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ABSTRACT
By using the three-term recurrence relation for orthogonal poly-
nomials, we produce a collection of two-dimensional contiguous
relations for certain generalized hypergeometric functions. These
generalized hypergeometric functions arise through linearization
coefficients for some classical orthogonal polynomials in the Askey-
scheme, namely Gegenbauer (ultraspherical), Hermite, Jacobi and
Laguerre polynomials.
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1. Introduction

In this paper, we investigate some implications of the linearization coefficients for classical
orthogonal polynomials. It might be stated that the importance of linearization formu-
las in the study of orthogonal polynomials was superbly highlighted in Richard Askey’s
famous National Science Foundation Regional Conference lecture series at Virginia Poly-
technic Institute in June 1974. These lectures resulted in a beautiful set of lecture notes
that Askey lovingly assembled in [1], and in particular in his beautiful chapter, Lecture
5: linearization of products where he discusses the importance and history of lineariza-
tion formulas for Chebyshev, Gegenbauer (ultraspherical), Jacobi, Krawtchouk, Meixner,
Laguerre and Hermite polynomials. One of the beautiful things about linearization coef-
ficients for orthogonal polynomials is that they are surprisingly connected with some
beautiful combinatorial problems. These combinatorial connections have been generalized
and exploited by Askey and many others (for some nice reviews of this beautiful connec-
tion with linearization formulas for orthogonal polynomials, see [2,3]). Other interesting
applications of linearization formulas include duality [4], positivity [5], moments [6], and
addition theorems [7,8] to just scratch the surface of this deep topic.

Our application of linearization, encroaches on the study of the properties of the gen-
eralized hypergeometric series which arise in linearization coefficients. In particular, we
produce two-dimensional contiguous relations for linearization coefficients of hyperge-
ometric orthogonal polynomials in the Askey-scheme. These contiguous relations are
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derived by using integrals of products of these orthogonal polynomials. These integrals are
related to linearization coefficients for the polynomials. The idea for the two-dimensional
contiguous relations goes back to a paper by Ismail, Kasraoui & Zeng (2013) [9]. In this
paper we re-derive the general expression for the two-dimensional contiguous relations
and then apply this relation to several specific examples, namely for the linearization of a
product of two and three Gegenbauer polynomials, a product of two and three Hermite
polynomials, linearization of two Jacobi polynomials and for a product of two unscaled
and two scaled Laguerre polynomials.

2. Preliminaries

We adopt the following list conventions as follows. Within a list of items, we define

a +
{x1
...
xn

}
:= {a + x1, . . . , a + xn},

and when ± is used within a list of values, we define ±a := {a,−a}. Let z ∈ C, n, k ∈ N0
unless otherwise stated. The definition that we use for the Pochhammer symbol (shifted
factorial) is given by

(z)n := (z)(z + 1) · · · (z + n − 1), (z)0 := 1, z ∈ C,

(z1, . . . , zk)n := (z1)n · · · (zk)n.
We will also adopt the following compact notation for the minimum andmaximum of any
two integers,m, n ∈ Z,

m∨n := max(m, n), m∧n := min(m, n).

Define the generalized hypergeometric series [10, Chapter 16]

rFs
(
a1, . . . , ar
b1, . . . , bs

; x
)

=
∞∑
n=0

(a1, . . . , ar)n
(b1, . . . , bs)n

xn

n!
,

and the Kampé de Fériet double hypergeometric series [11, (28)]

Fp:q;kl:m;n

(
a1, . . . , ap : b1, . . . , bq; c1, . . . , ck
α1, . . . ,αl : β1, . . . ,βm; γ1, . . . , γn

; x, y
)

=
∞∑

r,s=0

(a1, . . . , ap)r+s(b1, . . . , bq)r(c1, . . . , ck)s
(α1, . . . ,αl)r+s(β1, . . . ,βm)r(γ1, . . . , γn)s

xr

r!
ys

s!
. (2.1)

3. Two-dimensional contiguous relations which correspond to the
linearization of a product of orthogonal polynomials

In this section we derive the general relation for two-dimensional contiguous relations for
linearization coefficients of unscaled orthogonal polynomials, namely Theorem 3.1 below.
This theorem is similar to [9, Theorem 2.1], albeit for unscaled polynomials pn(x). In the
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remainder of this paper, we compute explicitly the linearization coefficients of the products
of two and three orthogonal polynomials. From this we show examples of these contigu-
ous relations for certain continuous hypergeometric orthogonal polynomials in the Askey
scheme. However, in Theorem 7.7 we extend this theorem for scaled Laguerre polynomi-
als. The general result presented in [9, Theorem 2.1] is for integrals of products of scaled
orthogonal polynomials pn(λx), for some λ ∈ C.

Consider a sequence of continuous orthogonal polynomials pn(x), m, n ∈ N0, x ∈ C,
which satisfy the orthogonality relation∫

I
pm(x;α)pn(x;α) dμ = hn(α)δm,n, (3.1)

whereI is the support of themeasureμ andα is a set of parameters. Orthogonal polynomi-
als satisfy the following three-term recurrence relation, with the assumption p−1(x;α) :=
0,

pn+1(x;α) = (Anx + Bn)pn(x;α) − Cnpn−1(x;α). (3.2)

The linearization coefficients ak,n := am, where n := {n1, . . . , nN} ∈ N
N
0 , N ≥ 2, k ∈ N0,

m := {k} ∪ n, are defined using

pn1(x;α) · · · pnN (x;α) =
n1+···+nN∑

k=0

am pk(x;α). (3.3)

Note that even though it is true that k ∈ {0, . . . , n1 + · · · + nN}, it may be that k has amore
restricted range depending on the specific orthogonal polynomials involved.

Now consider the integral over N + 1 orthogonal polynomials P(m;α) ∈ R, where
m := {n1, . . . , nN+1} by

P(m;α) :=
∫
I
pn1(x;α) · · · pnN (x;α)pnN+1(x;α) dμ. (3.4)

We can formally see that integral is associated with the linearization of a product of N
orthogonal polynomials as follows. Without loss of generality choose

n1 ≤ n2 ≤ · · · ≤ nN ≤ nN+1.

Then after substituting (3.3) in (3.4) and using (3.1), one obtains

P := P(m;α) =
∫
I

n1+···+nN∑
k=0

am pnN+1(x;α)pk(x;α) dμ = hN+1(α)am, (3.5)

and since overlap in the orthogonality only occurs if nN+1 ≤ n1 + · · · + nN , the integral
P(m;α) will vanish otherwise. Further, define

P±
j := P±

j (m;α) := P(n1, . . . , nj−1, nj ± 1, nj+1, . . . , nN+1;α). (3.6)

Theorem 3.1: Let N, j, k ∈ N0, 1 ≤ j < k ≤ N + 1, nj, nk ∈ m, x ∈ I , Anj ,Bnj ,Cnj satisfy
the three-term recurrence relation (3.2). Then the definite integral P(m;α) corresponding to
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a product of N+ 1 orthogonal polynomials defined by (3.4), satisfies the following sequence
of
(N+1

2
)
contiguous relations

(BnjAnk − AnjBnk)P − AnkP
+
j − CnjAnkP

−
j + AnjP

+
k + CnkAnjP

−
k = 0,

where the P, P±
j are given by (3.5), (3.6) respectively.

