ ≤ Ku2. (64)

It follows that
∣∣∣∣(a; q)∞ exp(u−1 Li2(a))(1 − a)−1/2 exp

(
1

12

au

1 − a

)
− 1

∣∣∣∣ ≤ eKu2Ku2.

This implies the statement of the lemma. �	
Lemma 6.6 Let a ∈ C\[1,∞) and α ∈ C. Then

(aqα; q)∞ ∼ (1 − a)
1
2−α exp(−u−1 Li2(a)).

Proof Use (64) with aqα in place of a and note that

Li2(ae
−αu) = Li2(a) + αu log(1 − a) + O(u2) as u → 0.

�	
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We are now in a position to demonstrate that (63) is a q-analogue of (56). Consider
(63) with w = 1, q ∈ (0, 1) and a = q1−β , b = qα with β > 2 and α > 1. If we
divide both sides of (63) by (q; q)2∞(1 − q)2−α−β then the left-hand side is

∫ ∞

−∞
fq(x) e

−i xt dx,

where

fq(x) := q
1
2 x(x−1)

Γq(x + α)Γq(β − x)
.

In order to show that

lim
q→1−

∫ ∞

−∞
fq(x) e

−i xt dx =
∫ ∞

−∞
e−i xt dx

Γ (x + α)Γ (β − x)
,

we apply Lebesgue’s dominated convergence theorem. Pointwise convergence of the
integrands follows from (8), and the dominating function is supplied by the following
lemma.

Lemma 6.7 There are constants K , L independent of q, x such that

| fq(x)| ≤ K (1 + x)1−β for q ∈ [ 1
2 , 1

)
, x ≥ 0, (65)

| fq(x)| ≤ L(1 + |x |)−α for q ∈ [ 1
2 , 1

)
, x ≤ 0. (66)

Proof The q-gamma function satisfies

Γq(x + 1) = 1 − qx

1 − q
Γq(x)

which implies

fq(x + 1) = qx − qβ−1

1 − qx+α
fq(x).

Using the Bernoulli inequality

(1 + y)r ≤ 1 + r y with y = qx − 1, r = β − 1

x
,

we estimate

0 ≤ qβ−1 − qx

1 − qx+α
≤ qβ−1 − qx

1 − qx
≤ x − β + 1

x
for q ∈ (0, 1), x ≥ β − 1.
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For n ∈ N, x ≥ β − 1, we get

| fq(x + n)| ≤ | fq(x)|
n∏

k=1

x − β + k

x + k − 1
= | fq(x)|Γ (x)Γ (x − β + 1 + n)

Γ (x − β + 1)Γ (x + n)
. (67)

Since 1
Γq (z) converges to

1
Γ (z) locally uniformly on C as q → 1−, | fq(x)| is bounded

on q ∈ [ 12 , 1), x ∈ [0, β]. Now (67) with x ∈ [β − 1, β] and y = x + n shows that
there is a constant K1 such that

| fq(y)| ≤ K1
Γ (y − β + 1)

Γ (y)
for q ∈ [ 1

2 , 1
)
, y ≥ β.

This proves (65). The proof of (66) is similar. �	
We now wish to determine the limit of the right-hand side of (63) divided by

(q; q)2∞(1 − q)2−α−β , as q → 1−, that is the limit of

h(q) := (1 − q)α+β−2

(q; q)2∞
(qα+β−1; q)∞

(−qβ−1e−i t ,−qαei t ; q)∞

√
2πe− 1

2 i t exp
(− 1

2u
−1t2

)
q1/8

√
u

(68)

as q → 1− by direct inspection. We have

(qα+β−1; q)∞ ∼ (q; q)∞(1 − q)2−α−β

Γ (α + β − 1)
(69)

by (8), and

(−qβ−1e−i t , q)∞ ∼ (1 + e−i t )
3
2−β exp

(
−u−1 Li2(−e−i t )

)
,

(−qαei t ; q)∞ ∼ (1 + ei t )
1
2−α exp

(
−u−1 Li2(−ei t )

)
,

by Lemma 6.6. Note that [5, (25.12.7), (25.12.8)] yields

Li2(− e−i t ) + Li2(− ei t ) = 1
2 t

2 − 1
6π

2 for t ∈ [−π, π ], (70)

and

(1 + e−i t )β− 3
2 (1 + ei t )α− 1

2 = (
2 cos

( 1
2 t

))α+β−2
e− 1

2 i t(β−α−1).

