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Abstract We review and derive transformation and summation formulas for bilateral basic hypergeomet-
ric series. Our study focuses on consequences of certain bilateral extensions of two important results by
Bailey, namely a transformation for very-well-poised gW7 series in terms of two balanced 4¢3 series, and a
transformation connecting three gl series. Two rather recently discovered transformations of bilateral basic
very-well-poised g¥g, one by Zhang and Zhang, the other by Wei and Yu, serve as the starting point of our
investigations. From these transformations we work out interesting special cases that were not considered
before, including explicit bilateral quadratic and cubic summations. We further explicitly record noteworthy
lower-level transformations derived by taking suitable limits and deduce more transformations by exploiting
the symmetry of the parameters in the series.

Mathematics Subject Classification 33D15 - 33D45

1 Introduction

The theory of basic hypergeometric series [5] is rich in identities. This theory arose out of an interest to extend
classical results for hypergeometric series to that for the basic (or g-)case. The first systematic development
of the theory was undertaken by Heine in the 1840s, but only some decades later, in the first half of the 20th
century, its development attracted broad interest, with researchers such as Jackson, Bailey, Watson, Slater, and
others, being leading pioneers.

While numerous identities (summation and transformation formulas) for unilateral basic hypergeometric
series exist, not so many identities are known for bilateral basic hypergeometric series, the list of closed form
summations essentially being limited (in one variable, i.e., for single series) to Ramanujan’s 131 summation
and Bailey’s very-well-poised ¢1/¢ summation and their special cases (such as Jacobi’s triple product identity,
and the quintuple product identity), apart from some other summations (such as those of g-Karlsson—-Minton
type which even hold for a general number of parameters, or, on the contrary, summations for some highly
specialized bilateral basic hypergeometric series, such as those of Rogers—Ramanujan type [13]).

This paper is devoted to the study of identities for bilateral basic hypergeometric series (in one variable),
focusing on identities containing series up to the level of gi/g basic hypergeometric series. (For identities on the
level of 19¥r10 series we merely review the general ones considered by Slater. However, they do not appear to
be bilateral extensions of Bailey’s 4-term very-well-poised 10Wy transformations or of relevant special cases of
them, such as Bailey’s 3-term very-well-poised g¢7 transformations.) The identities we feature are all deduced
from transformation formulas for gig series obtained by Zhang and Zhang [19] (we correct their main result)
and by Wei and Yu [18]. On one hand, we hope that the compilation of identities we give, having everything at
one place, is useful. On the other hand, we list some particularly nice consequences that were not considered
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explicitly before, such as an interesting cubic summation, or some quadratic summations; these are derived by
specializing the gg transformations and combining them with other known results.

The remainder of this introductory section is devoted to some preliminaries regarding notation. In Sect. 2 we
recall some important identities involving unilateral basic hypergeometric series that we make use of. In Sect. 3
we turn to bilateral basic hypergeometric series with a focus on various transformations satisfied by them. In
Theorem 3.3, we have presented a corrected version of the Zhang—Zhang transformation of a very-well-poised
sg [19, Theorem 6] which is a bilateral extension of Bailey’s transformation [5, (17.9.16)] of a nonterminating
very-well-poised gW7 in terms of a sum of two balanced 4¢3 series. In the new Theorem 3.5, we giveag — 1~
limit of the Zhang—Zhang transformation which provides a transformation of a very-well-poised 7H7 in terms
of a 4H4 and two balanced 4 F3’s. By starting with Theorem 3.3, we obtain in Corollary 3.8 a new cubic
summation formula involving a very-well-poised g/g series and a 2¢ series with base ¢>. The specialization
of Corollary 3.8 to the unilateral case (a cubic summation involving a very-well-poised gp7 series and a 2¢
series with base ¢°) already appears to be new and is given as Corollary 3.9. In Corollary 3.12 we present a
new transformation of a very-well-poised gW7 in terms a 414 and two balanced 4¢3’s. In Theorem 3.13 we
revisit the Wei—Yu transformation of a very-well-poised gig in terms another very-well-poised gg and a very-
well-poised gW7 [18, Theorem 3]. In Corollaries 3.16, 3.18, 3.19 we present new nonterminating summation
formulas for very-well-poised g ’s. Corollaries 3.18, 3.19 are bilateral extensions of the nonterminating very-
well-poised W7 summations [5, (I.16), (II.18)]. By equating the Zhang—Zhang and Wei—Yu transformations,
we give a new transformation of a very-well-poised /g, a 44, an gW7, and two balanced 4¢3’s. Note that in
[18] the authors only realized that their Theorem 3.13 extended Bailey’s ¢V¢ summation (see Remark 3.14).
Other than this, all consequences of the Wei—Yu transformation which appear in this manuscript appear to be
new.

In Theorem 2.1, we derive a sequence of transformation formulas by starting with Bailey’s transformation
of a very-well-poised gW7 in terms of a sum of two balanced 4¢3’s. This interesting sequence of transformations
was studied in [17] (see in particular [17, Figure 2]). van de Bult and Rains (2009) start from Bailey’s four-term
transformation formula for nonterminating 1oWy. Starting with Bailey’s transformation of a very-well-poised
g W7 in terms of a sum of two balanced 4¢3’s, the first limit gives a transformation of a 7W61 series to a special 3¢,
series (24). The second limit gives the transformation of a 6W52 to a 2¢p1 with an arbitrary argument and general
parameters. The extension of this transformation to bilateral basic hypergeometric series was discovered by
Bailey (37); it relates a 6\1162 to a 2r». One of the goals of this paper is to study a scheme of transformations for
bilateral basic hypergeometric series that is analogous to that for the unilateral transformations of Bailey-type,
where the elements in the scheme are connected by taking limits.

Consequences of the featured transformation formulas are given in Sects. 4 and 5. Since the corrected
Zhang—Zhang result provides a bilateral extension of Bailey’s transformation (23), we utilize that result in
Sect. 4 to deduce bilateral lower-level transformations by suitably taking limits. In Sect. 5, we derive further
transformation formulas, not by taking limits but by starting with the transformation formulas derived in Sect.
4 and exploiting the symmetry in the parameters. While the transformation formulas in Sects. 4 and 5 are
all routine consequences of more general results, we record them explicitly as we believe that it is useful to
have them available in one place. As far as we are aware, they have not been stated explicitly before (with
exceptions, such as the very useful Corollary 5.14), and appear for the first time in this paper.

1.1 Preliminaries

Definition 1.1 We adopt the following conventions for succinctly writing elements of multisets. To indicate
sequential positive and negative elements, we write

+a := {a, —a}.

We also adopt an analogous notation

=z, 71

We adopt the following set notations: Ny := {0}UN = {0, 1, 2, ...}, and we use the sets Z, R, C which represent
the integers, real numbers, and complex numbers respectively, C* := C\ {0}. Define the set g% := {¢* : k € Z).
The g-shifted factorial is given by

@ q)n =0 —a)1—ga)---(1—¢"'a), neNy, (D)
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and one further defines

(@: @)oo := [ [(1 = ag™), )

n=0

where |g| < 1. Using this infinite product, one can extend the g-shifted factorial to arbitrary complex index b,
by defining

(a5 @)oo
(@ qQ)p = —— . 3)
(¢Pa; @)oo
In particular, when dealing with bilateral series we will frequently use the g-shifted factorial with the index b
being a negative integer, say, b = —n where n € N, in which case we see that
n+1 _ q —1
@q)-n =" (3iq) )

(an identity which is actually valid for any n € Z). We will also use the common notational product convention

(ar,....ak; @)y = (ar; Q- - (@k; Qb

where b € CU{o0}. The theta function ¥ (z; q¢) (sometimes referred to as a modified theta function [5, (11.2.1)])
is defined by Jacobi’s triple product identity and is given by [5, (1.6.1)] (see also [9, (2.3)])

o0

1 n
9z q) = (2, L q)eo = > )(—2)", 5
(z39) =(z, 73 9) @D g (—2) (5)

where z # 0, |g| < 1. Note that 9 (¢"; q¢) = 0 if n € Z. We will use the compact product notation

n=—0oo

D@1, 2k q) =0z g) - 0 (2ks 9)-
Lemma 1.2 One has the following modified theta function addition formula [5, Exercise 2.16(i)]

d d d
19(6759 ﬁvﬁ;q>_ﬁ(d7_aﬂsg;q> z_ﬁ(asgsfv_e;q>' (6)
c d ad c e ae c a d c
The g-shifted factorial also has the following useful property [8, (1.8.10)]:
@q " =q"Oa)"@ " 9. (M

Note the equivalent representation of (7) which is very useful for obtaining limits of basic hypergeometric and
bilateral basic hypergeometric series,

a" (;—i q)ﬂ =¢®(—xy (g q_‘)n :

therefore {
. X ) n
lim o” (Zia), = Jim 25 (xbi @ = 4@ (= ®)
Furthermore, one has the following identities [2, (5), (6)],

(% @)oo = (£a, £q2a: @)oo, ©)
@ Liqos  Vaq)

7 = = —a. (10)
(qa, ;3P V(qa; q)
Finally, we will use the following capital I notation
X135 X2, oy Xk
k
H fOer, o xp) 1=Zf(Xj,XLJCs,..-,Xj—l,X1,Xj+1,-..,Xk—1,Xk) (11)
j=1
(f(x1, ..., xx) being any function depending on x1, ..., X;), appearing e.g., in (38), (39). This means that the

whole expression after the large / symbol on the left is taken as a summand and is then additively repeated,
with x, switched with xp, then with x3 switched with xy, etc., and finally with x; switched with x;, the sum
having k terms in total. We refer to this notation as idem notation (which we employ instead of the notation
idem(xy; x2, ..., xx) f(x1, ..., xx)) frequently appearing in the literature on bilateral (basic) hypergeometric
series, see e.g., Sears (1951) [14, p. 481], Slater (1966) [16, p. 192], [5, (4.5.2)]).
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2 Unilateral basic hypergeometric series transformations

For (ordinary) hypergeometric series (sometimes called generalized hypergeometric series, and denoted as
» Fs series, to distinguish them from the classical hypergeometric , F7 function, extensively studied by Euler,
Gauss, Riemann, Kummer, etc.), we refer the reader to the classic textbook by Slater [16].

The basic hypergeometric series (cf. [S]), which we frequently use, is defined for ¢, z € C* such that
lgl < 1,s,r €No,b; ¢ g N, j=1,..s5,as[8 (1.10.1)]

o0

ai, ..., ay (ai, ..., ar; @)k koG«

r ( ; ,z) = ——— ((=D"¢* z, (12)
by n, ,g(q,bl,...,bs;q)k( 1)

whenever the series converges. This nonterminating infinite series (12) is entire if and only if s —r +1 > 0, is
convergent for s =r — 1if |z] < 1 and is divergent for s — r + 1 < 0. We sometimes specifically refer to the
series in (12) as a unilateral basic hypergeometric series, to distinguish it from a bilateral basic hypergeometric
series that we consider in Sect. 3.