Proof: Choose a quantum number m := nj ∈ m, and then evaluate P+
j using (3.4). Then

use (3.2) to replace pm+1(x) with (Amx + Bm)pm(x) − Cmpm−1(x) in the integrand. Now
choose a different quantum number n := nk ∈ m and replace xpn(x) in the resulting
expression with

xpn(x) = 1
An

(
pn+1(x) − Bnpn(x) + Cnpn−1(x)

)
. (3.7)

Multiplying both sides of the resulting expression by An produces a five term two-
dimensional contiguous relation for P involving P±

j and P±
k . Repeating this process for

all
(N+1

2
)
unique combinations of quantum numbers inm completes the proof. �

Remark 3.2: For a linearization of a product of N orthogonal polynomials, choose j 	=
k ∈ {1, . . . ,N}. The three-term recurrence relation (3.7) is symmetric under permutation
of nj and nk. Hence each unique contiguous relation is the result of choosing two quan-
tum numbers from N + 1 possibilities and therefore one will obtain a sequence of

(N+1
2
)

contiguous relations for the definite integral of a product ofN + 1 orthogonal polynomials.

In the remainder of the paper, we compute examples of these contiguous relations for
certain continuous hypergeometric orthogonal polynomials in the Askey scheme.

4. Gegenbauer (ultraspherical) polynomials

The Gegenbauer (or ultraspherical) polynomials can be defined as [12, (9.8.19)]

Cλ
n(x) = (2λ)n

n! 2F1
(−n, n + 2λ

λ + 1
2

;
1 − x
2

)
,

where n ∈ N0, λ ∈ C \ {0}, x ∈ C. Gegenbauer polynomials are orthogonal on (−1, 1),
with orthogonality relation [12, (9.8.20)]

∫ 1

−1
Cλ
m(x)Cλ

n(x)(1 − x2)λ− 1
2 dx = π �(2λ + n)δm,n

22λ−1(n + λ)n!�(λ)2
=: hλ

nδm,n, (4.1)

where λ ∈ (− 1
2 ,∞)\{0}. The three-term recurrence relation for Gegenbauer polynomials

is described via (3.2) with [10, Table 18.9.1]

An = 2(n + λ)

n + 1
, Bn = 0, Cn = n + 2λ − 1

n + 1
. (4.2)
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4.1. Linearization of a product of twoGegenbauer polynomials

The linearization formula for a product of two Gegenbauer polynomials is given by [10,
(18.18.22)]

Cλ
m(x)Cλ

n(x) =
m∑
k=0

Bλ
k,m,nC

λ
m+n−2k(x), (4.3)

wherem, n ∈ N0, without loss of generality n ≥ m, and

Bλ
k,m,n := (m + n + λ − 2k)(m + n − 2k)!(λ)k(λ)m−k(λ)n−k(2λ)m+n−k

(m + n + λ − k)k!(m − k)!(n − k)!(λ)m+n−k(2λ)m+n−2k
. (4.4)

According to Askey [1, (5.7)], Dougall [13] (in 1919) first stated (4.3), but did not give his
proof, andHsü [14] (in 1938)was able to prove it by induction. Using (4.1), we see that (4.3)
is equivalent to the following integral of a product of three Gegenbauer polynomials

C(k,m, n; λ) :=
∫ 1

−1
Cλ
m(x)Cλ

n(x)C
λ
m+n−2k(x)(1 − x2)λ− 1

2 dx = hλ
m+n−2kB

λ
k,m,n. (4.5)

Remark 4.1: Using the recurrence relations given by (4.2) with Theorem 3.1, one obtains
the following contiguous relations:

(m + λ)(p + 1)C+
1 + (p + 2λ − 1)(m + λ)C−

1

= (p + λ)(m + 1)C+
2 + (p + λ)(m + 2λ − 1)C−

2 , (4.6)

(n + λ)(m + 1)C+
2 + (m + 2λ − 1)(n + λ)C−

2

= (m + λ)(n + 1)C+
3 + (m + λ)(n + 2λ − 1)C−

3 , (4.7)

(n + λ)(p + 1)C+
1 + (p + 2λ − 1)(n + λ)C−

1

= (p + λ)(n + 1)C+
3 + (p + λ)(n + 2λ − 1)C−

3 , (4.8)

where the subscripts j of Cj where j ∈ {1, 2, 3}, correspond to the parameters p, m, n
respectively. For (4.6), (4.7), (4.8) to be satisfied, there are conditions on the parameters,
namely,

p ∈ {n − m, . . . , n + m}, m + n − p ± 1 ∈ 2Z. (4.9)

To use the contiguous relations in Remark 4.1 with (4.5), we can alter it by taking
p = m+ n−2k, to obtain C(p,m, n; λ) in terms of the linearization coefficients Bλ

k,m,n,
namely

C(p,m, n; λ) := hλ
pB

λ
1
2 (m+n−p),m,n. (4.10)

The contiguous relations given in Remark 4.1 can then be combined with (4.10) and the
conditions (4.9) to be expressed as

(λ + m)(2λ + p)
(λ + p + 1)

B 1
2 (m+n−p−1),m,n + p(λ + m)

(λ + p − 1)
B 1

2 (m+n−p+1),m,n
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= (m + 1)B 1
2 (m+n−p+1),m+1,n + (m + 2λ − 1)B 1

2 (m+n−p−1),m−1,n,

(n + λ)(m + 1)B 1
2 (m+n−p+1),m+1,n + (m + 2λ − 1)(n + λ)B 1

2 (m+n−p−1),m−1,n

= (m + λ)(n + 1)B 1
2 (m+n−p+1),m,n+1 + (m + λ)(n + 2λ − 1)B 1

2 (m+n−p−1),m,n−1,

(λ + n)(2λ + p)
(λ + p + 1)

B 1
2 (m+n−p−1),m,n + p(λ + n)

(λ + p − 1)
B 1

2 (m+n−p+1),m,n

= (n + 1)B 1
2 (m+n−p+1),m,n+1 + (n + 2λ − 1)B 1

2 (m+n−p−1),m,n−1. (4.11)

Take for instance for (4.11) which follows from (4.6). Using the identities (4.1), (4.4), it
reduces to

(m + λ)(p + 1)C+
1 + (p + 2λ − 1)(m + λ)C−

1 − (p + λ)(m + 1)C+
2 − (p + λ)(m + 2λ − 1)C−

2

=
2p!(λ) 1

2 (n+m−p−1)(λ) 1
2 (m+p−n−1)(λ) 1

2 (n+p−m−1)(2λ) 1
2 (n+m+p−1)

�( 12 (n + m − p + 1))�( 12 (m − n + p + 1))�
( 1
2 (n − m + p + 1)

)
(λ) 1

2 (n+m+p−1)(2λ)p−1

×
(

(p + 1)(λ + m)(2λ + m + p − n − 1)(2λ + n + p − m − 1)(4λ + n + m + p − 1)
(m + p − n + 1)(n + p − m + 1)(2λ + p − 1)(2λ + m + n + p − 1)(2λ + m + n + p + 1)

− (m + 1)(p + λ)(2λ + m + n − p − 1)(2λ + m + p − n − 1)(4λ + m + n + p − 1)
(m + n − p + 1)(m + p − n + 1)(2λ + p − 1)(2λ + m + n + p − 1)(2λ + m + n + p + 1)

− (λ + p)(2λ + m − 1)(2λ + n + p − m − 1)
(n + p − m − 1)(2λ + p − 1)(2λ + m + n + p − 1)

+ (λ + m)(2λ + m + n − p − 1)
(m + n − p + 1)(2λ + m + n + p − 1)

)
.

Since the rational coefficient multiplying the factorials and shifted factorials vanish, we
can see that this identity is trivially satisfied. So this is a clear validation of the contigu-
ous relations implied by Theorem 3.1. Note that similar validations can be obtained by
using (4.7), (4.8), which we leave to the reader.

4.2. Linearization of a product of three Gegenbauer polynomials

Now we present the linearization formula for a product of three Gegenbauer polynomials.