Therefore, for t ∈ (−π, π),

1

(−qβ−1e−i t , q)∞(−qαei t ; q)∞
∼ exp

(
u−1

(
1
2 t

2 − 1
6π

2
)) (

2 cos
( 1
2 t

))α+β−2
e− 1

2 i t(β−α−1). (71)
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Substituting (69), (71) and [5, (17.2.6_1)] in (68) we obtain that

h(q) ∼
(
2 cos

( 1
2 t

))α+β−2

Γ (α + β − 1)
e− 1

2 i t(β−α)

as desired. Using (8) in place of Lemma 6.6 we obtain limq→1− h(q) = 0 for t = ±π .
If t ∈ R is outside the interval [−π, π ] then h(q) converges to 0 as q → 1−. For
example, if t ∈ (π, 3π) then (70) gives

Li2(−e−i t ) + Li2(−ei t ) = 1
2 (t − 2π)2 − 1

6π
2,

and this leads to limq→1− h(q) = 0.

6.3 Bilateral basic hypergeometric series

We now follow the line of reasoning in Sect. 4. For j = 1, . . . ,m we define entire
functions

f j (x) := (b jq
x ; q)∞(a−1

j q1−x ; q)∞q
1
2 x(x−1)wx

j ,

where w1, . . . , wm ∈ C \ {0}. Consider their product

f (x) :=
m∏
j=1

f j (x),

and let

F(t) :=
∫ ∞

−∞
f (x) e−i xt dx

be its Fourier transform. It follows from Lemma 6.1 that this Fourier transform exists
if

|b1| · · · |bm | < |w1| · · · |wm | < |a1| · · · |am |. (72)

Theorem 6.8 Let q ∈ C, 0 < |q| < 1, and suppose that a1, . . . , am ∈ C, b1, . . . , bm ∈
C, w1, . . . , wm ∈ C satisfy (72). Then, for all t ∈ R,

mψm

(
a1, . . . , am
b1, . . . , bm

; q, z

)
= lim

r→1−

∫ ∞

−∞
f (x) e−i xt 1 − r2

1 − 2r cos(2πx) + r2
dx,

where

z := (−1)me−i t
m∏
j=1

w j

a j
.
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Proof We note that

(b jq
n; q)∞ = (b j ; q)∞

(b j ; q)n

and, by (7),

(a−1
j q1−n; q)∞ = (a−1

j q; q)∞(a j ; q)n

(−a j )nq
1
2 n(n−1)

.

Therefore, we have

f j (n) = (b j ; q)∞(a−1
j q; q)∞

(a j ; q)n

(b j ; q)n

(
−w j

a j

)n

,

so

∑
n∈Z

f (n) e−int =
⎛
⎝ m∏

j=1

(b j ; q)∞(a−1
j q; q)∞

⎞
⎠ mψm

(
a1, . . . , am
b1, . . . , bm

; q, z

)
. (73)

Theorem 3.1 with ω = 2π implies

∑
n∈Z

f (n) e−int =
∑
n∈Z

∫ ∞

−∞
f (x) e−i(t+2nπ)x dx . (74)

Uniform convergence of the series for r ∈ [0, 1] and Lebesgue’s dominated
convergence imply that

lim
r→1−

∑
n∈Z

∫ ∞

−∞
f (x)r |n|e−i(t+2nπ)x dx =

∑
n∈Z

lim
r→1−

∫ ∞

−∞
f (x)r |n|e−i(t+2nπ)x dx

=
∑
n∈Z

∫ ∞

−∞
f (x) e−i(t+2nπ)x dx .

Since

∑
n∈Z

∫ ∞

−∞

∣∣∣ f (x)r |n|e−i(t+2nπ)x
∣∣∣ dx ≤ 1 + r

1 − r

∫ ∞

−∞
| f (x)| dx < ∞

we have

∑
n∈Z

∫ ∞

−∞
f (x)r |n|e−i(t+2nπ)x dx =

∫ ∞

−∞

∑
n∈Z

f (x)r |n|e−i(t+2nπ)x dx

=
∫ ∞

−∞
f (x) e−i xt 1 − r2

1 − 2r cos(2πx) + r2
dx,
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so application of (73), (74) completes the proof. �	

6.4 Integral representations for a 6Ã6 and other basic bilateral series

From [3, Theorem 4.5], one has the following q-beta integral

I(α; a; q) :=
∫ ∞

−∞
(1 + q2xα2)

(
−qx+1αa,

q1−x

α
a; q

)
∞
q2x

2−xα4x dx

=
√
2π α exp

(
2(logα)2

log q−1

)
(−qab,−qac,−qad,−qbc,−qbd,−qcd; q)∞

q
1
8
√
log q−1(qabcd; q)∞

,

(75)

which is valid for 0 < |q| < 1, α, a, b, c, d ∈ C\{0}, a be the multiset given by
{a, b, c, d}, and |abcd| < |q|−1. It is straightforward to verify by using (48) that the
q-beta integral (75) can be written in terms a basic bilateral very-well-poised 6ψ6,
namely

I(α; a; q) =
√
2π α exp

(
2(logα)2

log q−1

)
(iq

5
4 a, iq

3
4 a; q)∞

q
1
8
√
log q−1(q, q

1
2 , q

3
2 ; q)∞

6ψ6

⎛
⎝ ±q

5
4 , − iq

1
4

a

±q
1
4 , iq

5
4 a

; q, qabcd

⎞
⎠ .