Note that we refer to a basic hypergeometric series as balanced if qay - - - a, = by - - - bs. Further, define
the nonterminating very-well-poised basic hypergeometric series 1 W, [5, (2.1.11)]

a, xq\/a, as, ..., a,41
r+iWilas ag, ..., ar41;q,2) = r+1¢r( +/a, 9@ qa 92 (13)
Coag’ "t ary
where /a, I8, ..., % ¢ q~No. We will use the following notation ,¢”, m € Ny (originally due to van de
Bult and Rains [17, p. 4]), for basic hypergeometric series when some denominator elements are equal to zero.
Let p € Ny. Then define, for multisets a := {a1, ..., a,4+1}and b := {by, ..., by},
a a,0,...,0
_ ——
r+1Ps r (b;q’ Z) = b p+19s p 4.2, (14)
b
a a
rey (b; q, Z> = rq1¢5tp [P0, 00g, 2 ], (15)
P
where by,...,bs ¢ q_NO U {0}, and r+1¢? = ,4+1¢s. The nonterminating basic hypergeometric series

104 (a; b; g, z) is well-defined for s — r +m > 0. In particular, ,1¢}" is an entire function of z for
s —r 4+ m > 0, convergent for |z| < 1 for s —r +m = 0 and divergent if s — r + m < 0 unless the series
is terminating. Note that we will move interchangeably between the van de Bult and Rains notation and the
alternative notation with vanishing numerator and denominator elements which are used on the right-hand side
of (15).

Further, consider the nonterminating very-well-poised basic hypergeometric series with vanishing denom-
inator elements W/ [17, p- 4]

a,*qg/a,ay, ..., a4
reWh (@ as, ... ar154,2) == r+1¢r”( L /a,d ga 4.2 (16)
Yag’ "ttt arg
where /a, 22, ..., % ¢ q~N0. Recognize that , (W? = , 1 1W,. Note that in the case where p < 0, then the

nonterminating basic hypergeometric series , . {W/ is divergent since the corresponding nonterminating basic
hypergeometric series ¢ (12) has s —r + 1 < 0 (and thus, the series contains negative quadratic powers of
g, responsible for its divergence). Therefore we only consider the nonterminating case ,,.{W,” with p > 0.
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2.1 Nonterminating transformations

One has the following nonterminating transformation between a 2¢, and a 2¢1 (cf. [5, (IIL.4)])

a,b (%: 9)oo 5.k
N AT N c e
valid for |bz| < |c|. More generally, we have (cf. [5, (IIL.9), (II1.10)])
a,b,c de (¢, 4. ) a, 4,4 e
3¢2( PRE? T) = carpe Doy (Db L (18)
, e abc (e,m,q)oo d,b—c a
de d ) d
(b’ ale; bi Q)OO ¢ b Ig)’ ﬁ . b (19)
(d e ) 3 2 d_e k 9 q? 9
’ abc 14 )0 ab’ bc

valid for |de| < |abc|, |e| < |a|, and |b| < 1. In this paper we will make use of the following three-term 7¢
transformation [5, (II1.32)]

b
a,b (b, S, az, L q)o a, % g4e (a,$.bz, % @)oo b, L2 4
2¢1( . ;q,z>= o= 201 Cigo—— |+ Lk 201 s —— |

(€354 Do T abz (¢, 52 @)oo L abz
(20)

valid for max(|z|, I%D < 1. There is also a useful transformation of a y¢; expressed as a sum of two 3¢,’s
with one vanishing denominator element [4, (17.9.3_5)]

a,b (C. 8 Qo0 [0 % (@.b. 2 ) £, £,z
201 54, z) AR 301 1q.q |+ —5—— U AR N 21
(C (c, LbCI)oo # (c,z ,C,q)oo31 1

valid for |z| < 1. We will also rely upon the following three-term nonterminating transformation for a special
3¢ [4, (17.9.13)]

¢ <(l,b,c.q de> (b’ ,C])oo ¢ b c q.q + (d b c, ngQ)oo ¢ %7%7 adTeLq q
392 sy T e . N 2 b 5 392 s 4> )
dye " "abc) (e, i@ d, gbe d, e be, 41 g)o de ge

where |de| < |abc|. One also has the important transformation due to Bailey which gives a nonterminating
gW7 in terms of a sum of two nonterminating balanced 4¢3’s [4, (17.9.16)]

242 (qa, %5. 5. &5 9) d,e, f
q-a vde d o )
W7 (a;b,c,d,e, fiq. ) e T he 14,9

= qa gqa def’
bedef (def a0 e S @)oo B a
2 2
q*a’ q%a®> qa qa qa
(qa. { bdef’cdef berdoe fid)so " bedef® de’ df° ef 23)
(qazdefﬂﬂﬂﬂﬂ)43 P ga g2a PTA>
bedef* qa’ b ¢ d’ e frd)oo bdef* cdef* def

where |q2a2| < |bedef |, with no vanishing denominator elements.

By taking advantage of Bailey’s transformation of a very-well-poised nonterminating gW; (23), we can
obtain some interesting single basic hypergeometric series transformation formulas. The following sequence
of transformation formulas is implied by [17, Figure 2].
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Theorem 2.1 Let0 < || < 1, z,a,b,c,d, e € C*. Then

(s £2) B (0 ).
6W52<Cl; b,c.d;q, f:j) = EZ_Z Z;: 2¢2(§”; i q, %) =—Ec%7_j: gi Z;: 2¢1(bq’c_fld; q, %) . (25)
5W2<a;b, c;q,%)—(qa q)oo1¢2<qba(i”qca,q,q ) E‘la ;1;: ¢1<%;q,%>
WZ%G—C Zj)=(q(ij_b—qf3§° o7 (;; ,b>, (26)
4W§‘<a;b;q,i—a2)=(qa;q)ooo¢1<%;q,qa> Eqa Z;: 1¢6<f;q,%>
=(qa,b; ¢)oo 0¢;2(%;q,b), 27)

W3 (a: =1 9. ¢*a*) =(qa; @)oo 0¢>5<_;q,qa)=(qa,iiq\/ﬁ;q)m()cb;z(_q’iiqﬂ;q,qa), (28)

whenever the series converge.

Proof For (24), start with Bailey’s transformation of a nonterminating very-well-poised gW7 to a sum of two
nonterminating balanced 4¢3’s (23) and take the limit b — oo (or ¢ — ©0), replace f +— b (or f +— ¢),
and then apply the three-term nonterminating transformation for a 3¢ (22). For (25), start with (24), take the
limit as ¢ — oo (or d — o0) produces the 2¢, representation and taking the limit as ¢ — oo (or b — o0)
and then replacing variables accordingly so that b, ¢, d remains, produces the result. For (26), starting with
(25): (1) taking the limit in the >¢» representation as d — oo produces the ¢, representation; (ii) taking the
limit as b — oo (or ¢ — 00) in the xp» representation or taking the limit as b — oo (or d — 00) in the
2¢1 representation produces the ¢ representation; (iii) taking the limit as ¢ — oo in the »¢| representation
produces the ngé representation. For (27), starting with (26): (i) taking the limit as ¢ — oo (or b — 00) in the
19> representation, or taking the limit b — oo in the ¢ representation produces the g¢| representation; (ii)
taking the limit ¢ — oo in the ;¢ representation produce, or taking the limit as ¢ — oo (or b — 00) in the
2¢é representation produces the 1¢é representation. For (28), starting with (27), taking the limit as » — oo in
either the g¢; or 1¢(§ representations produces the first result. The second result in (28) is obtained by using
[6, (7.6)]. This completes the proof. O

Remark 2.2 The transformations of the special 3¢2(a, b, ¢; d, e; q, de/(abc)) which appears in (24) is alluded
to in [17, p. 20]. Also for the nonterminating transformation of the general ¢ (a, b; c; ¢, z) in (25), see [17,
p- 23]. See especially [17, Figure 2] for a summary of the entire hierarchy, which follows from their analysis
of the m = 1 limits of functions associated with vertices of various polytopes.

Remark 2.3 The function appearing in (28)

Ag(@) = Zq o _ 0¢3<::q,—QZ),

= @ Dn

[11, p. 57] is what Ismail and collaborators refer to as the Ramanujan function. This function appears in the
Plancherel-Rotach asymptotics for the Al-Salam—Chihara polynomials, see Dai, Ismail & Wang (2020) [3].
The second representation of the Ramanujan function is given in Gessel & Stanton (1983) [6, (7.6)].
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3 Bilateral basic hypergeometric series

For (ordinary) bilateral hypergeometric series, denoted as , H; series, we refer the reader to the classic textbook
by Slater [16]. A bilateral basic hypergeometric series (cf. [5, Ch. 5]) is defined as

0
ai, ..., ar (at, ..., ar; @)k ( X (k))sfr r
) 1 q,7 ) = —((—1 2 Z, 29)
i (bl,...,bs ‘ ) 2 by TV (
where by, ..., by ¢ q‘NU. This series converges for s > r provided that |b; - - - bs| < |ay ---arz|, and also

in the case when s = r, |z| < 1. If s > r and there are no vanishing numerator elements, then the bilateral
series represents a holomorphic function on z € C \ {0} (with essential singularity at z = 0). Define the
nonterminating very-well-poised bilateral basic hypergeometric series W, [5, (2.1.11)]

+g/a,as, ..., a )
5 7Z b

; 30
a1 (30)

rra;as,....ar5q,2) = ,¢,<

where £./a, %, 48 g gNo,

k) a,

We will use the following notation rl//Sm ,m > r — s, (an extension of the notation of van de Bult—Rains
[17, p. 4]), for bilateral basic hypergeometric series when some denominator elements are equal to zero. Let
p € Np. Then define

a
a
. (b;q,z) = rl/fs+p< _f;;q,z>, (31
b,0,...,0
where a := {ay,...,a;}, b = {b1,...,bs}, b1,...,bs ¢ q’NO U {0}, and ,lﬁso = ,v¥5. Note that the

corresponding nonterminating bilateral basic hypergeometric series ¥, (29) with numerator elements equal
to zero is divergent, since the condition |by - - - bs| < |ay - - - arz| is impossible to satisfy. The nonterminating
bilateral basic hypergeometric series rlﬁ;" (a;b; q,2),a :={ay,...,a},b :={by, ..., b}, is well-defined
for s —r +m > 0. Note that we will move interchangeably between the van de Bult—Rains notation and the
alternative notation with vanishing numerator and denominator elements which are used on the right-hand side
of (31).

Let p € Ny. Further, consider the nonterminating very-well-poised bilateral basic hypergeometric series
with vanishing denominator elements , ¥/ [17, p. 4]

+q/a,as, ..., ar
F\I]f(a;a?)a"'?ar;qaz):: rwf(i\/a’%’.."%;Q7z ) (32)
where +./a, %, o % ¢ q—No. Recognize that , W% = ,W,. Note that in the case where p < 0, then the

nonterminating bilateral basic very-well-poised hypergeometric series W/ is divergent since for the corre-
sponding nonterminating bilateral basic hypergeometric series ¥ (29), the condition |by - - - bg| < |aj - - - a, 2]
is impossible to satisfy. Therefore, we only consider the nonterminating case , ¥} with p > 0. We now present
some important properties of bilateral basic hypergeometric series.