Theorem 4.2: Let p,m, n ∈ N0 and without loss of generality p ≤ m ≤ n, λ ∈ (− 1
2 ,∞) \

{0}, x ∈ C. Then

Cλ
p(x)C

λ
m(x)Cλ

n(x) =

 p+m+n

2 �∑
k=0

Fλ
k,p,m,nC

λ
p+m+n−2k(x), (4.12)

where

Fλ
k,p,m,n :=

⎧⎨
⎩

Dλ
k,p,m,n, if 0 ≤ k ≤ p − 1,

Eλ
k,p,m,n, if p ≤ k ≤

⌊
p + m + n

2

⌋
,
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Dλ
k,p,m,n := (m + n)!(λ)m(λ)n(λ + m + n + p − 2k)(m + n + p − 2k)!(λ)k(λ)p−k(λ)m+n−k(2λ)m+n+p−k

m!n!(λ)m+n(λ + m + n + p − k)k!(p − k)!(m + n − k)!(λ)m+n+p−k(2λ)m+n+p−2k

× 11F10

⎛
⎜⎜⎜⎝
{

λ
λ+p−k

}
,
{ −k−m−n

−m−n+k

}
,
{ −λ−m−n

−λ−m−n−p+k

}
,−λ+2−m−n

2 ,
−2λ+

{
1
2
}
−m−n

2

1 + p − k,
{ −λ+1−k

−λ+1−m
−λ+1−n

−λ+1−m−n+k

}
,
{ −2λ+1−m−n

−2λ+1−m−n−p+k

}
, −λ−m−n

2 ,

{
0
1
}
−m−n
2

; 1

⎞
⎟⎟⎟⎠ ,

Eλ
k,p,m,n := (λ + m + n + p − 2k)(m + n + 2p − 2k)!(λ)p(λ)k−p(λ)m+p−k(λ)n+p−k(λ)m+n+p−2k(2λ)m+n+p−k

(λ + m + n + p − k)p!(k − p)!(m + p − k)!(n + p − k)!(λ)m+n+p−k(λ)m+n+2p−2k(2λ)m+n+p−2k

× 11F10

⎛
⎜⎜⎜⎜⎜⎝

{
λ

λ+k−p

}
,

{ −p
−m−p+k
−n−p+k

−m−n−p+2k

}
,
{ −λ−m−n−p+k

−λ−m−n−2p+2k

}
, −λ+2k−2p−m−n+2

2 ,
−2λ+

{
1
2
}
+2k−2p−m−n
2

1 + k − p,

{ −λ+1−p
−λ+1−m−p+k
−λ+1−n−p+k

−λ+1−m−n−p+2k

}
,
{ −2λ+1−m−n−p+k

−2λ+1−m−n−2p+2k

}
, −λ+2k−2p−m−n

2 ,

{
0
1
}
+2k−2p−m−n

2

; 1

⎞
⎟⎟⎟⎟⎟⎠.

Proof: Consider (4.12), where Fλ
k,p,m,n is to be determined. Using (4.5), one obtains the

following integral of a product of four Gegenbauer polynomials which is equivalent to the
linearization of a product of three Gegenbauer polynomials, namely

Fλ
k,p,m,n = 1

hλ
m+n+p−2k

∫ 1

−1
Cλ
p(x)C

λ
m(x)Cλ

n(x)C
λ
p+m+n−2k(x)(1 − x2)λ− 1

2 dx. (4.13)

Now use (4.3) to write the product of Gegenbauer polynomials of degree m and n as a
single sum over l ∈ N0, 0 ≤ l ≤ m. This converts (4.13) into a single sum of an integral
of a product of three Gegenbauer polynomials whose terms can be evaluated using (4.5).
After avoiding the factor l+ p−k becoming negative (in which case Fλ

k,p,m,n vanishes), we
obtain

Fλ
k,p,m,n =

m∑
l=max(0,k−p)

Bλ
l,m,nB

λ
k−l,p,m+n−2l,

which breaks the linearization formula into two regions depending on k, namely

Cλ
p(x)C

λ
m(x)Cλ

n(x) =
p−1∑
k=0

Cλ
p+m+n−2k(x)D

λ
k,p,l,m +


 p+m+n
2 �∑

k=p

Cλ
p+m+n−2k(x)E

λ
k,p,l,m,

where

Dλ
k,p,m,n :=

m∑
l=0

Bλ
l,m,nB

λ
k−l,p,m+n−2l, Eλ

k,p,m,n :=
p+m−k∑
l=0

Bλ
l+k−p,m,nB

λ
p−l,p,m+n+2p−2k−2l.

Factoring the products of linearization coefficients in terms of shifted factorials and
factorials completes the proof. �

Remark 4.3: Setting p = 0 in (4.12) straightforwardly produces (4.3) since the first sum
vanishes and the 11F10(1) in the second sum is unity.
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Corollary 4.4: Let p,m, n ∈ N0 and without loss of generality p ≤ m ≤ n, λ ∈ (− 1
2 ,∞) \

{0}. Then

(2λ)p(2λ)m(2λ)n

p!m!n!
= (2λ)p+m+n

(p + m + n)!


 p+m+n
2 �∑

k=0

Fλ
k,p,m,n

(−p−m−n
2

)
k

(−p−m−n+1
2

)
k(−2λ−p−m−n+1

2

)
k

(−2λ−p−m−n+2
2

)
k

.

Proof: Let x = 1 in (4.12) and [10, Table 18.6.1] Cλ
n(1) = (2λ)n/n!. �

Define the following integral of the product of four Gegenbauer polynomials

C(p,m, n, l; λ) :=
∫ 1

−1
Cλ
p(x)C

λ
m(x)Cλ

n(x)C
λ
l (x)(1 − x2)λ− 1

2 dx,

where l = p+m+ n−2k. We now present the contiguous relations for the integral of a
product of four Gegenbauer polynomials.

Theorem 4.5: Let p,m, n ∈ N0, and without loss of generality p ≤ m ≤ n, and l ∈
{0, . . . , p + m + n} such that p + m + n − l ± 1 is even. Then

(m + λ)(p + 1) F 1
2 (p+m+n−l+1),p+1,m,n + (p + 2λ − 1)(m + λ) F 1

2 (p+m+n−l−1),p−1,m,n

= (p + λ)(m + 1) F 1
2 (p+m+n−l+1),p,m+1,n + (p + λ)(m + 2λ − 1)

× F 1
2 (p+m+n−l−1),p,m−1,n,

(n + λ)(p + 1) F 1
2 (p+m+n−l+1),p+1,m,n + (p + 2λ − 1)(n + λ) F 1

2 (p+m+n−l−1),p−1,m,n

= (p + λ)(n + 1) F 1
2 (p+m+n−l+1),p,m,n+1+(p + λ)(n + 2λ − 1)

× F 1
2 (p+m+n−l−1),p,m,n−1,

(p + 1) F 1
2 (p+m+n−l+1),p+1,m,n + (p + 2λ − 1) F 1

2 (p+m+n−l−1),p−1,m,n

= (2λ + l)(p + λ)

(λ + l + 1)
F 1

2 (p+m+n−l−1),p,m,n + l(p + λ)

(λ + l − 1)
F 1

2 (p+m+n−l+1),p,m,n,

(n + λ)(m + 1) F 1
2 (p+m+n−l+1),p,m+1,n + (m + 2λ − 1)(n + λ) F 1

2 (p+m+n−l−1),p,m−1,n

= (m + λ)(n + 1) F 1
2 (p+m+n−l+1),p,m,n+1 + (m + λ)(n + 2λ − 1)

× F 1
2 (p+m+n−l−1),p,m,n−1,

(m + 1) F 1
2 (p+m+n−l+1),p,m+1,n + (m + 2λ − 1) F 1

2 (p+m+n−l−1),p,m−1,n

= (2λ + l)(m + λ)

(λ + l + 1)
F 1

2 (p+m+n−l−1),p,m,n + l(m + λ)

(λ + l − 1)
F 1

2 (p+m+n−l+1),p,m,n,

(n + 1) F 1
2 (p+m+n−l+1),p,m,n+1 + (n + 2λ − 1) F 1

2 (p+m+n−l−1),p,m,n−1

= (2λ + l)(n + λ)

(λ + l + 1)
F 1

2 (p+m+n−l−1),p,m,n + l(n + λ)

(λ + l − 1)
F 1

2 (p+m+n−l+1),p,m,n,
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where

Fλ
1
2 (p+m+n−l±1),p,m,n :=

{
Dλ

1
2 (p+m+n−l±1),p,m,n

, if m + n − p + 2 ≤ l ≤ m + n + p,

Eλ
1
2 (p+m+n−l±1),p,m,n

, if 0 ≤ l ≤ m + n − p.