(76)

Now in order to demonstrate how this is a q-extension of a Ramanujan-type inte-
gral, make the replacement {α, a, b, c, d} �→ {−iqα,−iqa,−iqb,−iqc,−iqd} and
rewrite the above integral in terms of q-gamma functions, and one obtains

∫ ∞
−∞

Γq (2(x + α) + 1) q2x
2−x+4αx e−2iπx

Γq (2(x + α), 1 + a ± (x + α), 1 + b ± (x + α), 1 + c ± (x + α), 1 + d ± (x + α))
dx

=
−i

√
2πqα exp

(
2(log(−iqα))2

log q−1

)

q
1
8 (1 − q)

√
log q−1(q; q)3∞

× Γq (a + b + c + d + 1)

Γq (a + b + 1, a + c + 1, a + d + 1, b + c + 1, b + d + 1, c + d + 1)

=
−i

√
2πqα exp

(
2(log(−iqα))2

log q−1

)

q
1
8 (1 − q)

√
log q−1(q; q)3∞

×
Γq

(
1
2 , 3

2

)

Γq

(
5
4 + a, 5

4 + b, 5
4 + c, 5

4 + d, 3
4 + a, 3

4 + b, 3
4 + c, 3

4 + d
)

× 6ψ6

⎛
⎝ ±q

5
4 , q

1
4−a

, q
1
4−b

, q
1
4−c

, q
1
4−d

±q
1
4 , q

5
4+a

, q
5
4+b

, q
5
4+c

, q
5
4+d

; q, qa+b+c+d+1

⎞
⎠ . (77)
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Note that one has the following limit

lim
q→1−

iqα− 1
8
√
2π exp

(
2(log(−iqα))2

log q−1

)

(q; q)3∞(1 − q)
√
log q−1

= − ie2iπα

2π
. (78)

Starting with (77) and using (78), the q → 1− limit of the above integral exists and it
is given by Theorem 5.6 above.

Onemight consider limits of (75) and (76), and askwhether there exist generalizations
of these integrals and whether appropriate q → 1− limits exist or not. Let’s start with
the limit as d → 0 which gives us

∫ ∞

−∞
(1 + q2xα2)

(
−qx+1αa,

q1−x

α
a; q

)
∞
q2x

2−xα4x dx

=
√
2π α exp

(
2(logα)2

log q−1

)
(−qab,−qac,−qbc; q)∞

q
1
8
√
log q−1

=
√
2π α exp

(
2(logα)2

log q−1

) (
iq

5
4 a, iq

3
4 a; q

)
∞

q
1
8
√
log q−1

(
q, q

1
2 , q

3
2 ; q

)
∞

5ψ6

(
±q

5
4 ,− iq

1
4

a

±q
1
4 , iq

5
4 a, 0

; q,−iq
5
4 abc

)
.

(79)

which is valid for 0 < |q| < 1, α, a, b, c ∈ C\{0}, a be the multiset given by
{a, b, c}. Now in order to inquire about whether the q → 1− limit exists, we make
the replacement {α, a, b, c} �→ {−iqα,−iqa,−iqb,−iqc} and rewrite (79) in terms
of q-gamma functions.

∫ ∞

−∞
Γq(2(x + α) + 1)q2x

2−x+4αxe−2iπx

Γq(2(x + α), 1 + a ± (x + α), 1 + b ± (x + α), 1 + c ± (x + α))
dx

=
−i

√
2πqα exp

(
2(log(−iqα))2

log q−1

)

q
1
8 (1 − q)

√
log q−1(q; q)3∞

1

Γq(a + b + 1, a + c + 1, b + c + 1)

=
−i

√
2πqα exp

(
2(log(−iqα))2

log q−1

)

q
1
8 (1 − q)

√
log q−1(q; q)3∞

Γq
( 1
2 ,

3
2

)
Γq

(
5
4 + a, 5

4 + b, 5
4 + c, 3

4 + a, 3
4 + b, 3

4 + c
)

× 5ψ6

(
±q

5
4 , q

1
4−a, q

1
4−b, q

1
4−c

±q
1
4 , q

5
4+a, q

5
4+b, q

5
4+c, 0

; q, q
5
4+a+b+c

)
. (80)

Now taking the limit as q → 1− of (80) using (78) reduces the right-hand side to
a very-well-poised 4H4(−1) which can be summed using (49), namely