3.1 Bilateral basic hypergeometric summations

First there is Ramanujan’s 131 summation [4, (17.8.2)]

b q.
a (q: E’aZy aQO)oo
11/f1( 3 q,2) = , (33)

a’Z’E

where |§| < |z] < 1. We further have Bailey’s bilateral ¢y¢ summation [4, (17.8.7)]

2 2
qa +g./a,b,c,d,e qa
Ve |a; b,c.d,e;q, —— | = 'q, T
6 6( i bcde) 6W6(i a,‘%’,"c—fl,%,% 1 bede
g ga ga ga ga gqa ga,
_ (g, qa, a4 be bd be’ cd’ ce’ E,C])oo (34)

(4,4,4 4 94 92 ga ga ga’. . °
b’c’d’e’b’c’d’e’bcde’qoo
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where |ga?| < |bcdel.

3.2 Several known bilateral basic hypergeometric transformations

There are several important transformations of bilateral basic hypergeometric series which we will need. The
first is (cf. [4, (17.10.1)])

d ah
a,b 0542, 2po5 q) @ ¢
m( ,q,z) _ (b2 G ) 22 ( g, —), (35)

.d (C,E,Z,m,q)oo d,az a

valid f0r| | < lz] < 1and| | < |—| < 1. The next is given in Rosengren [12, p. 366]

a,b (q,b, 5 @)ooV (az; q) 24 gb
2’#2( ,q,z)z ar 7% 201 ﬂf;q’?

7d (%7C7d,Z1 é;q)oo

c

@. 2.4 @)o? (2 q) c e gp
+ £ 2¢1 @ anz 5 q’ - ) (36)
d. 2,4, %, 5L g0 :

where |gb| < |c|, |cd| < |abz|, |z] < 1. Another important transformation for bilateral basic hypergeometric
series is Bailey’s ¢W¢ (sometimes referred as ¢1/g) to 23 transformation cf. [5, Exercise 5.11]

23 qa qa
2 qg-a (qa, % 2 beo de,Q)oo d,e qa
Wglasb,c.d, e q, g — ) 37
6 6( q bcde) (q q qa,qea,q)oQ 22 qba’qca q de (37)

where |ga| < |bc| and |ga| < |de|. This identity was used in [13], in conjunction with the Jacobi triple product
identity (5), to deduce a number of bilateral identities of the Rogers—Ramanujan type. In this paper we would
like to consider generalizations and repercussions of the important bilateral transformation (37). Note that
combining (35) and (37) gives many transformations of the 6‘~IJ§ (or g¥rg).

3.3 Transformations for the 1gWg

An important transformation for the very-well-poised 19\W¢ can be obtained by evaluating Slater’s [15] 2,2,
bilateral transformation for » = 5 (see [5, (5.5.2)]). First define the multiset b := {b, ¢, d, e, f, g, h, k}. Then
one has

3 4
a + b a
10‘P10(a;b; q, q_) = 10%0( ava, q_)

bedefghk +a, % ga 9 " bedefghk
Aj [y v
2
9 (a; q) (1= 4 5% & Do (B3 gl
OEDEST YU TR R, OFON G T bedefghk

(38)

provided |q3a4| < |bcdefghk|, where A, u, v are free parameters. By setting (A, i, v) = (g, h, k) in (38),
one obtains the more-frequently encountered transformation for the very-well-poised 19 W1o, namely (cf. [4,
(17.10.6)], [5, (11.40)])
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3 4
10‘1110<a§ b.c.d e f g hkiq, L)

bedefghk
=101ﬁ10( iqg/a’ab’ct;d’ae’ft;g,ah’ka a9, q3a4 >
:I:\/E,%,q?,%,q?,q?,%,%,% bedefghk
g h k
) @00, % 0)n (k5 0 s 0 an g g g ge gt gt
g0 g g P T T,

2 3 4
g~ bg cg dg eg fg gh gk q a
W ; 9 9 9 9 9 9 ; b b 39
o g(a a a a a a a a q bedefghk (39)

provided |g3a*| < |bcdefghk|. The above transformation can be seen to be a generalization of (41) below,
obtained by setting k = ga/h. Slater’s very-well-poised 1oW1o transformation formula can principally be
utilized, by taking limits of the numerator parameters b, c, d, e, f to infinity, to obtain transformations for the
9\1191, g\I—’g, 711173, 6\Ifé s 5\I/§ functions. However, these functions are not included in the present study.

Remark 3.1 It’s important to recognize that even though Slater’s very-well-poised transformations (38), (39)
are four-term bilateral transformations, they are not bilateral extensions of Bailey’s four-term very-well-poised
balanced 19 Wy transformations [5, (II1.39) and Ex. 2.30] and also do not contain Bailey’s transformation of
an gW5 series in terms of two balanced 4¢3 series [5, (II1.36)] or in terms of other gW7 series [5, (II1.37)].

3.4 Transformations for the g¥g series

In the following we turn to transformations involving gWs series. In addition to stating Slater’s transformation
of gWg series in (40) (which is a special case of (38)), our focus is on rather recently obtained transformations
of gWsg series (by Zhang and Zhang [19], and by Wei and Yu [18]) that contain the Bailey transformations
[5, (II1.36)] and [5, (II1.37)] mentioned in Remark 3.1. These will be reproduced in Theorems 3.3 and 3.13,
together with some nice specializations, given as corollaries, that have not been explicitly stated before.

Remark 3.2 We would like to emphasize the difficulty in extending (and possibly even unifying) the results
that are featured in Theorems 3.3 and 3.13 to the 19¥19 level. In particular, Zhang and Zhang [19] obtained
their result by making use of Bailey’s nonterminating 19 Wy transformation and applying a bilateralization
method (that necessarily reduces the order of the basic hypergeometric series), while Wei and Yu [18] used
Ismail’s analytic continuation argument from [7] to lift a three-term transformation of gp; series to one that
involves two gWg series and one g¢7 series. While Ismail’s argument has proven to be powerful in many cases,
the argument can not be applied in the special setting of balanced series (such as in the series occurring in
Bailey’s four-term 19 Wy transformation). While a bilateral series, summed over integers j, containing in its

gy, .
summands the factors (OE;;Z, q[)])’ z/, can very well be analytic in the variable z (an argument used by Askey
)

and Ismail [1] to extend Rogers’ ¢¢5 summation [5, (I1.20)] to Bailey’s ¢ summation (34)), a series over j
containing the well-poised factors

(@z, %:9);
Bz, L: 9);

is not analytic in z. Thus, there is unfortunately no clear direct route to obtaining transformations for 19110
series that would contain the results given in Theorems 3.3 and 3.13.

An important transformation for the very-well-poised g¥g can be obtained by evaluating [5, (5.5.2)] for
r=4.Leti,u,a,b,c,d,e, f € C*anddefine the multisetb := {b, ¢, d, e, f, g}. Then one has the following
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transformation of an gWg as a symmetric sum of two very-well-poised gWg’s, namely

2.3 2.3
q-a +g./a,b g a
8‘1’8< b; g, ) = 81//8< va s —)

bedefg +a, 57 bedefg
A
9 (a; q) (1= 29 (u, 25 ) (42, 25 g w(xz W gl )
= gWs ;
(11— a2 ) (. % @)oo DL 2 g a T pedefs

(40)

provided lg%a3| < |bedefg|, where A,  are free parameters. By setting (A, i) = (f, g) in (40), one obtains the
more-frequently encountered transformation for the very-well-poised g¥g, namely [4, (17.10.5)], [5, (IIL.38)],
a symmetric sum of two very-well-poised gW7’s, namely

2,3 a. 1
Sws(a;b;q’ bzd(elf ): 9 9 g q(qqaq q’aa’qéal)osa /g
8 (592,3,;,77777,?, a,CI)oo
fie
(g, &, 4L af 4f af 94 94 94 ga. .y 2 2.3
x a b e d e b epdp e e (f_ﬁiﬂiﬁq 77 )
(%,_q;t’qg’q)oo a a a a a bedefg
(41)

Note that the transformations (40), (41) are invariant under parameter interchange of the six variables
b,c,d,e, f, g. For a direct proof of (41), see [5, §5.6].
As mentioned in Sect. 2.1, we would like to consider generalizations of (37). In order to accomplish this, we
now examine Zhang and Zhang’s transformation [19, Theorem 6] which is is a transformation for a very-well-
poised g¥g series that constitutes a quite notable generalization of Bailey’s transformation (23). However, the
result of Zhang—Zhang is incorrectly stated in their paper; we provide a correction to it, and provide it in a
form such that the gy series is manifestly symmetric in six of its parameters, which will be the contents of
Theorem 3.3.

First we correct the Zhang—Zhang result [19, Theorem 6]. Specifically, the first balanced 4¢3 in their
formula must be replaced by the 4 ¢3(b, ¢, d, e; "“ "g“ 9% g, q) series, which gives

b ¢ d e ga ga gqa,

a, f,g.h (q,g,g,;,g,—,? s q)oo b,c,d, e _
41ﬁ4_aﬂq_q_,q,q=aqqqud_ 403\ ga qa qa> 94
b c’>d’ e (Ea?agaﬁa , C, €Q)oo fagvh

b gb qb bf bg bh
+b ((],a, f7g9h’ qc 7quqe 9‘])00 ¢ (b7 7f’ Fg’ 7'q q)
- 493 >
9a ga ga ga bf bg bh.
a(byhyL"d»eaaaava’q)OO
b ga ga ga gr g\ gi.
(avas rc’ Ad’ re? f’ g7 h’Q)oo

(qh, Locod e 2L 08 b gy
Ac Ad A
xm( LSRR b) “2)
qga gqga qa q) gk qk’
i\/_’T’F’T’T’?’T

2 3
where A = de, h = bc Te fg Now, with this correction, writing out A and % by their defining relations, and
making the replacement

ga®> q*a®> qa qa qa
,b,c,d,e, f, —, =, e ft,
ta.b.c.d.e. fgh > {bcd bedefg cd’ bd’ be' € f}

the corrected result can be restated (now with the very-well-poised g/g series on one side alone) as follows.
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Theorem 3.3 Zhang and Zhang (2007) [19, Theorem 6]. Let0 < |q| < 1, a, b, c,d, e, f, g € C* such that
|qza3 | < |bcdefg| suchthat none of the denominator factors vanish. Then one has the following transformation
Sformula for a very-well-poised s\Wg, namely

2.3 2.3
q‘a +qg/a,b,c,d,e, f, g q“a
8\1’8(61;b,c,d,€, f’ g;q’ >: 8¢8<i qa qa qa qga qa lIa;CIa

bedefg A g d e g bedefg
¢ ga ga ga ga ga ga va
_(qa,a bc’ bd’ cd’ ef * eg’ fg3q)oo e, fg, bed )
T (4 4 q ga ga ga ga? 44ﬂﬂﬂ€fg’qq

(51573,7,7,—,m7m‘])m b ¢ d

qbcdqaqaqaqa qa qa

(4,99 4+ a2 5> a> ef> eg> fg* bede> bed> bedg> D [ be* ba* cd* bedefs

(4.4 4 4 4 4 90 g0 ga bed 4P g@ W g ga g 101
brcrd e frg e’ f g qa bed’ bcdefg’q 00 bede bedf® bedg
2,2 2,3
q ga ga ga g’a> ¢*a® ¢ q4a 94 ga g a
(q’qa’a’e’ f.8 bc? bd’ cd’ befg’ cefg’ defg’q)oo " ef’ eg’ fg’ bedefg (43)
(4,4,9, 90,9 00 g0 9e g0 ofs g ga ga2 ga2 ga2 " TT|-
b>c>d’> b’ ¢’ d’ e’ f° > qa’ efg’ bcdefg’q 0 befg’ cefg’ defg

Remark 3.4 Letting (g,d) — (¢7", ¢ "a) in Theorem 3.3 followed by replacing f + d, reproduces [4,
(17.10.3)], which, as a transformation involving terminating series on both sides, is equivalent to Watson’s
transformation [5, (III.18)]. Instead, by only letting g — ¢~ (or d +— g~ "a) in (42), an identity equivalent
to Bailey’s transformation in (23) is obtained.