Proof: Aside from the contiguous relations (4.6)–(4.8), there are three more

(l + λ)(p + 1)C+
1 + (p + 2λ − 1)(l + λ)C−

1

= (p + λ)(l + 1)C+
4 + (p + λ)(l + 2λ − 1)C−

4 , (4.14)

(l + λ)(m + 1)C+
2 + (m + 2λ − 1)(l + λ)C−

2

= (m + λ)(l + 1)C+
4 + (m + λ)(l + 2λ − 1)C−

4 ,

(l + λ)(n + 1)C+
3 + (n + 2λ − 1)(l + λ)C−

3

= (n + λ)(l + 1)C+
4 + (n + λ)(l + 2λ − 1)C−

4 , (4.15)

because we now have an integral of a product of four orthogonal polynomials and therefore
there will be

(4
2
) = 6 contiguous relations. The parameters p, m, n and l are associated

with the subscripts 1, 2, 3 and 4 respectively, and l = p+m+ n−2k. Applying this to the
six contiguous relations (4.6)–(4.8), (4.14)–(4.15), and using Theorem 4.2 completes the
proof. �

5. Hermite polynomials

The Hermite polynomials can be defined as [12, (9.15.1)]

Hn(x) = (2x)n2F0

(
− 1

2n,− 1
2 (n − 1)
− ;− 1

x2

)
, (5.1)

where n ∈ N0, x ∈ C. Hermite polynomials are orthogonal on (−∞,∞), with orthogo-
nality relation [12, (9.15.2)]∫ ∞

−∞
Hm(x)Hn(x) e−x2 dx = √

π 2nn!δm,n =: hnδm,n. (5.2)

The recurrence relation (3.2) for Hermite polynomials is given through

An = 2, Bn = 0, Cn = 2n. (5.3)

The definite integral of a product of N ∈ N0, N ≥ 2, Hermite polynomials is defined by

H(n) :=
∫ ∞

−∞
Hn1(x) · · ·HnN+1(x) e

−x2 dx,

wheren := {n1, . . . , nN+1}. Note thatH(n) has a generating function given by [15, Exercise
4.11]

exp

⎛
⎝2

∑
1≤i<j≤k

titj

⎞
⎠ = 1√

π

∞∑
n1,...,nk=0

tn11 · · · tnkk
n1! · · · nk!

H(n). (5.4)
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5.1. Linearization of a product of two Hermite polynomials

The Hermite polynomials (5.1) have a linearization formula given by [10, (18.18.23)]

Hm(x)Hn(x) =
m∑
k=0

bk,m,nHm+n−2k(x), (5.5)

wherem, n ∈ N0, without loss of generality n ≥ m, and

bk,m,n := 2km!n!
k!(m − k)!(n − k)!

.

According to [16], the linearization formula for Hermite polynomials (5.5) is referred to
as the Feldheim-Watson linearization formula for the Hermite polynomials. This formula
can be traced back to papers of Feldheim andWatson in 1938 [17,18]. The definite integral
corresponding to the linearization of a product of two Hermite polynomials is given by

H(p,m, n) :=
∫ ∞

−∞
Hp(x)Hm(x)Hn(x) e−x2 dx.

Using (5.5) and orthogonality (5.2), we see that H(p,m, n) is given by

H(p,m, n)

=

⎧⎪⎪⎪⎨
⎪⎪⎪⎩
0, if p > n + m orm > n + p or n > m + p

or ((p + m + n) mod 2) = 1,√
π m!n!p!2
 p+m+n

2 �


m+n−p
2 �!
m+p−n

2 �!
n+p−m
2 �! , otherwise.

(5.6)

Corollary 5.1: Let |t1|, |t2|, |t3| < 1. Then H(p,m, n) has the following multilinear generat-
ing function (5.4), given by

exp(t1t2 + t1t3 + t2t3) =
∞∑

n,m=0

m∧n∑
p=0

2p+m∨nt2p+|n−m|
1 tm2 t

n
3

(m∧n − p)! (p + |n − m|)! p! .

Proof: Starting with (5.4), (5.6), for a fixed m, n ∈ N0, p is non-vanishing for |n − m| ≤
p ≤ n + m. Shifting the p-index by |n − m| and scaling p by a power of two to remove the
remaining vanishing values of H(p, n,m) completes the proof. �

Remark 5.2: Let x ∈ C, p,m, n ∈ N0, and without loss of generality assume m ≤ n. Fur-
ther, let p ∈ {n − m, . . . , n + m} and p + m + n ± 1 even. Combining Theorem 3.1 with
the coefficients of the recurrence relation given by (5.3) yields three contiguous relations
for the integral of the product of three Hermite polynomials:

H+
2 − H+

1 − 2pH−
1 + 2mH−

2 = 0, (5.7)

H+
3 − H+

1 − 2pH−
1 + 2nH−

3 = 0, (5.8)



INTEGRAL TRANSFORMS AND SPECIAL FUNCTIONS 645

H+
3 − H+

2 − 2mH−
2 + 2nH−

3 = 0. (5.9)

Using (5.6) with (5.7) the following identity is obtained:

(m + 1)
⌊
m + n − p − 1

2

⌋
!
⌊
n + p − m + 1

2

⌋
!
⌊
m + p − n − 1

2

⌋
!

− (p + 1)
⌊
m + n − p + 1

2

⌋
!
⌊
n + p − m − 1

2

⌋
!
⌊
m + p − n − 1

2

⌋
!

−
⌊
m + p − n + 1

2

⌋
!
⌊
m + n − p − 1

2

⌋
!
⌊
n + p − m + 1

2

⌋
!

+
⌊
m + n − p + 1

2

⌋
!
⌊
m + p − n + 1

2

⌋
!
⌊
n + p − m − 1

2

⌋
! = 0.

This can be rearranged to the following(
n + p − m + 1

2

(
(m + 1) − m + p − n + 1

2

)
+ m + n − p + 1

2

(
−(p + 1) + m + p − n + 1

2

))

×
⌊
m + n − p − 1

2

⌋
!
⌊
n + p − m − 1

2

⌋
!
⌊
m + p − n − 1

2

⌋
! = 0.

Since the coefficient multiplying the factorials vanishes, we can see that the identity is
trivially satisfied. So this is a clear validation of the contiguous relations implied by
Theorem 3.1. Note that similar validations can be obtained by using (5.8), (5.9), which
we leave to the reader.