∫ ∞

−∞
dx

Γ (±2x, 1 + a ± x, 1 + b ± x, 1 + c ± x)
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= − 1

2π2

1

Γ (a + b + 1, a + c + 1, b + c + 1)

= − 1

4π

1

Γ
(
5
4 + a, 5

4 + b, 5
4 + c, 3

4 + a, 3
4 + b, 3

4 + c
)

× 4H4

(
5
4 ,

1
4 − a, 1

4 − b, 1
4 − c

1
4 ,

5
4 + a, 5

4 + b, 5
4 + c

;−1

)
. (81)

We note that (81) agrees with (51) when we set a = 1
3 in (51). If one takes the limit

as c → 0 in (79), then one obtains

∫ ∞

−∞
(1 + q2xα2)

(
−qx+1αa,−qx+1αb,

q1−x

α
a,

q1−x

α
b; q

)
∞
q2x

2−xα4x dx

=
√
2π α exp

(
2(logα)2

log q−1

)
(−qab; q)∞

q
1
8
√
log q−1

=
√
2π α exp

(
2(logα)2

log q−1

) (
iq

5
4 a, iq

5
4 b, iq

3
4 a, iq

3
4 b; q

)
∞

q
1
8
√
log q−1

(
q, q

1
2 , q

3
2 ; q

)
∞

× 4ψ6

(
±q

5
4 ,− iq

1
4

a ,
iq

1
4

b

±q
1
4 , iq

5
4 a, iq

5
4 b, 0, 0

; q,−q
3
2 ab

)
. (82)

which is valid for 0 < |q| < 1, α, a, b ∈ C\{0}. Now in order to inquire about whether
the q → 1− limit exists, we make the replacement {α, a, b} �→ {−iqα,−iqa,−iqb}
and rewrite (82) in terms of q-gamma functions,

∫ ∞

−∞
Γq(2(x + α) + 1)q2x

2−x+4αxe−2iπx

Γq(2(x + α), 1 + a ± (x + α), 1 + b ± (x + α))
dx

=
−i

√
2πqα exp

(
2(log(−iqα))2

log q−1

)

q
1
8 (1 − q)

√
log q−1(q; q)3∞

(1 − q)a+b−1

Γq(a + b + 1)

=
−i

√
2πqα exp

(
2(log(−iqα))2

log q−1

)

q
1
8 (1 − q)

√
log q−1(q; q)3∞

Γq
( 1
2 ,

3
2

)
Γq

(
5
4 + a, 5

4 + b, 3
4 + a, 3

4 + b
)

× 4ψ6

(
±q

5
4 , q

1
4−a, q

1
4−b

±q
1
4 , q

5
4+a, q

5
4+b, 0, 0

; q, q
3
2+a+b

)
. (83)

Now if one takes the limit as q → 1− of (83) using (78), one can see that the limit
vanishes because

lim
q→1−

(1 − q)a+b−1

Γq(a + b + 1)
= 0.
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Another way one can see that the limit vanishes is noting that the 4ψ6 reduces to a
3H3(1) which can be evaluated using (42) and therefore the argument of one of the
denominator gamma functions necessarily vanishes. Hence the whole 3H3(1) neces-
sarily vanishes. Using a similar argument one can see that the q → 1− limits of the
integrals representations of the 3ψ6

∫ ∞
−∞

(1 + q2xα2)

(
−qx+1αa,

q1−xa

α
; q

)

∞
q2x

2−xα4x dx =
√
2πα exp

(
2(logα)2

log q−1

)

q
1
8
√
log q−1

=
√
2πα exp

(
2(logα)2

log q−1

) (
iq

5
4 a, iq

3
4 a; q

)
∞

q
1
8
√
log q−1

(
q, q

1
2 , q

3
2 ; q

)
∞

3ψ6

⎛
⎝ ±q

5
4 , − iq

1
4

a

±q
1
4 , iq

5
4 a, 0, 0, 0

; q, iq
7
4 a

⎞
⎠ ,
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and the 2ψ6

∫ ∞

−∞
(1 + q2xα2) q2x

2−xα4x dx =
√
2πα exp

(
2(logα)2

log q−1

)

q
1
8
√
log q−1

=
√
2πα exp

(
2(logα)2

log q−1

)

q
1
8
√
log q−1(q, q

1
2 , q

3
2 ; q)∞

2ψ6

(
±q

5
4

±q
1
4 , 0, 0, 0, 0

; q, q2
)

, (85)

must also vanish.
One interesting open question is whether there exists more general integral repre-

sentations of basic bilateral series of Ramanujan-type, such as exists in the q → 1−
limit. We are as of yet unable to find such generalizations.
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