If, in (42), one substitutes (a, b, ¢, d, e, f, g) — (g% q", ¢, q%, q¢, g7, q%) and uses the definition of the
g-gamma function, then one obtains the following transformation for very-well-poised bilateral 7 H7 to a 41 Hy
and two nonterminating balanced 4 F3’s, all series with argument unity.

Theorem 3.5 Leta, b,c,d, e, f, g € C*. Then

" 1+2,bcdefg .
i 2,l—l—a b, 1+a—c,1+a—d, 1+a—e, 1+a—f, 1+a—g’

_ rad—b,1—c,1-d, 1+a—e, 1 +a—f, 1+a—g)

I'd+a, 1—a)
rd+2a—b—c—d,1+a—e—f—g)
rd+a—b—c,1+a—b—-d,1+a—c—-d,1 +a+e— f,1+a—e—g,1+a—f—g
e, f,g, 1+2a—b—c—d
X 4Hy i1
1+a—-b,1+a—c,14a—d, —a+e+ f+ g

'd—e,1—f, 1—g,—1-2a+b+c+d,24+2a—b—c—d)
+F(b—a, c—a,d—a,1+a—e—f,1+a—e—g, 1 +a—f—g,242a—b—c—d—e,24+2a—b—c—d—f)
I'e+3a—b—c—d—e—f—g) o I F <l—|—a—b—c, I+a—b—d, 1+a—c—d,2+3a—b—c—d—e—f—g 1)
rQR+2a—b—c—d—g) 24+2a—b—c—d—e,2+2a—b—c—d—f,2+2a—b—c—d—g
'd4+a-b,14+a—c,1+a—-d, —1—a+e+f+g,2+a—e—f—g,24+3a—b—c—d—e—f—g)
Ce, f,g,14+a—b—c,1+a—b—-d,14+a—c—d,2+2a—b—e—f—g,2+2a—c—e—f—g,24+2a—d—e—f—g)

l+a—e—f,1+a—e—g,1+a—f—g,24+3a—b—c—d—e—f—g
X 4F3 1)), (44)
24+2a—b—e—f—g,24+2a—c—e—f—g.2+2a—d—e—f—g
provided R2+3a —b—c—d—e— f—g) >0.
Proof Starting with the Zhang—Zhang transformation in Theorem 3.3, we substitute
(a5 b9 C’ d7 ea fv g) = (qaa qb5 qc7 qd5 qe7 qf7 qg)
and rewrite ratios of infinite g-shifted factorials using the ¢g-gamma function, defined by [4, (5.18.4)]
s ool =)' F
(o) o @ D20 =)™ )

(@%; @)oo
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Then we take the limit as ¢ — 1~ on both sides!, using lim,_, - I';(z) = I'(2) and applying [8, (1.8.4)]

(@*; 9k

lim ——— = (o), (46)
g—1- (1 —q)*

where (o); := (@) (@ +1) - - - (@ +k—1) is arising factorial. The expression is thus reduced from the respective
bilateral and unilateral basic hypergeometric functions to corresponding ordinary hypergeometric functions,
completing the proof (where we have omitted the technical details pertaining to rigourously justifying the
term-wise ¢ — 17 limit). O

Remark 3.6 Note that one can obtain similar transformations of bilateral hypergeometric series by taking the
limit as ¢ — 1~ of transformations which are derived below. However, the details are routine and are omitted.

Remark 3.7 As noticed in [19, Corollary 8], setting ¢ = a in Theorem 3.3 and replacing g — c¢ produces
Bailey’s transformation of a nonterminating gW7 in terms of a sum of two balanced nonterminating 4¢3’s with
argument g (23).

The transformation in Theorem 3.3 involves series that are manifestly symmetric in b, ¢, d and, separately, in
e, f, g. Using the simple identity (z, wz, 0?z; ¢)x = (z°; ¢°)x, where w is a fixed primitive third root of unity,
we are able to derive the following cubic summation formula involving a bilateral series:

Corollary 3.8 Let0 < |g| < 1 and a, b € C*. Then

g‘Pg(a; b%, a)b%, a)zb%, q%ab_%, a)q%ab_%, a)zq%ab_%; q, q)

i (1 —ag®) (b, "“,q) .

e 179 (g ,613)1(
b2 3
_ (qayg,q)oo (q ’43, qa_37513)oo( (a39 a q )+ l?(f’i’ %743))
(%3, 4%b; ¢*)o? (3 q) 4.9, a—3, qS,,“B, Z—i; 7%
2 b2 3 b2
(% (Lfqucﬁ »q )_ a2 ﬁ(qa sa_z qS)) qu_3’q3 3
+ 75 S 21| e 340 a ] 47)
(11— b_z) (a—3, 554" )oo 3

where w is a fixed primitive third root of unity.

Proof We sketch the details. In (43), we make the substitutions
(b,c.d,e, f,8) — (b3, wh3, wzb%,q%ab%,wq%ab*%, a) q%ab*%),

where w is a fixed primitive third root of unity, and where for q% and b7 fixed branches of the respective third
roots are taken. Under these substitutions, the argument of the g\Wg series becomes ¢, the 4 W4 reduces to a | W
series of base ¢>, and the two 4¢3 series reduce to Fine—type basic hypergeometric series with base ¢> (i.e., to
series of the form >¢1 (a, q3' c; q3 z) which can also be viewed as the half of a bilateral ;W series). The ;W

3qa ‘I”

series can be simplified by virtue of the (¢, a, b, 7) — (q°, , q) case of Ramanujan s 1| summation

formula (33), while to the first ,¢; series we apply the (g, a, b, c,7) — (q3, qbg ,6] ) b2 , q) case of (20).
Simplification yields the claimed result. O

By letting b = a> in Corollary 3.8 we immediately obtain the following simpler identity involving unilateral
series:

! While it is a routine matter to formally take the limit ¢ — 1~ (and is useful to find the desired result), a rigorous justification
requires an explanation why taking the term-wise limit in the summands of the series is allowed. This typically requires that
the series is majorized by a convergent series not depending on g and follows the arguments provided by Koornwinder in [10,
Appendix A].
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Corollary 3.9 Let0 < |g| < 1 and a € C*. Then

o0 2k 3 3
S N S (I —aq™) (g.a’;q)
8W7<a;a)a,w0,613,6043,0)43;61,61): q

kg (1—a) (¢° q%a* ¢

1 G2, 9d% ¢ a(q,q3a% ¢¥)eo ( 343 ; ))
- - tqt.q) ), @8
(1 —a)(g*a’; 7)o ( (@3 4%)os Giad N s 9 (48)

where w is a fixed primitive third root of unity.

Remark 3.10 One can obtain a closed summation from Corollary 3.8 by specializing the parameters such
that the 2¢1 reduces to its first term. This is achieved by letting gb> = a>. In this case, several of the
terms in (47) vanish and on the right-hand side one is left with only one term (and in addition, several
of the factors cancel). However, the identity thus obtained is nothing new but just the (a, b, c,d, e, q) +—

2q~ a3 . q at , q) special case of Bailey’s very-well-poised ¢1/¢ summation (34).

1 3 1 3

(a,q 2a2,wq 2a2,w
Remark 3.11 Since a cubic specialization of Theorem 3.3 yielded a new result, one might be tempted to try
a quartic specialization that makes use of the simple identity (z, —z, iz, —iz; ¢)x = (z*; ¢*)i, where i is
the imaginary unit. The purpose of such a specialization may be to reduce the 44 in (43) to a summable
11 (by Ramanujan’s formula in (33)) with base ¢*. This works by replacing (a, b, c,d, e, f, g, q) by
(a, b, ib, —ib, qazb_3, iqazb_3, —iqazb_3, g) but at the same time reduces the two 4¢3 series in (43) to
summable 1¢g series. As a result, a summation for a bilateral series is obtained into a sum of three infinite
g-products. However, closer inspection of the thus obtained identity reveals that the three terms of infinite
g-products can be reduced, by two applications of the theta function addition formula (6), to a single term, and
the bilateral series that is left is just a specialized 414 series of base ¢*. It turns out that the identity obtained in
the described manner is actually just a special case of the well-known bilateral analogue of the g-Dixon sum
in [5, (I1.32)].

A principal interesting special case of (43) corresponds to the case of setting g to a. In this case the g\Wg
becomes an g W7 and we produce the following result.