5.2. Linearization of a product of three Hermite polynomials

Theorem 5.3: Let p,m, n ∈ N0 and without loss of generality p ≤ m ≤ n, x ∈ C. Then

Hp(x)Hm(x)Hn(x) =

 p+m+n

2 �∑
k=0

fk,p,m,nHp+m+n−2k(x), (5.10)

where

fk,p,m,n :=
⎧⎨
⎩

dk,p,m,n, if 0 ≤ k ≤ p − 1,

ek,p,m,n, if p ≤ k ≤
⌊
p + m + n

2

⌋
,

dk,p,m,n := (m + n)!p!2k

k!(p − k)!(m + n − k)! 4
F3

⎛
⎝−k,−m,−n,−m − n + k,

1 + p − k,

{
0
1
}
−m−n
2

;
1
4

⎞
⎠ ,

ek,p,m,n := m!n!(m + n + 2p − 2k)!2k

(k − p)!(m + p − k)!(n + p − k)!(p + m + n − 2k)!

× 4F3

⎛
⎝−p,−m − p + k,−n − p + k,−m − n − p + 2k,

1 + k − p,

{
0
1
}
+2k−2p−m−n

2

;
1
4

⎞
⎠ .
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Proof: Using (cf. [12, (9.8.34)])

Hn(x) = n! lim
α→∞ α− n

2Cα
n

(
x√
α

)

four times in (4.12), and [10, (5.11.12)], the result follows. �

Remark 5.4: Setting p = 0 in (5.10) straightforwardly produces (5.5) since the first sum
vanishes and the 4F3( 14 ) in the second sum is unity.

Define the following definite integral of a product of four Hermite polynomials

H(k, p,m, n) :=
∫ ∞

−∞
Hk(x)Hp(x)Hm(x)Hn(x) e−x2 dx.

Using orthogonality and the linearization relation (5.10) one produces the following
corollary.

Corollary 5.5: Let k, p,m, n ∈ N0. Then

H(k, p,m, n) =
⎧⎨
⎩

Ek,p,m,n, if 0 ≤ k ≤ m + n − p,
Dk,p,m,n, if m + n − p + 2 ≤ k ≤ m + n + p,
0, otherwise,

(5.11)

where

Ek,p,m,n :=
√

π m!n!(p + k)!2
 k+p+m+n
2 �


m+n−p−k
2 �!
 k+p+n−m

2 �!
 k+p+m−n
2 �!

× 4F3

⎛
⎝−k,−p, 
n−m−p−k

2 �, 
m−n−p−k
2 �

1+ 
m+n−p−k
2 �,

{
0
1
}
−k−p
2

;
1
4

⎞
⎠ ,

Dk,p,m,n :=
√

π k!p!(m + n)!2
 p+k+m+n
2 �


 k+p−m−n
2 �!
m+n+p−k

2 �!
m+n+k−p
2 �!

× 4F3

⎛
⎝−m,−n, 
 p−k−m−n

2 �, 
 k−p−m−n
2 �

1+ 
 p+k−m−n
2 �,

{
0
1
}
−m−n
2

;
1
4

⎞
⎠ .

Proof: Start with Theorem 5.3 and then integrate both sides using the property of
orthogonality for Hermite polynomials (5.2). This leads to the following integral for the
linearization coefficients, namely

fk,p,m,n = 1
hm+n+p−2k

∫ ∞

−∞
Hp(x)Hm(x)Hn(x)Hp+m+n−2k(x) e−x2dx.

This allows us to write the integral of a product of four Hermite polynomials as

H(p,m, n, l) = hl f 1
2 (p+m+n−l),p,m,n.

�
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Theorem 5.6: Let p,m, n ∈ N0 and without loss of generality p ≤ m ≤ n, k ∈ {0, . . . , p +
m + n}. Then the contiguous relations for the integral for a product of four Hermite polyno-
mials are given by

Fk,p,m+1,n − Fk,p+1,m,n + 2mFk,p,m−1,n − 2pFk,p−1,m,n = 0,

Fk,p,m,n+1 − Fk,p+1,m,n + 2nFk,p,m,n−1 − 2pFk,p−1,m,n = 0,

Fk+1,p,m,n − Fk,p+1,m,n + 2kFk−1,p,m,n − 2pFk,p−1,m,n = 0,

Fk,p,m,n+1 − Fk,p,m+1,n + 2nFk,p,m,n−1 − 2mFk,p,m−1,n = 0,

Fk+1,p,m,n − Fk,p,m+1,n + 2kFk−1,p,m,n − 2mFk,p,m−1,n = 0,

Fk+1,p,m+1,n − Fk,p,m,n+1 + 2kFk−1,p,m,n − 2nFk,p,m,n−1 = 0,

where

Fk,p,m,n =
⎧⎨
⎩

Ek,p,m,n, if 0 ≤ k ≤ m + n − p,
Dk,p,m,n, if m + n − p + 2 ≤ k ≤ m + n + p,
0, otherwise.

Proof: In addition to the contiguous functions shown in Remark 5.2, there are three
additional ones:

H+
2 − H+

1 − 2pH−
1 + 2mH−

2 = 0,

H+
3 − H+

1 − 2pH−
1 + 2nH−

3 = 0,

H+
3 − H+

2 − 2mH−
2 + 2nH−

3 = 0.

Combining these with (5.11), the contiguous relations of the theorem are obtained. �

6. Jacobi polynomials

The Jacobi polynomials can be defined as [10, (18.5.7)]

P(α,β)
n (x) = (α + 1)n

n! 2F1
(−n, n + α + β + 1

α + 1
;
1 − x
2

)
,

where n ∈ N0, α,β > −1, x ∈ C. Jacobi polynomials are orthogonal on (−1, 1), with the
orthogonality relation [10, Table 18.3.1]

∫ 1

−1
P(α,β)
m (x)P(α,β)

n (x)(1 − x)α(1 + x)β

= 2α+β+1�(n + α + 1)�(n + β + 1)
(2n + α + β + 1)�(n + α + β + 1)n!

δn,m =: hnδn,m. (6.1)
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The coefficients for the three-term recurrence relation for the Jacobi polynomials are given
by [10, (18.9.2)]

An := (2n + α + β + 1)(2n + α + β + 2)
2(n + 1)(n + α + β + 1)

,

Bn := (α2 − β2)(2n + α + β + 1)
2(n + 1)(n + α + β + 1)(2n + α + β)

,

Cn := (n + α)(n + β)(2n + α + β + 2)
(n + 1)(n + α + β + 1)(2n + α + β)

.

(6.2)

6.1. Linearization of a product of two Jacobi polynomials

The linearization formula for Jacobi polynomials was given in a fundamental work by
Rahman [19, (1.9)]. Rahman expressed the linearization coefficient in terms of a 9F8(1).
His result was given in terms of someother variables s = n−m, j = k−n+m, and also con-
tained a typographical error. The typographical error was that the term (2s − 2n − α − β)

in Rahman’s original publication should have been written as (2s − 2n − α − β)j. (Note
that in [20, (2.1.1)], it was realized that Rahman’s result contained a typographical error.)
The corrected and further simplified version of Rahman’s result is given as follows.

