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Open problems

Christian Berg*

Department of Mathematical Sciences, University of Copenhagen, Copenhagen, Denmark

The following open problems were presented at OPSFA-12, Sousse, Tunisia, March 29, 2013.
Christian Berg, University of Copenhagen, has collected these open problems.

Mohamed J. Atia: Conjecture about a symmetric system of orthogonal polynomials

We consider the weight w(x) = [x + %I/\/l + X4 |[X— %|/«/1 —xon [—1,1], and claim that
there exits a sequence of polynomials {P,},-o orthogonal with respect to w(x) on [—1, 1] and
which fulfils
Po(¥) =1, Pi(X) =X
Pri2(X) = XPni1(X) — ¥n41Pn(X), n>0

o))

such that

3187 1624

1
Y8 =17 V9= 12g70¢ Y10 = Gazs»

that is to say

— This conjecture was presented, first, in Leuven, Belgium 2009, second, in Madrid, Spain 2011
and, third, in Sousse, Tunisia 2013.

— The weight w(x) is the solution of a second-order differential equation that is why we call the
sequence {Pn}n>0 & sequence of second category.

*Email: berg@math.ku.dk
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Howard Cohl: Hypergeometric series

Given a hypergeometric series
a07 AR | ap.
p+1Fp <b1, o bp,X> ,
where the parameters in the hypergeometric series satisfy the relations
Qp+l=a+b =--=a+b,

then the series is called well-poised. If one has a well-poised hypergeometric series, where there
exists some 1 < i < p, so that

a=b+l="+1
with gy € C\ {0, -2, —4,.. .}, then the hypergeometric series is called very-well-poised. | have
a terminating very-well-poised gFg(1) hypergeometric series,

1 a

a,aa —n—n—-,2a+n2a+n-+1

oFs 2 2 i1
1 a’
1,1,1+n+a,1+n+a,a+5,1—n—a,1—n—a,§

Does anybody have any ideas on how I can sum this in closed form?
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Anbu Swaminathan: Pick functions

The function which is analytic in the slit domain C\[1, co) and whose Taylor coefficients are the
Hausdorff moment sequences also belong to the set of Pick functions [1] which are related to
moment problems. | am interested in the following problem.

Problem1 To characterize the members of this class of Pick functions.

The generalized polylogarithm [3] is defined by the normalized function ®,4(a,b;2) =
Yo (L+ P+ b)/(k+aPk + b)HZ, |zl <1, where, k+a+#0, k+b##0, p,q are
complex numbers such that Rep > 0, Re g > 0. Note that for a=b=0, p+qg=r€C,
Rer > 0, ®p4(a b;2) = L (2), is the polylogarithm or Jonquiére’s function that further reduces
to Riemann zeta function for z= —1. Numerical evidences suggest the following conjecture.
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Conjecturel For0 < p; + (1 < p2 + O, the ratio

q)p1,q1 (all bll Z)
Pp, ¢ (@1, b152)

belongs to the class of Pick functions.

Note that for pp+qu=aand p,+ g =b, 0 <a<b, with agy =b; =a, =b, =0, this
result that L,(2)/Lp(2) is in the class of Pick functions, is obtained in [4] using duality tech-
niques of function theory. It would be interesting to see if the ratio given in the conjecture
has the g-fraction as there exist a relation between the completely monotone sequences and the
g-fractions, see [6]. Hence, it is important to identify the corresponding g-sequence for this ratio.
Particular cases of this conjecture are proved in [5]. Further generalized polylogarithms are par-
ticular cases of the well-known generalized hypergeometric function [3] and since certain ratios
of Gaussian hypergeometric functions [2] and their g-analgoues [5] can be written in terms of
g-fractions, | propose

Problem2 Characterize the ratios of generalized (basic) hypergeometric functions so that the
corresponding g-fractions lead to the geometric properties of Pick functions.
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Walter Van Assche: Minkowski’s question mark function

In 1904, Hermann Minkowski introduced an interesting function, which he called the question
mark function and he denoted its values by ?(x). This notation with a question mark is somewhat
confusing, so instead | will denote the function by q and I will only consider it on the interval
[0,1]. If 0 < x < 1, then we can write X as a regular continued fraction

X = . aeNU{0).
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The Minkowski question mark function at x is then defined as

(— 1)k+1
qx) =2 Z ai+ap+-+ay |

If x is a rational number, then the continued fraction is terminating and q(x) is given by a finite
sum (see Figure 1). By setting q(0) = 0 and (1) = 1 one can show that q: [0,1] — [0,1] is a
continuous and increasing function, so that q is a probability distribution function on [0, 1] which
defines a probability measure on [0, 1]. This distribution function has the property that g (x) = 0
almost everywhere on [0, 1] so that the corresponding measure is singular and continuous. See
[7] for some information about this function and references.

The definition via regular continued fractions is not convenient for integration. A more conve-
nient way is to define it as a fixed point of an iterated function system with two rational functions.
One has

ax =

and one can show that the sequence of probability distribution functions (¢n)nen, With

1 X 1

Eanl <m), 0<x=< >

1_Eqn_1<1;x)’ E<X<1,
2 2 =

and gp any probability distribution on [0, 1], converges uniformly to Minkowski’s question mark
function. This allows us to compute integrals by a limit procedure

On (X) =

1 1
/ f(x)dq(x) = Iim/ f (X) dgn(X).
0 n—oo 0

Salem’s problem

A first open problem is about the Fourier coefficients of Minkowski’s question mark function:

1
an = / e2innx dq(x)
0

The Riemann-Lebesgue lemma tells us that Fourier coefficients of an absolutely continuous
measure on [0, 1] tend to zero. The Minkowski question mark function is singularly contin-
uous, so one cannot use the Riemann-Lebesgue lemma. Nevertheless, the support of q is
the full interval [0, 1] and it was proved by Salem [5] that q is Holder continuous of order
o = log2/(21og((+/5 + 1)/2)) = 0.7202. Furthermore, Salem showed that

1 n
ﬁ X_: Ok = O(n*ll/z)’

so that a, converges to zero on the average and there is the possibility that e, — O.
This is the problem posed by Raphaél Salem [5,1]:

Do the Fourier coefficients of the Minkowski question mark function converge to 0? If not, what are lim inf,_, o an
and limsup,,_, o, @n?
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Figure 1. The Minkowski question mark function.

Orthogonal polynomials

Consider the orthonormal polynomials for the Minkowski question mark function:

1
/ Pn(X)Pm(X) dA(X) = Smn
0
with recurrence relation

XPn(X) = @ns1Pnt1(X) + bapn(X) + @nPn-1(X), n =0,

with pp = 1 and p_; = 0. The symmetry of q around the point % implies that b, = % for all
neN.

Rakhmanov’s theorem [4] tells us that for an absolutely continuous measure & on [0, 1] for
which ¢/ > 0 almost everywhere, one has a, — ;11 as n — oo. In our case d = 0 almost every-
where, so one cannot use Rakhmanov’s theorem to deduce the asymptotic behaviour of the
recurrence coefficients. However, it is known (see, e.g., [2,3,6]) that there exist discrete mea-
sures and singular continuous measures (on [0, 1]) for which the recurrence coefficients have the
behaviour by, — % and a, — 1 as n — oo, s0 that they are in the Nevai class (for the interval
[0, 1]). The open problem is whether the Minkowski question mark function is such a singular
continuous function for which the recurrence coefficients are in the Nevai class (for the interval
[0,1]), i.e.

IS liMns o0 @n = +2 If not, then what are lim inf,,_, oo an and lim SUP,_ oo @7
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