Corollary 3.12 Let0 < |g| < 1, a,b,c,d, e, f € C* such that |g*a®| < |bcdef|. Then

4 49 g ga ga ga ga. a’
. - ¢*ad? (qa’a’e’f be* bd® cd’ ef s 9o a.e flq .
sWila;b,c,d, e, f;q, 3 4 ga qa qa 34549
bedef (g, 4,4, 9 42 92 992 4. e gl
9% ¢cod> e Fbed’ ef* c
q22

bcdqaqaqa qga qa qa qa2

(94, G2 4> 4> of » bed® bede® bedf > Do bc: bd> ed” bedef .
(@ 4 9 g0 g0 bad g’ gar 4P| g g e D
b e d e’ [ qga® bcd’bcdef’q o0 bed* bede bedf

2.2

q ﬂﬂﬂ_qa_qa ‘1‘1 4 49 94 g4

(a, qa’a’efbc’ bd’ cd’ bef’ cef’ def’ Q)oo b e’ [ ef’ bedef
(4,49 49 94 g4 ga ga ef g2 g2 )43_qzaq2_a_qza
b>c>d’> b’ c’>d’ e’ f° q’ef’ bcdef’qoo bef’ cef’ def

34,9 | - 49)

Proof Start with (43) and setting e = a converts the gWg to an g W7. Then replace g +— e and simplification
completes the proof. O

Next werecall an interesting transformation formula first derived by Wei and Yu [18, Theorem 3] for a very-well-
poised gWg. This transformation formula provides a generalization of the two and three-term transformations
foran g W7 [5, (I11.23), (II1.37)]. Note that in the following transformation, while the left-hand side is manifestly
symmetric in the six variables b, ¢, d, e, f, g, the right-hand side satisfies the same symmetry (which otherwise
is not obvious).
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Theorem 3.13 Wei and Yu (2019) [18, Theorem 3]. Let 0 < |q| < 1, a,b,c,d,e, f,g € C* such that
|q2a3| < |bcdefg|, |qal < |fgl, and none of the denominator factors vanish. Then one has the following
transformation formula for a very-well-poised g\WVg, namely

23 23
q“a +q./a,b,c,d,e, f, g q“a
Vgla;b,c.d,e, fg:q, ——— | = i q,
8 8( frasa bcdefg> 8"’8(i a5, 00,90 90 49 90% 9 poepg

4 b ga ga ga ga bed bee bde gq’a’  g’a’

(qa. 54> eds e de fg> a > a ’ a ’ bcdef’ bcdeg’q)oo bede bedef bcdeg qa
gWg ib,c,d, e,

q g qa qa qa bc bd be qa bede q*a  _ga’ . ga? a7
(f g>c>d’> e’ a’ a’ a’cde’ a ’ bede’ bedefg’ $9)oo 4

q gb gb gb gb gb ga qa bed
L @avaede ST g by E’”w’“ @D (b2 be bd be bf bg g%a’ )
7

(q q g ga qa qga ga qga g C d e q) 0(Cd6’q)

g 49 49 494 494 44 a a a’a’ a bcdefg
b’f”g?bvc’d7e7.f g’a7a7a7a7
(50

Remark 3.14 Wei and Yu noticed [18, p. 3], if one sets e = ga/d in Theorem 3.13, the left-hand side becomes
a ¢We, the first term on the right-hand side vanishes, and the g W7 becomes a nonterminating ¢ W5 which can
then be summed using [4, (17.7.15)], and the identity reduces to Bailey’s ¢ W summation [4, (17.8.7)].
Remark 3.15 The bilateral basic hypergeometric transformation (50) is seen to be a generalization of the two-
term transformation [5, (III.23)] by setting b = a and then utilizing [5, Exercise 2.16]. It is also a generalization
of the three-term transformation [5, (II.37)], obtained by setting one of ¢, d, e, f, g to a.

By setting ¢ = a/b in Theorem 3.13, then one obtains the following nonterminating summation formula
involving two gWsg.

Corollary 3.16 Let0 < |g| < 1,a,b,c,d, e, f € C* such that |g%>a?| < |cdef|, |gb| < | f|, and none of the
denominator factors vanish. Then one has the following summation formula for an Vg, namely

gWg(abcdef,a,q qa)

" cdef
4 b gb ga ga ga bed bee bde q’a  ga>
_(qa’a a’> fed>ce’de’ a ’ a’ a ’cde’ bedef’ $ )0 W dee'bcdedeef cde @
(4,9b 9a ga ga be bd be g4 bede ¢’a g, L N
f>a’> c’>d’ e’ a’ a’ a’cde’ a ’bcde’cdef’qoo

b gb gb qb
@ q.qa, % c.d e, TG DD 42 q)000 (K g) .
(b_iﬂﬂﬂﬂﬂﬂlﬁﬂlz)ﬁ(cdt?) G
qsb f&a7b9csdse7f’a7a’avqoo avq
Remark 3.17 By taking f = a in (51) we immediately obtain the summation formula
2 b ga ga qa bed bee bde
8W7(a'b ede,dq M) _ a5 G e e a o a o a Do
) ) ) ) ) ) ) - qa qga qa b bd b qa bd
b Cde (T’ d e FC’ a Fe9 cde’ (;67 q)OO
bcde cde b
X8W7< ib,c,d,e,—:q, q—)
qa " qa a
(@, qa,c.d e, 2,7, D q)oct (24 )
(52)

qga qa qga ga bc bd be cde
(qbs 75737777 77 77 77Q)oo (qa7 )

valid for 0 < |g| < 1, a,b,c,d, e € C* such that |g%a| < |cde|, |gb| < |a| and none of the denominator
factors vanish. This summation can also be obtained from specializing [5, (2.11.1)] by taking bc = a (which
reduces the third g W7 series to 1), application of the transformation of nonterminating gW5 series in [5, (2.10.1)]
to the second gW7 series, and relabeling.

One can also obtain a nonterminating summation formula involving two g¥g by starting with Theorem 3.13
and utilizing the nonterminating very-well-poised gW7 summation [5, (II.16)]

Jac . qcz qcz. 5
b vV b (\/ qabcs 7q)oo(qa, qb, —, 7 q )OO
8W7(,/—a ¢ a,b, e, Y14 ;q,—*/c_jc> — Jab a b
q c

2 ’
(J e, JLe; )so(q. gab, qc?, L5 P o

53
Nz (53)
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Corollary 3.18 Let 0 < |g| < 1, a,b,c,d € C* such that |ga| < |cd|, |g"/*b| < |Ved| and none of the
denominator factors vanish. Then one has the following summation formula for the sum of two g\Wg’s, namely

d
sWgl| a; b, c,d, iﬁa, « i q, _
4/cd b Cd

4 _q b _ [ec _ [ad qa ab bed _ [qc, _ [q2dy _ ¢*a .
(qa,a, bra’ d ¢ cd’ \/a» a db’ P b» (Cd)3/2»q)oo

T (o Jocd —Jocdp. 99 44 be bd gb Jacd _ Vi _ b _ ¢ _ga.
( qu7 quba c>d’ a’ a’cd’ a ) m7 \/aa «/ab’ cd’ 5])00

Vedb d)3/? b
XS\IJS _C—;ib’c’d’_ﬁa’_(c ) ;Q7\/§
ed Jqa ved

qa  Jqcd qb* . db. be gbd q%ab q*ab .
ik 5 L Do () T DU 105 B L aP)ee

q ga ga _ v4¢ vqcd gb-
(q’qa’a’c’d’ cd>cd’ ™ Jegd b 0 cd q a’ a’ a’ ¢2d’ cd?’

+ .
g ga gqa ga bc bd ~Jgcd gb  J/ab gqab. . g% q?d®. o
(b b e d a’ a’ a s ed? ma cd Q)ooﬁ( q ’ q)(Q7 qua cd ch2 ) q )OO

(54)

Proof Start with Theorem 3.13 and replace

Jqcda Jqa
(gv fs e) = <_T, —e, _ﬁ) .

Then the resulting very-well-poised § W7 can be summed using [5, (II.16)]. Simplifying the final result com-
pletes the proof. O

One can also obtain a nonterminating summation formula involving two gWg by starting with Theorem 3.13
and utilizing the nonterminating very-well-poised g W7 summation [5, (II.18)]

b 2
a9, _a> _ (a,qa; q)oolabe, 22, G, G5 ¢%)0
o ? (ab, ac ga qa oo '

i

sWy (a; —a,b, (55

Corollary 3.19 Let 0 < |g| < 1, a,b,c,d € C* such that |b*| < |al|, and none of the denominator factors
vanish. Then one has the following summation formula for the sum of two g\Wg’s related by the substitution
(a,d) — (—a, —d), namely

b2’ b%d’ " a
g b _gq b2 ga _ga _bc bk _ga _bd
_ (qasasav ds a’ b’ ¢’ a’ a bci az ,Q)oo
" (—qga,—2 4 _b _ga ga bc _ b2 _ b2 ga blc bd.
( qav a’ d’ a’ b ¢ a’ ) a’ bec’ a7a27 )OO

’ a
qaz qa2. b2>

q b bd gqa gd*. 2 g*a bed gbPc gb*d. 2 )
(qa, —b,C,g,g,j,w,ch,q)oo(q v ed a3 ad > ac 04 Joo¥ (=15 q)

(56)
b2 bc b2 b:d bd b2d qa. .
(%5 %’ _77 i%y %9 %’ 7{:’ 767 T’ T’ [1_2’ %’ Q)ooﬁ(_%, Q)
Proof Start with Theorem 3.13 and replace
2 2
qa qa

die,g) = | 5, —b, 5= ].

(d, e, g) ( o 2 f)
Then the resulting very-well-poised g W7 can be summed using [5, (I.18)]. Finally replacing f +— d and
simplifying the final result completes the proof. O

Remark 3.20 By taking b = a in Corollaries 3.18 and 3.19, respectively, it is not difficult to see that these are
bilateral extensions of the nonterminating very-well-poised g W7 summations [5, (II.16) and (IL.18)] (53) and
(55), respectively.
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By equating the Zhang—Zhang and Wei—Yu transformations we can obtain a new transformation for a very-
well-poised gWg series in terms of a 414, an g W7 and two balanced 4¢3 series.

Corollary 3.21 Let 0 < |g| < 1, a,b,c,d, e, f, g € C* such that |g*a®| < |bcdefg|, |qal < |fg|, and
such that none of the denominator factors vanish. Then one has the following transformation formula for a
very-well-poised g Wg, namely

2.3
q-a
8‘"1'8(61;[77 c,d,e, f,g;q, M)

(aiéﬁdlﬂﬂﬂﬂﬂﬂlﬂﬁﬂq” )
q >a’>a’ a’ a’cd’ ce’de’ef’eg’ fg’ a’ a ’ bedef’ bcdeg’qoo
(4,9,9 4 9 99 4% 99 4a 4a be bd qa bede? q*a’ )
b’C’d’f’g’C’d’(3’f7g’a’a’cd€’ qa27bcd62fg’qoo
bede?  bedef  bedeg
2 2 2
qa qa qa
bee bde cde bedelfg’

a’a’a’qa

’

X 44 4.9

g b gb gb gb ga ga ga g’a’> g’a’ qa®
(q,c, d’e’qa’ a’a’> ¢’ d’ e’ bf’bg’ fg’ cdef’ cdeg’ q)ooﬂ(bcde’Q)

be bd b b q%d3 de .
(4,4 9 99 92 g4 ga g4 be e q’ab g%’ q)ooﬁ(b,°e )

b>f g c>d’> e’ f* g’ a’ a’ a’ cde’ bedefg’ a’
qab _qa qa qa bf bg qa

X8W7 — - I _7_
cde’ cd’ ce’ de’ a fg

4 b ge ge ga ga ga ga ga bede g’a’
(C],qa, a’a’ f ’ g sed? ce’ de? ef’ eg9 az ) bcdefg,q)oo
(4,4,42 4 4 4 4929 42 42 42 94 be bd be Yoo ( )
ba c’ da e’ f’ g9 c’ d5 e’ f’ gv a’® a’ a?bcdefg7q o0 bcdez’q

be ce de qa

a’>a’ a’ fg

(bce , bde

5 q)

X4¢3 ge ge bede v 4,4
fr g’ a?
4 b ce de ga ga ga ¢’ g’ ga’. bedef bedeg
+(q’e’qa’a’a’ a’ a’cd’ ce’ de’ befg’ cefg’ defg’q)ool?( ga* ’ ga®’ )
(Zﬂiiﬂﬂﬂﬂﬂﬂb_cﬂqa.)ﬁ(cebcdezfg_)
b’c’d’f’g’c’d’e’f’g’a’a’bcdefg o0 k] q2a37
ga ga ga _g’a’_
ef’ eg’ fg’ bedefg .
Xa93| 2 2 g2a2 2404 (57)

g*a* gq*a* q-a
befg’ cefg’ defg

Proof First equate (43) and (50), then making the replacements

(@ f.g) > bede qa’f qa®g
T ga ~ bede’ bede

and solving for the Wy completes the proof. O
Remark 3.22 The b — a limit of Corollary 3.21 is equivalent to Gasper and Rahman [5, (II1.23)].