Theorem 6.1 ([19]): Let m, n ∈ N0 and without loss of generality, n ≥ m, α,β ∈ C. Then

P(α,β)
m (x)P(α,β)

n (x) =
2m∑
k=0

aα,β
k,m,nP

(α,β)

k+n−m(x), (6.3)

where

aα,β
k,n,m := (α + 1,β + 1)n(α + β + 1)2n−2m(α + β + 1)2m(α + β + 1 + 2n − 2m + 2k)

m!(α + β + 1)m(α + 1,β + 1)n−m(α + β + 2)2n(α + β + 1)

× (n − m + 1,α + β + 2n − 2m + 1, 2α + 2β + 2n + 2,−2m,α − β)k
k!(2β + 2n − 2m + 2,α + n − m + 1,α + β + 2n + 2,−α − β − 2m)k

× 9F8

⎛
⎜⎜⎝

β + n − m + 1
2 ,

β+n−m+ 5
2

2 ,β + 1
2 ,β + n + 1,−α − m,

α+β+k+
{
1
2
}

2 + n − m,
−k+

{
0
1
}

2

β+n−m+ 1
2

2 , n − m + 1, 12 − m,α + β + n + 3
2 ,

β−α−k+
{
1
2
}

2 ,
k+
{
2
3
}

2 + β + n − m
; 1

⎞
⎟⎟⎠ .

Proof: See Rahman (1981) [19, (1.9)] and [21, (3.3)] for description of correction. �

Corollary 6.2: Let l,m, n ∈ N0 and without loss of generality m ≤ n and l ∈ {n −
m, . . . , n + m} using the linearization formula for Jacobi polynomials, it is possible to write
the integral of the product of three Jacobi polynomials as follows:

P(l,m, n;α,β) :=
∫ 1

−1
P(α,β)
m (x)P(α,β)

n (x)P(α,β)

l (x)(1 − x)α(1 + x)βdx = aα,β
l+m−n,n,mhl,

where hl is defined in (6.1).
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Theorem 6.3: Let l,m, n ∈ N0 and without loss of generality m ≤ n and l ∈ {n −
m, . . . , n + m}

2(α − β)(α + β)(m − n)(α + β + m + n + 1)(α + β + 2n + 1)
(α + β + 2m)(α + β + 2n)

aα,β
l+m−n,n,m

+ (α + β + m + 1)(m + 1)(α + β + 2n + 1)(α + β + 2n + 2)
(α + β + 2m + 1)

aα,β
l+m−n+1,n,m+1

+ (α + m)(β + m)(α + β + 2m + 2)(α + β + 2n + 1)(α + β + 2n + 2)
(α + β + 2m)(α + β + 2m + 1)

aα,β
l+m−n−1,n,m−1

− (α + β + 2m + 2)(α + β + n + 1)(n + 1)aα,β
l+m−n−1,n+1,m

− (α + β + 2m + 2)(α + n)(β + n)(α + β + 2n + 2)
(α + β + 2n)

aα,β
l+m−n+1,n−1,m = 0,

2(α − β)(α + β)(l − n)(α + β + n + l + 1)
(α + β + 2l)(α + β + 2n)

aα,β
l+m−n,n,m

− (α + β + 2l + 2)(α + β + n + 1)(n + 1)
(α + β + 2n + 1)

aα,β
l+m−n−1,n+1,m

− (α + n)(β + n)(α + β + 2l + 2)(α + β + 2n + 2)
(α + β + 2n + 1)(α + β + 2n)

aα,β
l+m−n+1,n−1,m

+ (α + β + 2n + 2)(α + l + 1)(β + l + 1)(α + β + 2l + 1)
(α + β + 2l + 3)

aα,β
l+m−n+1,n,m

+ l(α + β + l)(α + β + 2l + 2)(α + β + 2n + 2)
(α + β + 2l − 1)(α + β + 2l)

aα,β
l+m−n−1,n,m = 0,

2(α − β)(α + β)(l − m)(α + β + m + l + 1)
(α + β + 2l)(α + β + 2l + 2)(α + β + 2m)

aα,β
l+m−n,n,m

− (m + 1)(α + β + m + 1)
(α + β + 2m + 1)

aα,β
l+m−n+1,n,m+1

− (α + m)(β + m)(α + β + 2m + 2)
(α + β + 2m)(α + β + 2m + 1)

aα,β
l+m−n−1,n,m−1

+ (α + l + 1)(β + l + 1)(α + β + 2m + 2)
(α + β + 2l + 2)(α + β + 2l + 3)

aα,β
l+m−n+1,n,m

+ l(α + β + l)(α + β + 2m + 2)
(α + β + 2l − 1)(α + β + 2l)

aα,β
l+m−n−1,n,m = 0.

Proof: To determine the contiguous relations, the coefficients of the three-term recurrence
relation defined in (6.2) are used. Combining these coefficients with the general form of
the contiguous relation of Theorem 3.1 results in

(α − β)(α + β)(α + β + 2nj)(nj − nk)(α + β + nj + nk + 1)(α + β + 2nj + 1)
(nj + 1)(α + β + nj + 1)(α + β + 2nj)(nk + 1)(α + β + nk + 1)(α + β + 2nk)

P

+ (α + β + 2nk + 1)(α + β + 2nk + 2)
2(nk + 1)(α + β + nk + 1)

P+
nj

+ (α + nj)(β + nj)(α + β + 2nj + 2)(α + β + 2nk + 1)(α + β + 2nk + 2)
2(nj + 1)(α + β + nk + 1)(α + β + 2nj)(nk + 1)(α + β + nk + 1)

P−
nj
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= (α + β + 2nj + 1)(α + β + 2nj + 2)(α + nk)(β + nk)(α + β + 2nk + 2)
2(nj + 1)(α + β + nj + 1)(nk + 1)(α + β + nk + 1)(α + β + 2nk)

P+
nk

+ (α + β + 2nj + 1)(α + β + 2nj + 2)
2(nj + 1)(α + β + nj + 1)

P−
nk .

Then using Corollary 6.2 with the definition of the coefficient aα,β
k,n,m in Theorem 6.1

completes the proof. �

7. Laguerre polynomials

We now consider Laguerre polynomials Lα
n(x) and we restrict the values of the polynomi-

als such that x ∈ C, �α > −1. One may define the Laguerre polynomials in terms of its
generalized hypergeometric series representation [12, Section 9.12], as follows

Lα
n(x) = (α + 1)n

n! 1F1
( −n

α + 1
; x
)
.

The Laguerre polynomials have the following orthogonality relation [12, (9.12.2)]
∫ ∞

0
Lα
m(x)Lα

n(x)xα e−x dx = �(α + 1 + n)
n!

δm,n =: hmδm,n,

where�α > −1 is imposed so that the orthogonality integral exists. For Laguerre polyno-
mials, one has the following three-term recurrence relation coefficients (3.2),

An := −1
n + 1

, Bn := 2n + α + 1
n + 1

, Cn := n + α

n + 1
. (7.1)

Define n1, . . . , nN+1 ∈ N0, �α > −1,

L(n;α) :=
∫ ∞

0
Lα
n1(x) · · · Lα

nN+1
(x)xαe−x dx. (7.2)

Using the generating function for Laguerre polynomials [12, (9.12.10)]

(1 − t)−α−1 exp
(

− xt
1 − t

)
=

∞∑
n=0

Lα
n(x)tn,

one finds that (7.2) has the following generating function [15, (9.3.7)]

∞∑
n1,...,nk=0

L(n;α)tn11 · · · tnkk

= �(α + 1) ((1 − t1) · · · (1 − tk))−α+1

⎛
⎝1 +

k∑
j=1

tj
1 − tj

⎞
⎠

−α−1

. (7.3)
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7.1. Linearization of a product of two Laguerre polynomials

Theorem 7.1: Let x ∈ C,�α > −1, n,m ∈ N0, and without loss of generality n ≥ m. Then

Lα
m(x)Lα

n(x) = 22m( 12 )m(α + 1)n
(n − m)!

×
n+m∑

k=n−m

(−1)k+n+mk!
(α + 1)k(m + n − k)!(k − n + m)!

× 3F2

⎛
⎜⎝−m − α,

n−m−k+
{
0
1
}

2
n − m + 1, 12 − m

; 1

⎞
⎟⎠ Lα

k (x).