4 Very-well-poised bilateral transformations as limiting cases

In this section we consider transformations of g_ p\llé’_ » series, for | < p < 6, obtained as limiting cases of
transformations for the g\Wg series presented above. First we consider the case p = 1, namely transformations
for the 7\1-’71 series.

4.1 Transformations for the 7\1171 series

Starting with (41) leads to a nice corollary as a transformation of a very-well-poised 7‘1171. Note that in the
following transformation, while the left-hand side is manifestly symmetric in the five variables b, ¢, d, e, f,
the right-hand side satisfies the same symmetry (which otherwise is not obvious).
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Corollary 4.1 Let0 < |g| < 1, a,b,c,d,e, f € C*, |q| < max{|de/al, |df/al, |cd/a|} < 1. Then one has
the following transformation for a very-well-poised 7\1171 series

q23
7\IJ7<abcdefq, )

bedef
f e/
q qa qa.
_@avge S g api (5 ber s Do (%da—e T .2 ) (58)
- ge ge 1>
(%7% %9 %9 %s %s %1 Q)oo (21%7% qT Q)ool?(e q) 7’? df
g ga ga qa gqa,
(L]a,a be’ bf’ cd’ ef’ q)OO b,e,f )
T (L, ¢ ga qa qa ga .y 3V3) ga ga bef> 94
c’d’> b’ e’ f befqoo c’d’ a
22
q qa q*d® ga qa
(q.qa,5.b. e, [, g peer bdef 2 q)oo e f’ef
¢2 22 22:49,9 (59)
(iiﬂﬂﬂﬂﬂ)ﬁ(bef) q’a’ g’a>
crd b e dr e ford)o 4q beef * bdef

q b qa qa qa bced bece bde q2a2

_ 94, 5. 5 G e de> a0 a2 "a bedeps Doo wl bcde.b d bcdef bede
_(qqaqaqabcbdbeqdbcdeqa‘ 7*7 ,b,¢,4d,e¢, af

f?c’d’ e’ a’ a’a’cde’ a ’bcde’q)oo

] gb gb ga ga bede ¢’a’. be bf qa
(g, qa’a’Cde’ ¢’ d’bf’ ef’ qaz’hcde’q)oo (f:?aa Cl)
392 5

(60)
(4,9, 94 44 44 44 44 be bd be cde g’a. .y
b?fabacvdveafva7a7a7qavtdeqOO

b ¢ gc g ga ga ga ga ga qa. ce of qa
ata.qa. tbod, 2, 0 5 G 1T be cd’ e of ef > Do e ta. qa
(qd. L. 4,4 4 a b 9a ga ga gc g be ga ga. .y 732

q ’d’C’e’f’C’C’ d’ e’ f’ a1 b? a’bd be7q

¢ b gb gb ga ga ga ga ga ga. .
cd(q qa,a,c d’a a’ ¢’ d>bd>be’ bf* cd’ ce’ cd’ Q)oo ¢ 7’7’0__ qa (61)
T (qd. L. 4.4 4 a b ga ga ga gb g be ga ga. o 32 '
q’db’e’fb’c’d’e’f’a’b’a’cd’w’qoo

Proof Start with (41) and take the limit as e — oo. This converts the very-well-poised g¥g to the very-well-
poised 7\1171 given on the left-hand side of (58). Taking the limit of both gW7’s on the right-hand side of (41)
as e — oo converts both gW7’s to 7W7’s with one vanishing denominator element. These can be converted
to 3¢2’s using the transformation (24), establishing (58). Starting with (43) instead and letting b — ¢ "a
(or ¢ — g "a), the coefficient of the second series on the right-hand side vanishes. After taking the limit
n — oo, the identity becomes (59) up to a simple substitution of variables. To get (60) start with (50), let
g — oo and apply (24). Finally, we sketch how to get (61): Apply (58) to (60) to obtain a transformation of
a very-well-poised 7\1171 series into a sum of three 3¢, series of which two 3¢, series are the same but have
different prefactors. The two different prefactors of the same 3¢, series can be combined by virtue of the
addition formula for the modified theta function in (6). The third 3¢, series can finally be transformed using
(18), completing the sketch of proof of (61) (while leaving the full details to the reader). O

Corollary 4.2 Let0 < |q| < 1, a,b,c,d, e, f € C* |q| < max{|de/al, |df/al, |cd/a|} < 1. Then one has
the following transformation for a very-well-poised 7V

4 ga ga ga qa. a®
q2a3 (ga, a’>bc’ bd’ cd’ ef’ 9o e ch . q4
= 3¥3 q q 7

1 . .
7\D7<a,b,c,d,e,f,q,bcdef 7 7 4 24 44 9o
(o erdr e o beas oo

¢ b ocd ga ga ga, ga qa qa
+(q’qa’a’a’a’a’ef bcde’ bedf Fq)oo be? bd cod |
(1 q 9 9 q ﬂ qa q) ﬂ(b q) 392 ?a?  g2a? 14,4
brcrd e f ooV {a2 bede® bedf

(62)

Proof This result is obtained by starting with (43) and taking the limit as g — oo. The final term vanishes
and this completes the proof. O

By starting with Corollary 3.21 and taking the limit as g — oo one obtains a new transformation for a 7\If7l
in terms of a 33 and two 3¢ ’s.
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Corollary 4.3 Let0 < |g| < 1,a,b,c,d, e, f € C*, |ga| < |ef|. Then one has the following transformation
for a very-well-poised 7‘-1171 series:

4 b ce de ga ga ga ga bce bde q’a’.
! a;b,c.d,e, f; q2a3 (qa’a a’>a’ a’cd’ ce’de’ ef’ a’ a ’ bedef’ $q)oo
TN EP OGO Tt pdef ) T (4 4.4 4 40 g0 g ga be bd g0 bode,

brcrd frerdr e Frad ade’ qa® Q) oo

bede®  bedef g b gb gb ga ga. qa* .
X 4 P gaZ 0 ga? . 4qa (g,c,d, e, qa, arar ¢’ d’ b ef’q)ool?(bcde’ q)
e bcebdecde’q’ef (i_ﬂﬂﬂﬂﬂﬂk)ﬂ( cde. oy
a’ a’ f!csd7e9fsa’a’a’qoo b,a,q
be bf qa 4 b ge qa qa ga 4a bcde. bee _bde
77 77 a‘ qa (qua, a’a’ f’ cd’ ce’ de’ €f’ a2 ) )0019( ) CI)

ab gb T of 9 ¢ 4 ¢ 9 92 qa qa ga be bd be. ga’ .
: ‘f (b’c’d’e’f’ c’ d’ e’f’a’ a’aﬁq)ool?(bchZ’q)

34-9 ) - (63)

Proof Start with Corollary 3.21 and take the limit as g — o0. In the limit the last term on the right-hand side
of (57) vanishes. The 414 becomes the 313 and the gW; becomes a 7W(1 which can be written as a 3¢ using
(24). This completes the proof. O

4.2 Transformations for the 6\I!§ series

Note that in the following transformation, while the left-hand side is manifestly symmetric in the four variables
b, c, d, e, the right-hand side satisfies the same symmetry (which otherwise is not obvious).

Corollary 4.4 Let0 < |q| < 1, b,c,d, e € C*. Then

q2a3> . ((Z7 qaa %1 dve9 Z;s Z31 Q)oo

4 9 g4 qa de.
(5,;,7,7,7,61)00

241 a 34— (64)

a qa qa
(qa’a Zd Ze’Ze’q)oo 1 b’d’e.
(1,94 44 ga ga 3V2\ ga bdei 904
' b d e’ bder 1o c’ a
2.2
q q-a-. ¢ 9¢ 49

(quas E’b’d’e’m q)OO ¢1 bd’ be’ e, (65)

(g g4 qa qa gqa. (I)ooﬁ(bde )3 1 q2a? 4.9

c> b’ c’d’ e’ qa’

+

qa qa

(C]a’ Z? bC’ de’CI)oo b C qa
= g, 66
(d’ Z qba’ qc_f/z’ D)oo 22 qa qea v q bC (66)

iﬂﬂﬂé@lﬁbde s
(qa,a, cd’ ce’de’a’ a ®’ a° Q)oo \112 dee'dee‘q b“ccd“e
(‘I ga ga ga bc bd be qa bede g%a . 6*6 s —qa3

c’d’e’a’a’a’cde’a’bcde’q)oo
bede .
(q.qa.%,c.d, e, C,C])oo (qcaze,q) oL e

+ 201 3q, — (67)
a qga ga qa bd be. de . b 1
(%a qu q?v %’ q?v a faQ)ooﬂ(g’q) q? a
q b de qa ga qa bed bce.
. Ga, 50y T ed> cer de’ a0 o Do 2!02( b, c > d_e
T (4 4 9 9a g9a ga bd be cde . bed bee* 1>
(37 zs 77 Tv 73 e’ a’ a"])OOl?(_! q) a’ a a
bcde

(@.qa. L, c.d e, 22 )0 ( et D 5 2.2 e 69)
1 ;qs_ 9
(q qa qa qa qa bd be,q)ooﬁ(cde,q) qb

4 94 494 44 44 ba be a
b’ b’ c’>d’ e’ a’a c
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provided the series converge.

Proof of Corollary 4.4 Start with (58) and take the limit as d — oo, then replacing f +— d converts the 3¢2’s
to 2¢2’s. Then one can use (17) twice to write the 2¢»’s in terms of 2¢1’s, hereby establishing (64). By taking
the limit as ¢ — oo of (59) followed by f + ¢, we obtain a bilateral extension of (21) (after taking ¢ = a),
establishing (65). One can use (37) to write the left-hand side as a 21, establishing (66). Equation (67) can
be obtained by a direct limit from (60), while Equation (68) is obtained by combining (67) with (66). This
completes the proof. O

By starting with Corollary 4.3 and taking the limit as f — 0o one obtains a new transformation for a 6\1162
in terms of a 23, one 2¢; and a 3¢11.