Proof: Let x = 1 − 2xβ−1 in (6.3). Applying the relevant limiting relation [12, (9.8.16)]

lim
β→∞

P(α,β)
n (1 − 2xβ−1) = Lα

n(x),

produces

lim
β→∞

P(α,β)
m (1 − 2xβ−1)P(α,β)

n (1 − 2xβ−1) = lim
β→∞

n+m∑
k=n−m

P(α,β)

k (1 − 2xβ−1)aα,β
k,m,n.

One also has the following useful asymptotic result. Let k ∈ N0, b ∈ C, c ∈ C \ {0}. Then

lim
a→∞

(ca + b)k
ak

= ck. (7.4)

Using (7.4) to evaluate the limit on the right-hand side completes the proof. �

Define p,m, n ∈ N0, �α > −1,

Lα
p,m,n :=

∫ ∞

0
Lα
p (x)Lα

m(x)Lα
n(x)xαe−x dx,

and using (3.5), (7.1), we have for |n − m| ≤ p ≤ m + n,

Lα
p,m,n = �(α + 1 + m∨n)(−1)p+n+m22(m∧n)( 12 )m∧n

|n − m|!(m + n − p)!(p − |n − m|)! 3F2

⎛
⎜⎝−α − m∧n,

|n−m|−p+
{
0
1
}

2
1 + |n − m|, 12 − m∧n

; 1

⎞
⎟⎠.

(7.5)

Hence we have the following generating function (7.3)

∞∑
n,m=0

tmmtnn22(m∧n)( 12 )m∧n(α + 1)m∨n
|n − m|!

2(m∧n)∑
p=0

(−1)ptp+|n−m|
p

(2(m∧n) − p)! p!
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× 3F2

⎛
⎜⎝ −α − m∧n,

−p+
{
0
1
}

2
1 + |n − m|, 12 − m∧n

; 1

⎞
⎟⎠

= (
(1 − tp)(1 − tm)(1 − tn) + tp(1 − tm)(1 − tn) + tm(1 − tp)(1 − tn)

+ tn(1 − tp)(1 − tm)
)−α−1 .

Theorem 7.2: Let p,m, n ∈ N0, a > 1 such that |n − m| ≤ p ≤ m + n. Then, one has three
contiguous relations for the product of the three Laguerre polynomials given by

(m + α)(m + n − p)�(α + 1 + (m − 1)∨n)22((m−1)∧n)( 12 )(m−1)∧n
|n − m + 1|!(p − |n − m + 1|)!

× 3F2

⎛
⎜⎝−α − (m − 1)∧n,

|n−m+1|−p+
{
0
1
}

2
1 + |n − m + 1|, 12 − (m + 1)∧n

; 1

⎞
⎟⎠

− (p + 1)(m + n − p)�(α + 1 + m∨n)22(m∧n)( 12 )m∧n
|n − m|!(p − |n − m| + 1)!

× 3F2

⎛
⎜⎝−α − m∧n,

|n−m|−p−1+
{
0
1
}

2
1 + |n − m|, 12 − m∧n

; 1

⎞
⎟⎠

+ (m + 1)�(α + 1 + (m + 1)∨n)22((m+1)∧n)( 12 )(m+1)∧n
(m + n − p + 1)|n − m − 1|!(p − |n − m − 1|)!

× 3F2

⎛
⎜⎝−α − (m + 1)∧n,

|n−m−1|−p+
{
0
1
}

2
1 + |n − m − 1|, 12 − (m + 1)∧n

; 1

⎞
⎟⎠

− (p + α)�(α + 1 + m∨n)22(m∧n)( 12 )m∧n
(m + n − p + 1)|n − m|!(p − |n − m − 1|)!

× 3F2

⎛
⎜⎝−α − m∧n,

|n−m|−p+1+
{
0
1
}

2
1 + |n − m|, 12 − m∧n

; 1

⎞
⎟⎠

− 2(p − m)�(α + 1 + m∨n)22(m∧n)( 12 )m∧n
|n − m|!(p − |n − m|)!

× 3F2

⎛
⎜⎝−α − m∧n,

|n−m|−p+
{
0
1
}

2
1 + |n − m|, 12 − m∧n

; 1

⎞
⎟⎠ = 0,

(n + α)(m + n − p)�(α + 1 + m∨(n − 1))4m∧(n−1)( 12 )m∧(n−1)

|n − m − 1|!(p − |n − m − 1|)!
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× 3F2

⎛
⎜⎝−α − m∧(n − 1),

|n−m−1|−p+
{
0
1
}

2
1 + |n − m − 1|, 12 − m∧(n − 1)

; 1

⎞
⎟⎠

− (p + 1)(m + n − p)�(α + 1 + m∨n)22(m∧n)( 12 )m∧n
|n − m|!(p − |n − m| + 1)!

× 3F2

⎛
⎜⎝−α − m∧n,

|n−m|−p−1+
{
0
1
}

2
1 + |n − m|, 12 − m∧n

; 1

⎞
⎟⎠

+ (n + 1)�(α + 1 + m∨(n + 1))22(m∧(n+1))( 12 )m∧(n+1)

(m + n − p)|n − m + 1|!(p − |n − m + 1|)!

× 3F2

⎛
⎜⎝−α − m∧(n + 1),

|n−m+1|−p+
{
0
1
}

2
1 + |n − m + 1|, 12 − m∧(n + 1)

; 1

⎞
⎟⎠

− (p + α)�(α + 1 + m∨n)22(m∧n)( 12 )m∧n
(m + n − p)|n − m|!(p − |n − m| + 1)!

× 3F2

⎛
⎜⎝−α − m∧n,

|n−m|−p+1+
{
0
1
}

2
1 + |n − m|, 12 − m∧n

; 1

⎞
⎟⎠

− 2(p − n)�(α + 1 + m∨n)22(m∧n)( 12 )m∧n
|n − m|!(p − |n − m|)!

× 3F2

⎛
⎜⎝−α − m∧n,

|n−m|−p+
{
0
1
}

2
1 + |n − m|, 12 − m∧n

; 1

⎞
⎟⎠ = 0,

(n + α)(m + n − p)�(α + 1 + (m − 1)∨n)4((m−1)∧n)( 12 )(m−1)∧n
|n − m + 1|!(p − |n − m + 1|)!

× 3F2

⎛
⎜⎝−α − (m − 1)∧n,

|n−m+1|−p+
{
0
1
}

2
1 + |n − m + 1|, 12 − (m + 1)∧n

; 1

⎞
⎟⎠

− (m + α)(m + n − p)�(α + 1 + m∨(n − 1))4(m∧(n−1))( 12 )m∧(n−1)

|n − m − 1|!(p − |n − m − 1|)!

× 3F2

⎛
⎜⎝−α − m∧(n − 1),

|n−m−1|−p+
{
0
1
}

2
1 + |n − m − 1|, 12 − m∧(n − 1)

; 1

⎞
⎟⎠

− (m + 1)�(α + 1 + (m + 1)∨n)22((m+1)∧n)( 12 )(m+1)∧n
(m + n − p + 1)|n − m − 1|!(p − |n − m + 1|)!
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× 3F2

⎛
⎜⎝−α − (m + 1)∧n,

|n−m−1|−p+
{
0
1
}

2
1 + |n − m − 1|, 12 − (m + 1)∧n

; 1

⎞
⎟⎠

+ (n + 1)�(α + 1 + m∨(n + 1))22(m∧(n+1))( 12 )m∧(n+1)

(m + n − p + 1)|n − m + 1|!(p − |n − m + 1|)!