Corollary 4.5 Let0 < |q| < 1, a,b,c,d, e, f € C*, |q| < max{|de/al, |df/al,|cd/a|} < 1. Then one has
the following transformation for a very-well-poised 6\1162

2
2,43 g4 b ce de 9a ge g2 bee bde bede
\IJ abcdeqq Z(qa’a a’a’a’cd’ce’de’a’a’q)oozw > ga? ‘g bed
676 " bede (1 g 4 44 44 ga bc bd ga bede®. ) 3 bce bde cde’ "’ g4
b’c’d’c’d’e’a’a’cde’qaz’qoo a >’ a’ a

b 2 bd b
(gedieqa LB L9 g) oot (i @) ¢(7,§_ qa)

201 4,
q gqa ga ga bc bd be. a cde. qb
(b9 c’>d’ e’ a°’ a1a7q)0019(b7 a ° ) c de
q b ga ga qa bcde bce bde be ce de
(Qa qa7 a’>a’cd’ ce’ de’ ’Q)ooﬁ( a ’ CI) ¢1 a’>a’ a . (69)
(iiiiﬂﬂﬂlﬁﬂlﬁ-)ﬁ(_.)Sl bede 94
b’C’d’E’ C’d’ e’ a’ a’ aquO bcdezvq az

Proof Start with Corollary 4.3 and take the limit as f — oo. The 3¥3 becomes the >3 and the first 3¢
becomes a ¢ which can be written as a ¢ using (17). The last 3¢, becomes a 3¢11 which completes the
proof. O

4.3 Transformations for the 5\IJé5 series

Note that in the following transformation, while the left-hand side is manifestly symmetric in the three variables
b, c, d, the right-hand side satisfies the same symmetry (which otherwise is not obvious).

Corollary 4.6 Let0 < |g| < 1,a,b,c,d € C*. Then

2,3 q qa.

BV <a;b,c,d;q, C;:;) = ((qza”za”qﬁc’j)): 11//2(%51%;61, %)
(qa,% %'Q)oo 1(b.d qa
T 2‘”‘(‘1—?;"%)
_a. GG b i Do o (boed, (q.qa. g.bcdiqoo o ($0.45.5
e D 3%( bt ’q’q>+("“ 44 g bed ¢ 3%( - ’q’q>‘

b’>c’>d’qa’ bcd’q)o<>

(70)

Proof Start with Corollary 4.4. Taking the limit as ¢ — oo of the left-hand side produces the left-hand side of
(70). Taking the limit of the 21&12 representation as b — oo produces the 1y, representation. One can obtain
the 21011 representation from the 1y, representation by reversing the order of summation. Taking the limit of

the sum of the 31&12 and 3¢, representation as {e, c} — oo produces the 21#11 and 3@012 plus 3¢§ representations
respectively. This completes the proof. O
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4.4 Transformations for the 4\112 series

Note that in the following transformation, while the left-hand side is manifestly symmetric in the two variables
b, c, the right-hand side satisfies the same symmetry (which otherwise is not obvious).

Corollary 4.7 Let0 < |q| < 1, a, b, c € C*. Then

2.3 q. q9 44a.
q-a (qav 1‘])00 qa (qas_v_vq)oo -
Mf(a;b,c;q, bc) @ qZ llﬁl(qa, ,7>=$0¢2 a ga+4-94
c

Q)oo (bs C; ) %7
(qa, %, %2 q)oo (b c qa)
= —iga——— 2V 14, . (71)
(qb ’ qL ’ )OO 270 - bc

Proof Start with Corollary 4.6. Taking the limit as d — oo produces the left-hand side of (71). Taking the
limit as ¢ — oo in the 1y representation and replacing d — ¢ produces the 1> representation. Taking the
limit as d — oo in the 11/ representation produces the gy, representation. Taking the limit as ¢ — oo in the
2Yr» representation and replacing d +— ¢ produces the 7y, representation. O

4.5 Transformations for the 3\1155 series

Corollary 4.8 Let0 < |q| < 1, a, b € C*. Then

2.3 q. q.

5 q-a (ga, 3:9)oo o b  qa (ga, 33 9)oo

W3 |a;b;q, >= W( 1q, ) = =22 W e qa (72)
3( b (e O\ 0 (Lig)oe 7T\

Proof Start with Corollary 4.7. Taking the limit as ¢ — oo produces the left-hand side of (72). Taking the
limit as ¢ — oo of the Y, representation produces the |y, representation. Taking the limit as b — oo of the
112 representation produces the o1, representation. O

4.6 Summation for the 2l1126 series

The following summation is a restatement of Watson’s quintuple product identity [4, (17.8.3)] (see also [5,
Exercise 5.6]).

Corollary 4.9 Let0 < |q| < 1,a € C*, a # 1. Then
(1 —a) 295 (a5 = ¢, ¢°a’) = ¥ (a: 9) Ox/f&(:; q. qa) = (4% ¢Mec?(a; g0 (g%a*; ¢*). (73)

Proof Start with Corollary 4.8, where each series is multiplied by (1 — a). Taking the limit as b — oo of
the 1y or oY, representations produces the (i, representation which is evaluated using the triple-product
identity (5). O

5 Implied bilateral basic transformations and summations

In this section we list some implications of the above transformations for very-well-poised bilateral basic
hypergeometric series in terms of bilateral basic hypergeometric series that in general are not very-well-poised.
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5.1 Transformations for the balanced 44 series

Using Corollary 3.21, one may obtain a transformation of a balanced 414 in terms a two gW7’s and two balanced
4¢3’s.

2
Theorem 5.1 Let0 < || < 1,a,b,c,d,e, f, g, q:}lj;d € C* lefg| < |gbcd|. Then

" a,b,c,d
4V4 2abed 4> 4
e,f’que(:lfgc

(qa,c.d, 9 ¢ L [ [ qa qe g eg eg es Jg g’c g’c _efg .
c\4,a, e’ fra’a’b’d’ ¢’ f° frab’ac’ad’ qc’ ef ’ fg>’ qabcd 9)o0
e q g4 [ g & gc gc ges efg  efg  efg .

(g7 ha d9 > ¢ f7 fv ’ af’qabc’ qdbd’ qud Q)ooﬁ(a, a’ e? C,CI)

b d
X8W<egegq qc 4 efg)

af a f f f qbcd

(acz_gzzgﬂﬂﬁﬁﬁﬁﬁuu _efg . 0y
c 9, e frararhrd ¢ e e’ qc’ ab’ ac’ ad’ ef * eg ’ qabcd’ QUPLS

e 9 9 e & 4> gc gc qfg efg  efe  efg .
(g’b’d’ ‘¢’ e’ e’ g’ ae’ gabc’ qabd’ qacd’ Q)"oﬁ(a’a’e’ C’Q)

><8W7(fg f & qb qc qd efg>

ae’a'a e e e ! gbed
4 4 4 9¢ g¢ g¢ _efg . gc gc qc efg
(Q:C,e, f’g7 a’ b’ d’ qabcd q)OO ?77’_1m
493 8 g,
qc qc qc  efg . q¢c g¢ gc¢ T
ﬁ(qc Q)(— b 3’ e’ Ta T qabd q)oo a’ b’ d
efg fg  ef’s _efg’ efg efs efs efg
(g,a,b,c,d, gabcd® qabed® gabed’ qabcd’ q)oo qabc’ qabd’ qacd’ gbcd | (74)
ﬂ( cq)e, f,g, L& elg ez efg. W3 2re erg g2 T
abcd ’ > gabc’ qabd’ qacd’ gbced’ 170 qabcd’ qabed’ qabced

Proof Start with (57), then notice that the gWg is invariant under the interchange b <> c¢. Then equating the
right-hand sides under this replacement, making the replacements

aefg fg eg ef ab ad
9 9 b 9 a’ b b
q%c?’ gc’ qc’ qc ¢’ ¢

(a,b,c,d,e, f,g)'—><

and solving for the 444 completes the proof. O

One can obtain the following summation theorem by starting with Theorem 3.3, and setting (d, f) = (1, a).

Corollary 5.2 Let0 < |gq| < 1, a,b, c,d, e € C*. Then one has the following summation theorem for a 44
and two 4¢3’s namely

a2 2.2 2.2
qa qa 1 d e qa q-a qa ga ga ga q-a
Cqs e oo a,b,c, i de 9 4> a> a "de bde > “cde s Do d> e’de’ bede
— 44 1q,q | + 4¢3 2 2,2 2,2 +49:9
(L. 92 ) qa,be, 4 92 (2,9,4, 99 de g’a g’ 4a g ga
be »4)oo e a’b’>cde’ gq2’ de * bede® 100 e’ bde’ cde
2 2.2
2a q’a q%a 4 4 94 g-a q q 44 qa.
(qabc, “be * bed hcev‘l)oo4¢3 b’ ¢’ bc’ bede 7.q| = 4.9 7 %> ¢ Doo (75)
g ga ¢* ¢*a’ Pa ga g2 (qa, %, 4§, 4,92, 52 oo
qa. §. L. 56 b feer Do ¢ bed* bee rar by be der

Proof Start with Theorem 3.3 and setting d = 1 and f = a then the g¥'g on the left-hand side becomes unity.
Setting g +— d and simplifying completes the proof. O
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Remark 5.3 Note that there exists general transformations of a .y, given in [5, Section 5.4] which are due to
Slater [15]. For instance, taking [5, (5.4.5)], for r = 4, this expansion is given by

avbacvd_ (q.‘I)oo
44 e fon %)= 5 (4ol 7
c

G D L s
e,f,g,h
y zl?((;l};dhz CI)( _1_7 E,Evg’g;‘”w 4¢3(%’q¢fb’%’g'q Z)
e e e. ) B ’
e (@1 ?’ §’ E,Q)oo g7q‘_'g’q7

suchthat 0 < |¢| < 1, |z] < 1,a,b,c,d, e, f, g, h € C* with no vanishing denominator factors. However,
these expansions do not seem useful for the purpose of obtaining summations or simplified transformations
by taking limits. This is because the factors in Slater’s transformations involve modified theta functions that
contain all parameters, such as the factor 19(“bc ; g¢) in (76), which makes it impossible to take confluent
limits.

5.2 Transformations for the special 313 series

By starting with (62) and interchanging d, f and then e, f and then comparing the right-hand sides, we can
obtain two transformations for a special 313 series.