× 3F2

⎛
⎜⎝−α − m∧(n + 1),

|n−m+1|−p+
{
0
1
}

2
1 + |n − m + 1|, 12 − m∧(n + 1)

; 1

⎞
⎟⎠

− 2(m − n)�(α + 1 + m∨n)22(m∧n)( 12 )m∧n
|n − m|!(p − |n − m|)!

× 3F2

⎛
⎜⎝−α − m∧n,

|n−m|−p+
{
0
1
}

2
1 + |n − m|, 12 − m∧n

; 1

⎞
⎟⎠ = 0.

Proof: Using Theorem 3.1, one has the following three contiguous relations:

(p + 1)L+
1 − (m + 1)L+

2 = (m + α)L−
2 − (p + α)L−

1 + 2(p − m)L,

(p + 1)L+
1 − (n + 1)L+

3 = (n + α)L−
3 − (p + α)L−

1 + 2(p − n)L,

(m + 1)L+
2 − (n + 1)L+

3 = (n + α)L−
3 − (m + α)L−

2 + 2(m − n)L.

Using the linearization of a product of two Laguerre polynomials (expressed as an inte-
gral of a product of three Laguerre polynomials) written as a hypergeometric function
3F2(1) (7.5) and substituting it into the above equations completes the proof. �

7.2. Linearization of a product of two scaled Laguerre polynomials

Consider the integral associated with linearization coefficients for a product of two scaled
Laguerre polynomials

Lα
p,m,n(a, b) :=

∫ ∞

0
Lα
p (x)Lα

m(ax)Lα
n(bx)xαe−x dx, (7.6)

where �α > −1 and Lα
p,n,n(a, b) = 0 if p ≥ n + m + 1.

Remark 7.3: Oneway to see that�α > −1 is the necessary condition for (7.6) is as follows.
The above integral can be written out in terms of hypergeometric series to become

Lα
p,m,n(a, b) = (α + 1)p(α + 1)m(α + 1)n

p!m!n!

×
p∑

s=0

m∑
k=0

n∑
l=0

(−p)s(−m)k(−n)lakbl

(α + 1)s(α + 1)k(α + 1)ls!k!l!

∫ ∞

0
xs+k+l+αe−xdx.
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The integral then becomes �(α + 1 + s + k + l), where it is required that �(α + s + k +
l) > −1. Since this must be true for all values that s, k, and l take in the summation, this
requirement takes the form �α > −1.

We now present a theoremwhich describes double sum representations for this integral.

Theorem 7.4: Let p,m, n ∈ N0, a, b>0, �α > −1. Then

Lα
p,m,n(a, b) = �(α + 1)(α + 1)n(−α − p)m

p!m!(n + m − p)!

(
−a
b

)m
bp

×
∞∑
k=0

∞∑
l=0

(−m)k(−α − m)k(p + 1)l(α + 1 + p)l(p − n − m)k+l

(α + p − m + 1)k+l(p + 1)k+l−mk!l!

(
−b
a

)k
bl.

Proof: By inserting the definition of the Laguerre polynomials, this integral can be con-
verted to a triple sum, which can be evaluated using the integral definition of the gamma
function, namely

Lα
p,m,n(a, b) = (α + 1)p(α + 1)m(α + 1)n

p!m!n!

×
p∑

s=0

m∑
k=0

n∑
l=0

(−p)s(−m)k(−n)l�(α + 1 + s + k + l)akbl

(α + 1)s(α + 1)k(α + 1)l s!k!l!
.

By re-writing �(α + 1 + k + l + s) = �(α + 1)(α + 1)k+l(α + 1 + k + l)s, one can write
the sum over s as a terminating Gauss hypergeometric series at unity. The hypergeometric
series can be evaluated using the Chu-Vandermonde identity [10, (15.4.24)]. This converts
the triple sum into a double sum which produces

Lα
p,m,n(a, b) = �(α + 1 + m)�(α + 1 + n)

p!m!�(α + 1)

×
m∑
k=0

n−p+k∑
l=0

(−1)l+k(−m)k(p + 1)l(α + 1 + p)lakbp+l−k

(α + 1)k(p + 1)l−k(α + 1 + p)l−k(n − p + k − l)!k!l!
.

In order to extend the sum indices to infinity, one can reverse the order of the k index
by setting k �→ m − k. Performing a series of standard manipulations for Pochhammer
symbols produces the final form which completes the proof. �

An alternative form of the integral Lα
p,m,n(a, b) follows by utilizing the identity in

Theorem 7.4, namely

(p + 1)r−m = (p − m)!
p!

(p − m + 1)r, (7.7)

which is valid for p ≥ m (see also [22]).
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Corollary 7.5: Let p,m, n ∈ N0, p ≥ m, a, b>0, �α > −1. Then

Lα
p,m,n(a, b) = �(α + 1 + n)(−α − p)m

m!(p − m)!(n + m − p)!

(
−a
b

)m
bp Zα

p,m,n(a, b),

where

Zα
p,m,n(a, b) =

∞∑
l,k=0

(p − n − m)k+l(−m,−α − m)k(p + 1,α + 1 + p)l
(p − m + 1,α + p − m + 1)k+l k!l!

(
−b
a

)k
bl

= F1:2;22:0;0

(
p − n − m : −m,−α − m; p + 1,α + p + 1

p − m + 1,α + p − m + 1 : −;− ;−b
a
, b
)
, (7.8)

where F1:2;22:0;0 is terminating Kampé de Fériet double hypergeometric series (2.1).

Proof: The terminating double hypergeometric Kampé de Fériet form (2.1) of the integral
Lα
p,m,n(a, b) in Corollary 7.5 follows from Theorem 7.4 by utilizing the identity (7.7) (p ≥

m) with r = k+ l and (2.1). This completes the proof. �

Remark 7.6: Note that the a = b = 1 linearization formula corresponding to (7.8)may be
found [18, p. 32] whose linearization coefficients are given in terms of a terminating 3F2(1).
However Watson’s formula must be taken with special care as the terminating 3F2(1) may
be undefined. This is demonstrated by the case n = 3,m = 2.Watson sums the 3F2(1) over
a sum index M ∈ {n − m, . . . , n + m} = {1, . . . , 5}. Then for M = 1, both denominator
parameters will be less than or equal to zero.

Theorem 7.7: Let p,m, n ∈ N0, a, b, >0, �α > −1. Then the contiguous relations for the
integral of the product of three Laguerre polynomials, which two are scaled is the following:

a(p + α)L−
1 − (m + α)L−

2 + (2m + α + 1)L
− a(2p + α + 1)L − (m + 1)L+

2 + a(p + 1)L+
1 = 0,

b(p + α)L−
1 − (n + α)L−

3 + (2n + α + 1)L
− b(2p + α + 1)L − (n + 1)L+

3 + b(p + 1)L+
1 = 0,

b(m + α)L−
2 − a(n + α)L−

3 + a(2n + α + 1)L − b(2m + α + 1)L
− a(n + 1)L+

3 + b(m + 1)L+
2 = 0,

where

L := L(p,m, n;α; a, b),

L±
1 := L(p ± 1,m, n;α; a, b),

L±
2 := L(p,m ± 1, n;α; a, b),

L±
3 := L(p,m, n ± 1;α; a, b).
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Proof: Again Theorem 3.1 will be used with the coefficients of the three-term recurrence
relations of Laguerre polynomials. However, because we are now working with scaled
Laguerre polynomials, one of these coefficients is now modified to the following:

An = − a
n + 1

.

Where a is the scaling factor of the Laguerre polynomial Lα
n(ax). The other two coefficients

seen in (7.1) are unchanged. This can be found by inserting the scaled Laguerre polynomial
into the three-term recurrence relation and solving for the coefficients. �
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