Theorem 5.4 Let0 < || < 1,a,b,c,d, e, f € C* such that |def| < |qabc|. Then

[ d q*c def de d
ab,c def (C’E’F % de > th’q)oo a, qley’qi f (g, Q%v%afqbcﬂl)oo
3¥3 393 ; + 7

04,
e, b q gc gc def de.
ef qa5¢ (fb d’ e’ qgabc’ gb’ S )00

I d def d e gc q qc.
(7 ale; Q)ooﬂ(qb¢7¢I) 5,%,%. (7,7761)00 %’,%7%.
def ¢2 gc de 4.9 ) — 1. 3¢2 gc gc 14,9

(f gabe’ q)ooﬂ(ﬂ,q) ba a b
(77)
(ddﬁuﬂdef) de df df
. Car b df > qac’ gqbc® 1) " qc’ qc’ q2abe qc
_(ef,flﬂd%ﬂ) 33 ddffﬂ’q’d
’ e qzabc’q o0 qac’ gbc
g. (de df def def grac gbe. 4 d def
n (‘IaC,qu)oo ab’ ab’ qac’ gbc’ def * def » 4)© 362 a’ b qabc.q g
g4 49 4¢ 4g¢. d b de d 54,
(G B e,fsq)oo (e’f’qael{c q)ooﬁ(qaé,q) LTZ’%
L g (e e e
1 £12] B A R R (73)
(d Do (53 q) a b

Proof Notice that (62) is invariant under the interchange of the b, ¢, d, e, f variables. Equate the right-hand
side of (62) with the same right-hand side with d, f interchanged. Making the variable replacements

d df d

(a,b,c,d,e, f)— —ef,—ef,—f,—e,a,b (79)
2
g=c¢ qc¢ qc gc

produces (77). Equating the right-hand side of (62) with d, f interchanged with the same right-hand side with
e, f interchanged and making the identical variable replacements (79) produces (78), which completes the
proof. O

Remark 5.5 If one sets d = ¢q in (77), (78), or e = ¢ in (77), then the second terms on the right-hand sides
vanish. This then produces the two-term nonterminating transformations for a special 3¢ [5, (II1.9), (IIL.10)].
On the other hand, if one sets e = ¢ in (78) or f = ¢ in (77), (78), then the special 313 on the left-hand side
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becomes a special 3¢, and the 313 on the right-hand sides become a specialized 313. For instance, for the
e = q in (78) case, solving for this specialized 313 replacing variables produces the following transformation

d d e gb g’c. d gb de

" a,b,zc » q) _ g.¢. 5. 55 a de Do PN R O qc

N d e, b a ) T g d ge de gPbe. oy P o
9 b e

*a’>b’a’ e’ qb’ de ’Q)oo
4 49 4¢ 49¢ . qc gqc de
_(CI C’d’e’a’b qbc 9o <7,7,q—'qq)
4 49 9¢ 4gc¢ de 1. T
(aa b’ d> e,qb,Q)ooﬁ(CaQ)

(80)

There will be other specialized transformations of a 313 if one sets f = ¢ in (77), (78). We leave these
transformations to the reader.

Corollary 5.6 Let0 < |g| < 1,a,b,c,d, e, f € C* such that |def| < |qabc|. Then

< 4 9 e e qf de ef g’c ¢ ga gb gc
a,b,c def d(q C’d’e’a b’ e’ qc’ gc’ de’ef S )00 e e e . def
3VY3 34, = 5 3¢2

d,e, f gabc (f, 2,4, ¢ ¢ S g7 gc gc de qc

7a7baq7dvcaeaevf7cadeq)00
< zgdéﬂﬂd_eﬂuqc qa gb gc
d(q’c’d’ sa’ b d’ d° (]C’ qc’ de’dfiq) (71737 d€f>
392
e

e
4 g9 d e Jf q° 4g¢ g¢ gd de qc¢
(f’a’b’q’d’c’d’d’ fvev c7deaCI)oo

g qc qc.

B I R A " T qf.q ‘
(C]C,%,g,% zi_L’ (%aqfc Q)oo %’%

Proof Start with Theorem 5.1 and take the limit as d — oo. The limit of the last term on the right-hand side

of (74) vanishes. The limit of the third to last term on the right-hand side of (74) becomes the last term on the

right-hand side of (81). The limits of the two gW7’s become 7W6l ’s which are evaluated as special 3¢, s using

(24). Using the theta function addition formula (6) completes the proof. O

Remark 5.7 One of the referees inquired whether Corollary 5.6 might be connected with [5, (5.4.4)] as a 33
with the required argument. Performing the necessary substitutions leads to the following symmetric sum of
three terms, namely:

a,b,c def (45 9) oV (qa, gb, qc; q)
33 X B def
’e’f qabc (d e, fva bs c’q)ooﬁ(qabc;q)
a; b, c

(4,8 L5 et (G q) o T )
X 2 y4-.49 ] -
(4,4, 90 4 gy 9 (qa: q) &,

Corollary 5.6 and (82) might very-well be related and there is a lot of freedom to work here because the
nonterminating 3¢;’s with non-g argument satisfy the transformations given by [5, (II.9), (II1.10), (II1.34)].
However, we were unable to find a direct route which relates both of these transformation formulas.

Remark 5.8 If one takes the limit as eitherd — g ore — ¢ in Corollary 5.6, then two of the terms on the right-
hand side vanish leading to trivial identities. Alternatively, if one takes the limit as f — ¢ in Corollary 5.6,
then one of the terms on the right-hand side vanishes leading to the following transformation formula for a
special nonterminating 3¢, namely

5 (a,b,c de> (4.%:q )wﬁ(;,gg,q)
392 g, — | =
d,e abc (%’%’ZvQ)wﬁ(‘Zc,‘jCe,q)

b b ’

y (4,44 9 9o - %,%,%_q de\ (5 &P (45 q) / %,%,%‘_q de

2 Yy T - 392 s Y T .
(4 ot (55 9) 4, 4¢ "7 abe (5,5 5 @)oo : ad

2
d°d
(83)
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The above transformation formula can be verified by starting with the three-term transformation formula [5,
(II1.33)] which is invariant under the replacement of the variables d, e. Performing this variable interchange
and solving for the second term on the right-hand side obtains two identities which can then be multiplied
by the corresponding infinite g-shifted factorials in (83) and then subtracted. The resulting expression then
simplifies to the correct result.

5.3 Transformations for a 73 series

By starting with (69) and taking advantage of the symmetry in the parameters b, ¢, d, e, one can obtain a
transformation of a special 23.

Theorem 5.9 Let0 < |g| < 1,a,b,c,d, e € C*. Then

d %b
21%( a,b.q mfe)_(b,a,s’qde7 ab Q)oo ‘qi; 35 q.c
” T 4 gb gb cde’
c.de qab (e, 47> e g ,q)oo de, qab
. cde d qb qgb gb qb
+(C] b. ¢ e a ’q)ooﬁ(d’ ) (qab q) ¢1 @ E’T'q q v (c; q) ¢1 7’7’?'61 q
b gb qb 3 b AT T Y 37 b D
(C d, achsqd,qe ,q)oo 7’9((13’ ) % ﬁ(Esq) %
(84)
d gb gb gb
(b,avdeJI)oo qZ c (g, b,c dve,a,Q)oo 1| c d>e. 85
Wﬂ// d. 14, 2 g qb qb qb 3¢] gb HURK I (85)
(e, %7 %5 Do e (a,L,d,L,q)ooﬁ(g;q) T

Proof Start with (69) and compare the two invariant terms with d and e replaced which are equal. Cancel
like terms, and solving for the first ,yr3 produces (84). To obtain (85), start with with (77) and take the limit
as b — oo. In both cases, the second term on the right-hand side vanishes in this limit and the 33 on the
right-hand side becomes a 7. This completes the proof. O

5.4 Transformations for the v, series of arbitrary argument
Corollary 5.10 Let 0 < |g| < 1, a,b,c,d, z € C*, such that |cd/(abz)| < 1, |z| < 1. Then one has the

following transformation of a 2y in terms of a sum of a 33 and a 3¢ with arguments q and with one
vanishing denominator element, and a very-well-poised 6\1162, namely

bz
a,b cctlc)’abz’q)oo b
202 14,2 =—1ﬁ ;
‘”(JQ) (¢ 35 q)oo”dq“””

> ab’ abz
d ab qc .
+(Q7a7ba Z_b’ %7 m#})oo 1 57 E,Z' (86)
d ab qc cd . 3¢)1 cd 34,4
(C 7?’ a_th7 M7q)00 ab
_ ag, bz, L= 1q) abz abz abz  cdz
= ab; al;z 006\.IJ6( ;a, b, —,T,q, ) (87)
(z,abz, =, 525 oo

Proof Starting with (66) (which is (87)) and equating it with (65) while replacing {a,b,c,d, e} +>
{abz/q,a,b, qa/c, ga/d} completes the proof. O

Remark 5.11 Note that setting d = ¢ in (86) converts it to (21).

Remark 5.12 The transformation which describes the parameter interchange symmetry in the above v is
(35).
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5.5 Transformation for a 3 series

We can obtain a transformation for a ;13 by starting with transformations of a 513 and taking the limit as one
of the numerator parameters goes to infinity.

Theorem 5.13 Let 0 < |g| < 1, a,b, c,d € C*. Then

2
a bed (a, L2: q) bd
lws(b ) d;q,q—a) = — P | 1 ig.c (88)

B (q,a,%,%,f-,;CI)oo 2 %qc_a% 89
74 ga qa. 1. 3¢() _ 7‘]’51 . ( )
G e DoV (53 9)

Proof Start with (84) or (78) and let a — oo. In both cases the limit leads to the same transformation, which
completes the proof. O

5.6 Summation for a g series

Taking the limit > — 0 in Corollary 4.6 converts the 2y, to a {11 which is summable using Ramanujan’s 1y
summation which produces the following summation result. In fact, the following result is just a confluent
limit of Ramanujan’s {v; summation (33), namely replacing z by z/a, taking a — oo and replacing b by a.

Corollary 5.14 Let0 < |q| < 1, a, b, ¢,z € C*. Then
- (q.2.%:9)
olh(a;q,z):# (90)

(a7 %; Q)oo ’

Proof Start with Corollary 4.6 and take the limit » — O which converts the 21&11 to a 1y, then replace
¢ +— b. The 11 can be summed using Ramanujan’s 11 summation (33). Solving for the ¢y replacing
{az, b} — {z, a} and canceling common factors completes the proof. O

5.7 Summation for the 01//3 series
Corollary 5.15 Let 0 < |g] < 1, z € C*. Then
2. .2 z. 2 2. 4
- 1 z P (@7 7)o (55 g7 (275 q7)
Olﬂg(_;q,z) =(2—2\1126(—;—;q,—) = 4 . 91)
z

z.

Proof Start with Corollary 4.8 and take the limit as » — oo. The limit of the 1¢§ is the odfg- Note that the
triple-product identity (5), given by

o0
@25 D= Y. ¢D (2" = ow(i(_;q,z). (92)
n=—00
If one replace g — ¢2, then we obtain
2 ad — —
@i = Y D" = gy (_; q*, Z) = o¢§< 1 q, —z> : (93)
n=—00

This completes the proof. O
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